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NPEJHCJ/IOBHE KO BTOPOMY H3JAHHIO

Hacroawee wu3lanue cyujectéenno 0Oonoaneno u nepepaboTano.
Hauboabuwed nepepabotke nodsepeauce §§ 6 u 9. B § 6 daa uccaedosa-
HURA KoaebaHul caodcHolx cucTem 6osee WUPOKO UCNOAb3YIOTCA CB0UCTEA
CUMMETPUU U METOOol Teopuu go3Mmywierutl, 3nagutesvHo pacuiupen § 9
(0 dsuncenuu T8epdoeo Teaa).

Mot padel caydaro 8otpasuts eaybokym 6.4a200apHOCTb pedakTopy
anenutickozo nepesoda 3adaunuxa npodeccopy M. Tep Xaapy, mHozo-
HUCACHHbIE 3aMEHARUA KOTOPO20 CHOCOBCTBOBAAL YCTPAHEHUIO pAda He-
TOYHOCTEd U ONEHaToK.

Mo npusnatesvnor A. B. Muxaiirosy 3a noaeswnbie obcyscdenus ne-
KOTOpbiX HOBbIX 3a0a4.

H3 TPEIHCJIOBHA K TEPBOMY H3JAHHIO

Ipedraeaemotyl cboprux 3adau npednastauen 0aa crydenros-ghusu-
k08. [1o oxsarvisaeMomy MaTepuany OH NPUMEPHO COOTBETCTBYET KHU2AM
«Mexanuxas JI. X. Jlanday u E. M. JTuduuya u «Kraccuseckas mexa-
Hukas I'. Foadcredina.

Mot nadeemcs, uro utenue c6opruka GydeT UHTEpecHbIM He TOALKO
0a8 CTYOEHTO8, u3y4arOu{uUX MEXAHUKY, HO u OAf ALY, BHAIOWUX ee.
[lopadox pacrosoxcenus 3a0ax 8 OCHOBHOM TAKOL e, KaK U 8 Kypce
Janday u Juguwuya, 3a Tem uCKAIOUEHUCM, YTO CUCTEMATUYECKOE UCNOAb-
sosanue ypasrenui Jlazpanma wauunaercs 3lecv ¢ § 4. 3adauu e
nepevix Tpex NApazpagos MOMHO peulaTsb, UCNOAb3YA AU YPABHEHUS
HoroToHa u 3aK0HbL coXparnenus IHEPeUL, UMNYALEA U MOMEHTA UMRYALCA,
3a pedkumu uckmoueHusmu o6o3naverus 8 c6opHuKe coenadaroT ¢ 060-
snauenuamu <Mexanuku» JI. 1. Jlauday u E. M. Jlugwuya u uacto
dasce cneyuanbHo He 0208apusaroTca. B szadawax o6 3saexkTpuweckux ye-
nax ucnoavsyerca MewOynapodnas cuctema edunuy CH, a 8 sadauax
0 O8ujteHuu 4ACTuy 8 3IAeKTPOMACHUTHBLX NOAAX — 2aycco8a CuUcTema.

Mot enyboro 6razodapres 0. H Kyrakosy 3a nOCTOAHHYIO NOMOU|b,
Ham ocobo xoTeaoct Gbt nOOUepKHYTL €20 POAb 8 COCTABACHUU U 0OCYxHcOe-
Huu 60abw020 wucra 3adad. Mot cuutaem npustroim dorzom nobaazoda-
puto H. &, T'urabypea sa yeavii pad noaesnvix c08eTo8 U yKkasanud,
KoTopbie Goiau Hamu nputaTer Kk cgedenuro. Mot secoma Gaazodapro
B. H. Kpusuenkosy, musoe y4acTue u cO8eTbl KOTOPO20 YyKpenuau Hac
8 pewumoctu Gosectu o Konya 9Ty paborty.



3A0AYHU

§ 1. UnrerpupoBaHue ypaBHeHui IBUKEHAA CH{TEM
C OJHOH CTeneHbI0 CBOOGOALI

1.1. OnpenennTh 3aKOH /[ABHAKCHHS YaCTHILI B I[oJe
U(x):
| a) U(x) = A (e—20x — 2¢—o (norenuman Mopsa, puc.
» 4);

oL
/ 8

U

%___,_____

a)
Puc. 1.
U
6) U(x)=— g5z  (puc. 1, 6);

B) U(x) =U,tg%ax (puc. 1, 6).

1.2. Hafitn sakon nBxKenus wacTuibl B none U(x)=
=—Ax* ec/H 3Heprus ee paBHa HYJIO.

1.3. Ompene/ntb NpHOIHKEHHO 3aKOH JBHXKEHHS YyacTH-
usl B nosne U(x) BGJIH3H TOUKH OCTAHOBKH x==a (pHC. 2).

Ykasaune. BocnoibzoBatecs pasnoxennem U (x)
B paA TeHnopa BOIH3H ToukH x=ada. PaccMoTperh cayyayu
U’ (a) 0 u U’ (a) =0, U”(a) 0.

1.4. OmpenennTs, 10 KaKOMY 3aKOHY obpamaercsi B Gec-
KOHEUYHOCTb NEePHOR IBHKEHHS 4acCTHIEI B MoJE, H306paxeH-
HOM Ha puc. 3, npu npubarmxenpH sueprid E K U
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1.5. a) OueHuThb nepHoA JABHXKEHHA 4YacTHUH B noJje
U(x) (puc. 4), ecan ee sHeprua 6Gauska K Un (T. e

E_Um<< Um—Umln)-
6) OmnpenenuThb, B TeyeHHe KAaKOH 4acTH MepHola yacTH-

12 HaXOJHTCHA Ha yyacTKe OT X 1O xX—dx.

d

E

L/
/

Puc. 2.

B) OnpejenuTb, B TeYeHHE KAKOH YacTH MepHOAA YaCTH-
lla KMeeT HMNYJbC m# B HHTepBaJe OT p A0 p-+dp.

r) Ha naockoctu x, p=mdZ u300pasuth KauyeCTBEHHO
aunuu E (x, p) =const gas cayyaes E<U,, E=U,, E> U,.

1.6. UacTtuuna Macchl m MOXKeT [BHraTbcl MO OKPYXK-
HOCTH pajHyca /B BeDTHKaJbHOH NJOCKOCTH B NOJ€ TAKECTH

1
4 £l /
A A
| —— / Upt— ] i
£ \ SN/
ANZ ! : L,
! Zy 0 a ¢ x
z
a
Pitc. 3. Puc. 4.

(MatemaTuuecknil MasaTHHK). Hafith 3akoH ee aBuKeHus,
ec/JH KUHEeTHYeCKas 3Heprus B HHXKHel TouKe E paBHa
2mgl.

OueHuth nepHox oOpallleHH MasATHHKA B cJayyae, Koraa
E—2mglg2mgl.

1.7. Onpeneauth 3aKOH [BHXKEHHS MaTeMaTHYECKOro
MasiTHHKA TNPH TPOH3BOJILHOM 3HAaUeHHH 3HEprHu.

YkaszaHHe 3aBHCUMOCTb Yr/a OTKJIOHEHHS MasATHHKA
OT BpeMeHH BhipaxKaeTcsl yepe3 3JJHIOTHYECKHe GYHKUHH
(cM., Hanpumep, [1], cTp. 150).
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1.8. OnpenennTh H3MEHeHHE 3aKOHA NBHXXEHHA 4YacTH-
Lbl HA yyaCTKe, He COIEpKallleM TOYeK OCTAaHOBKH, BBLI3BaH-
Hoe no6asjendeM K noJio U(x) wMaJoil pobasku U (x).

HccienoBaTs NpHMEHHMOCTh MOJYUYEHHBIX Pe3y/bTaTOB
BOJIH3H TOYKH OCTAaHOBKH.

1.9. Hafitu wu3MeHeHHe 3aKOHa JBHKEHHA YacTHIH,
BhI3BaHHOe JgoGaBjeHueM K moaio U(x) mManolt no6aBKH
8U (x):

a) U(x) =292 68U (r) = 122,

6) U(x) — m(,z)zxz’ sU (x) — mgxa,

1.10. Onpeneantb H3MeHeHHe nepHoga (HHHTHOrO JABH-
JKeHHMsl 4acTHIbl, Bhi3BaHHOe no6aBjeHueM K noao U(x)
MaJnoil no6aBku SU (x).

1.11. HafiTy u3MeHeHHe n€pHOAA MABHIKEHHS UACTHILH,
BLI3BaHHOE AoGaBneHnem K noaw U(x) manodi noGaBku
U (x).

mw3x? "
a) U (x) = —5— (rapmOHHYeCKHH OCLMIATOD), U (x) =
_ mbe,
=
6) U(x) =292, 8U (x) = 222,

B) U (x) = A (e—22* — 2e—ox), §U (x)=—Vex= (VLA).

1.12. Yactuna AaBH¥KeTc B noJe U(x)=a-1(%£ c

sneprueit E > U, Hafitu Bpems 3aaepXKH YacTHLE MpH
JBHXKEHHH OT X ==-—00 J0 X == -}-00 M0 CPABHEHHIO CO
BpeMeHeM CBOGOJHOrO [BHXKEHHS C TOA XKe IHEprued.

§ 2. JlBHxKeHHe 4ACTHIL B MOJAX

2.1. OnucaTh KayeCTBEHHO XapaKTep MABHXKEHHA 4YacCTH-
o Y
upt B noae U(r)=—-—-—— NpH pasjHYHLIX 3Haye-

HHSIX MOMEHTAa HMINYJAbCa H SHEPTHH.
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2.2, Halitn TpaeKTOpHH H 3aKOHBI ABHXKEHHA YaCTHLbI
B moJie

—V npu r<R,
0 npu r>R

(puc. 5, «cdepuyeckas NpAMOYroJibHas MOTEHUHANbHAsA
iMa») NpH pasJHYHbIX 3HAYEHMSIX MOMEHTA H 3HEpPTHUH.

2.3. OnpenenuTh TPaeKTOPHIO yacTHUB B mnoje U(r)=
e 2

U =

+—rﬁ—2' Bbipa3uTbh H3MeHeHUe HANpaBJeHHs ee CKOPOCTH

r
TIpPH paccesiHHH yepe3 SHEPTHIO H MOMEHT.
2.4. OnpenesiuTh TPAEKTOPHIO uacTHUbl B moje U (r) =

I

a o
7—762-.Ham"n BpeMA mNaacHHS yaCTHOBI B LUEHTD MNOJA

1/ ¢ paccrosiuus r. CKo/bKO 060pOTOB
BOKPYT LeHTpa cleJ/laeT NpH 3TOM ya-

R cTuna’?

2.5. OnpenesquTh TPAaeKTOPHIO uac-

tuibl B nose U(r)= ——70‘—{—762' Hai-

TH YIVIOBOE paccTosiHue A@ MexAy

JIByMsl TOCJe0BaTeJbHBIMH NPOXOXK-
Puc. 5. JEeHUSAMH Tepurejus (TOUKH r==rp,),

epuoi palAnaJnbHLIX KosmebaHui T, u
nepuoa obpauteHusi T, [IpH KakoM YCJIOBHH TPaeKTOPHA
OKa)eTcs 3aMKHyTOH?

2.6. OnpenesuTb TPAeKTOPHIO uacTHUbl B moge U(r)=
e 2

2.7. TIpH Kaxkux 3HauYeHHsAX MOMeHTa HMnyabca M Bo3-
MOXHO (PMHHTHOE NBHXKeHHe uacTHubl B nojae U(r)?

a) U(r) = —ae=*/r; 6) U(r)=—Ve—»r,

2.8. Yacruua najaer B uentp noasa U(r)=—ar—"cko-
HEYHOro paccTosiHuA. DBynmer su uuciao 06OpPOTOB BOKpYT
[leHTpa, CAEJAaHHBIX NPH 3TOM 4aCTHUEH, KOHeUHHM? DByger
JIH KOHeuHbHIM Bpemst napexusa? HaflTu ypaBHeHHe TpaeKTo-
pHH Ui MaJbIX f.

2.9. Yactnua B nosne U(r) yxomgHT Ha GeCKOHEYHOCTb
¢ paccrosinus r==0. Dyzer nu u#csao 060POTOB, CAENAHHKIX
€10 BOKDYT IIeHTPa, KOHeUHLIM?

a) Ussqr ", 6) U(r)=—ar™™,
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2.10. OnpependTh BpeMA MNaJeHHA HACTHULL C PACCTO-
aaust R B uentp noaa U(r) = —a/r, paccMaTpuBas Tpa-
€KTOPHI0 Kak BLIPOXKAEHHBIA aJauunc. HavanbHas cKopocTh
YacTHUB paBHA HYJIO.

2.11. Onpene/HTb HaHMeHblee PacCTOSIHHE, Ha KOTOPOe
npUOJH3HTCS YacTHHa, HaJjeTalomias M3 GeCKOHEYHOCTH CO
CKODOCTbIO U M NPHUEILHBIM NapaMeTpoM p Ha Ipyryio,
nepBoHayaJbHO MOKOMBUIYIOCS. Macchl yacTul miy, Mg, 3a-
KoH B3aumopefictsua U (r)—a/r™.

2.12. B cucteme LEHTpa MacC ONpPeIeNHTb TPAaeKTOPHH
GHHATHOTO IBMMKEHMS JIBYX 4YacTHL, MaccChl KOTOPBIX 1
H Mg, a 3aKOH B3auMopneiictsus U (r) = — afr.

2.13. Onpepeantb mnosoxeHue ¢QoOKyca NTydyka dYacTHII,
O6JH3KHX K OCH Ny4ka, IPW PACCesHHH B UEHTPaJbHOM TOJE
U(r), npepnonaras. 4yTo yacTHua, JeTsllas BAOJAb OCH, [O-
BOpauHBaeT Ha3al.

2.14. Ha#itn o6/1acTb, HELOCTHKHUMYIO /151 IYUKA YACTHH,
JIeTAIIHX M3 GECKOHEYHOCTH CO CKOPOCTBIO U napasjesbHO
OCH 2z M pacceuBaeMbix noJsem U(r) =a/r.

2.15. Halitu 06/1aCTh, HEIOCTHXKUMYIO AJSl YacTHI, BHI-
JETAIOLAX CO CKOPOCTBIO U B PABJHUHLIX HANPABJEHHAX H3
onuoft Touku A B nose U(r) = — a/r. :

2.16. Ha#itu Tpaekropuio yactuusl B noje U(r) =—a/r,

HCNOJIb3ys HHTerpaJ ABHXKeHHA A = [vM]—

2.17. OnpeneauTbh H3MeHeHHe 3aBHCHMOCTH nepuoja T
paguanbHbIX KoJeGaHHH TOUKH B HeHTpaabHOM mnoae U (r)
OT 3HeprMH H MOMEHTA, BBI3BAHHOE U3MEHEHHEM [0/ Ha
MmaJgylo seauuuny 86U (r).

2.18. IlokazaTb, YTO TpPAEKTOPHA HACTHUH B TOJE
U(r) ——ae"/’J/r NpH YCJOBHH Ina < D mpencrasiser
cOo0OH MENJIEHHO NpeuecCHPYIIHA 3JIHNC, W HAHTH yrJjo-
BYIO CKOPOCTb €ro IpeneccHH,

2.19. Haifitu cxopocTb npeleccHd OPGHTHI B [OJe
U(r) = —a/r'*s, tae |e] < L

2.20. Haiitn ymoszy}o CKODOCTDb NpeleccHH OpOUTHI 4acTu-
m(’;' —I»% npu P € mw?ab, me?s, rre a
H b — mapaMeTprl HEeBO3MYIIEHHOH TPaeKTOPHH:

2 ; 2
rcos @ rsing\”
(5 + (e =

uot B noge U =
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2.21. lNokasaTb, 4TO MOTEHUHAJbHAA 3IHEPTHA CHCTEMB!

3emas — Jlyna B mose CoJsHla, YycpelHeHHas 3a MeCHL,
HMeEeT BHJ U(r)=—(:——rﬂa— (r — paccTosiHHe OT leHTpa
macc cucreMbl 3emas —Jlyna no CoaHpa; OpHHATb ANA
IPOCTOTH], YTO MAOCKOCTb OpGHTH JIyHH coBmajaer ¢ IJO-
cKOCTbIO OpGHTH 3eman). OnpeflelUTb NPOUCXOAsIIEE H3-32
3TOrO cMellleHHEe Tiepuresua 3a cro Jer. Macca Jlynn B 8l
pa3 MeHbIlle Macchl 3eMJH, paccTofHue po JIyHb a==
=: 380 ThiC. KM, cpefHee paccrofHuHe A0 CoJHlla paBHO
150 MaH. kM.

2.22. OnpenenuTb YIJI0BYIO CKOPOCTb MpelleCCHH OPOHTH

B nosie U (r) = —frf- + 8U(r), ecam 3KCUEHTpHCHTET opOH-
TH e < 1, nosaras

(SU(f) =6U(a) +(r—a) SU’ (a) + %_(r__a)z(suﬂ(a),

rmax—+rmin

rae a = 5—— — CPelHH# paanyc OPGHTHI.
2.23. OnpepenuTb YIJOBYIO CKOPOCTb MpeHeccHH opGu-
Thl yacTHUbl B moje U (r) = — % + 68U (r) (8U(r) —ma-

Jnas no6aBKa) € TOYHOCTBIO 0 BTOPOTO MOpPSIAKAa BKJIOYH-
TeJbHo no 8U(r).

2.24, Hafitn ypaBHeHHe TpaeKTOPHH 4YaCTHUBI, ABHXKY-
weiicss B moae U (r) = —% + % paccmaTpuBas rls Kak
Maaylo f100aBKY K KyJIOHOBCKOMY MOJIIO.

2.25. IlokasaTb, yTO 3ajaya O ABHXKEHHH HABYX 3apf-
XKeHHBIX 4YacTHIL B OAHOPOJAHOM 3JEeKTPHYeCKoM moje &
CBOAHNTCA K 3a/lauaM O JBHKEHEHH HeHTPa Macc H O JABH:Ke-
HHH YaCTHUE B 33aJlaHHOM [MoOJe.

2.26. Ilpn KaKoM YCJOBHH pa3flefsIlOTCH 3ajJa4yd O JBH-
JKEeHHH UEHTpa Macc M 06 OTHOCHTeJbHOM HABHXKEHHH g
ABYX 3apsXK€HHbIX 4AaCTHU B OLHOPOJHOM MarHHUTHOM MmoJsie?

BeKTOpHBII NOTEHNHAa] MarHHTHOTO MNoasl yA0GHO BHI-
6paTb B BHJE

A = - [3r].

2.27. Bripa3suTh KHHETHUYECKYIO 3HEPTHIO, HMIYJbC H MO-
MEHT HMNyJbca cHucTeMbl N uacTHIL uepe3 KOOPAHHATHI
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Akobu:
£ mty+ ... +mr
T om+ ot my

mry+ ...+ myry

By = m+ ... +my °

2.28. Ha nepBOHaua/bHO MOKOHMBIIYIOCS UYACTHIY HaJje-
TaeT yacCTHLA TAKOH e Macchl #m, HMeBllas Ha GecKoHey-
HOCTH CKODOCTb U M B3aHMOJAEHCTBYIOLlAaA C NepBOH Mo 3a-
kouy U(r) = a/r". Ynap uentpansubiii. Hafitn Touky ocra-
HOBKH HaJleTeBLISH 4aCTHLLI.

2.29. loxasaTb, uTo A/Sl 3apSKEHHOH YaCTHIBL B OJIHO-
DONIHOM MarHuTHOM noJie J, HHTerpajoM [IBHIKEHHS SABJS-
erca MI 4+ {2 [r3%, rie M = m[rv].

2.30. HafiTu TpaeKTODHIO H 3aKOH JBHXKEHHS 3apfiKeH-
HOH 4acTHUbl B MarHHTHOM noJje J == gr/r® (mose wMar-
HHTHOTO MOHOIIOJS).

[lonoGHbI BHA HMeET MarHHTHOE IOJie TOHKOTO JIJHH-
HOrO COJIEHOHJa BHE €ro B TOYKaX, yJaJEHHBIX OT ero Top-
la Ha paccTosinHe, GOJIbILIOE MO CPABHEHHIO C OHaMETPOM
CO/IEHOHZlA, HO MaJioe 10 CPAaBHEHHIO ¢ €ro AJHHOH.

2.31. OnucaTh KaueCTBEHHO XapakTep ABHKEHHS H BHI
TPaeKTODHH 3apsXeHHOH 4aCTHUBI B MOJie MarHHTHOTO H-
noJisi M, ABHXKYIEACA B IUJIOCKOCTH, NepHeHAHKYJSAPHOM
K BeKTOpDy M. BeKTOpHBIl NMOTeHUHAJ MAarHHTHOrO JHIOJA
A = [mr]/rs.

2.32. a) OnucaTb KauecTBEHHO MABHXEHHE 3apSKEHHOH
yacTHubl B moje U = % mhr?, roe r— paccTosiHHe OT OCH
2 (moJje paBHOMEPHO 3apsIKEHHOTO IMJIHHApPA), NPH HaJH-
YHH OJHODOJAHOrO MAarHuTHoro noJas &, mapajanaenbHOro
OCH 2.

6) HalTu 3aKOH ABHXKEHHS M TPAEKTODPHIO 3apsKEHHOM
yacTHUH, ABUXKYWedcsa B noe U = a/r? B miockoctH, nep-
MEeHAHKY/ISIPHOA NOCTOSIHHOMY  OIHOPOAHOMY MAarHHTHOMY
nomo I

2.33. Baps:KeHHAsl YaCTHIA JBHKETC B KyJOHOBCKOM
noae U(r) = —a/r B NJOCKOCTH, NePNeHANKYIAPHON K OX-
HOPOAHOMY MarHuTHOMY mnoJio J. OmHucaTe TpaekTOpHIO
uacTHusl. HMccneposate cayuafi, korga 3 mand, u cayuai,
Korfa noje U(r) siBasieTcss MaJblM BO3MYLICHHEM,

- Fn41 (n=l,...,N—l),
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2.34. HaliTh 3axoubl [BH:KEHHsT ABYX OAHMHAaKOBHIX 3a-
PAKEHHBIX YaCTHL, B ONHOPOAHOM MarHuTHoM moje 3
B cJyyae, KOrga TPaeKTOpPHH HX JiexXaT B OJHOH IJOCKOCTH,
nepneHauKyaspHoit Kk I, a 3Heprui0 HX B3aHMOAEHCTBHS
U{r) = €?/r MOXHO CYHTaThb MaJoOf NonpaBKoOH.

2.35. Ilokasatb, uTO B nosie U (r) = — —‘:— — Fr coxpa-
F 1
Hsietcsi BedauyuHa F [vM] — ar—r -+ -5 [Fri2. Hctoaxkosath

3TOT HHTErpaJj JBHXKEHHS NMPH oueHb MaJabix F.

2.36. UccanenosaTh BAHMsiHHe Manoit po6asku 8U(r) =
= — Fr K KYyJIOHOBCKOMY NOJ/II0 Ha (UHHUTHOE [IBHXKeHHEe
YaCTHLEHL

a) Haiitu cpepHiol (3a nmepHon) CKOpOCTb H3MEHEHHs
MOMEHTa HMIyJbca,

6) OnpeneauTbh 3aBHCHMOCTb OT BPEMEHH MOMEHTAa MM-
nyJabca, pa3MepoB M OpPHEHTalUHH OpOGHTH, ecau cuaa F ae-
JKHT B NJIOCKOCTH OpOHTHL

B) ToT :Ke BONpOC INIPH MPOHU3BOJLHOH OpHEHTAIHH
CHJIBL.

VYkasanue. CocTaBuTb M pelIUTb yCpeAHEHHbIE MO Te-
PHOAY YpaBHEHHSl ABHXKEHHs JJs1 BeKTOpoB M = m[rv]

n A= [vM] _9r_f_

2.37. HaiiTn cHcTeMaTHYeCKOe H3MEHEHHe TPAEKTOpUH
(OHHHTHOrO JBHXKEHHS 3apsKeHHOH YacTHUB B T0JC
U(r) = —afr nop BiausHueMm cna6bBIX MNOCTOSHHHIX OJHO-
POMHBIX 3JeKTPHYECKOro M MarHutHoro nojeét § u .

a) OrpaHHUHTBbCS cJAyuaeM, KOrja MarHHTHOe NoJe neps
NeHIUKYASIPHO MJOCKOCTH OpPOHTBI, a SJEKTpHUecKoe moJe
JIEXKHUT B Hell.

6) PaccMorpetb o6mufi cayua#.

2.38. HaitTn cHcTeMaTHuecKoe H3MeHeHHe 3JJHITHYE.
CKOH opOHUTHI yacTHUH B noje U(r) = — a/r nox BIHsSHHEM
masoil no6asku 8U=Pr?(3 cos?0—1). (TakoBo, Hampumep,
yCpelHEeHHOe 3a MeCsll noJe TAroteHds: JIYHBL B OKOJIO3eM-
HOM TIPOCTPAHCTBE — IOJI€ <«IPUJIHBHHIX CHJA».) OrpaHu-
YHTBCS CJyyaeM, KOorja IJOCKOCTb OpOHUTHl MPOXOAHT yepes
och 2.

2.39. HaiiTn cucreMaTHuecKoe CMelileHHE TPaeKTOPHH
(UMHHTHOTO JBHMXKEHHSI YacTHLB, ABHXKYILeHAcsa B noje U =
=—qfr ¥ B mNOJe MarHuTHOTO [HMOJS M, €CJH BJHS-
HHe€ MarHHTHOrO [JHNOJS MOXKHO pacCMaTpHBaTh Kak



3.5 § 3 CEHEHHE PACCESHHUSA 13

MaJjioe BO3MylleHHe. BeKTOpHBIM NOTeHILHan BHIOpPaTh B BH-

Lmr}
ne —7—

2.40. OnpenenuTb CPeiHIOlD CKOPOCTb mpelleccHH op6u-
Tl wacTHlbLl B mose U(r) = —afr noa pefcTBHeM MaJoi

po6aBounolt cuarl F = fv (Takoll BHI HMeeT cuia TOPMO-
2 2
JKEHHUS H3JyYeHHeM, B 3TOM cnyqae[5=?5£—3, rae ¢ —

sapsij yacTulblL,— cM. [2], § 75).

§ 3. Ceuenue paccesHHs B 3aJlaHHOM MOJE,
CT0JIKHOBEHHE UYACTHIL

3.1. Haiitn nuddepennuanbHoe 3(p¢pexTHBHOE CeueHHe
paccesiHHsI YacTHIl, CKOPOCTb KOTOPHIX JO PACCesiHUA MapaJ-
JeJbHa OCH 2, Ha [VIaAKOH yNpyroid mOBEPXHOCTH BPAllleHHSA

p(2):
a) p=bsinZ, 0<z<ag;
6) p= A", 0<n<l;

B p=b—5 F<z<oo,

3.2. HailiTu nOBepXHOCTb BpallleHHs, CEYeHHe YIpyroro
paccesiHHsI Ha KOTOPOH cOBNajaeT ¢ pe3epdopaoBCKHM.

3.3. Haitn puddepenuuassioe s¢p@dekTHBHOE CeyeHHe
paccesiHHl yacTHL CGepHUECKHM <«NOTEHUHaJbHbIM TOp-
60M>»: )

V mpp r<<a,

0 npu r>>a.

U@:{

3.4. HafiTn ceuenlle majeHHst 4acTHIl B LEHTP MOJS:

yU(n=2-L ouin==5-1L

r

3.5. HaiiTH ceuenHe mafeHHs dYacTHIl Ha LIAPHK pajHy-
ca R, Haxonsumuiicsa B uentpe noas U(r):

) U=—2% n>2; o) U=-E T,

r
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3.6. Haftn muddepenunanbioe 3¢¢eKTHBHOE CeuyeHHe
paccestHust yactui B nose U (r):

¢ ¢

g U@p={7 ' <Rk
0 npu r>R;

) U= [T R T <R
0 npu r>R.

3.7. Haitn nuddepeHunaspioe 3¢p¢eKTHBHOE CeyeHHe
paccesaHus GbicTpeix yactHu (E 3> V) B moae U(r):

a) U(r)=v1n(1+f—f);
V(l—kriz) npii r<<R,

6) U(rn) =
npu r>R.
3.8. Hafitn nud¢epenunnasbioe 3¢ ¢eKTHBHOE CceyeHHe
pPacCesiHHs YacTHI Ha MaJble yrasl B mojel (r)=—ﬁ——;i2

3.9. Haiirn nuddeperunassHoe 3¢)¢)eKTuBHoe ceyeHle
paccesHus yacTul B noae U = — g/r?,

3.10. Hattu nudodepenunasbioe 3pQpeKTHBHOE CedyeHHe
paccesinus ObICTphIX yacTHl (E<V) B noae U(r). Hccae-
nosaTh noAapoGHee mpeleJbHble CIYyYaH, KOTAA YroJ OTKJO-
HeHHsl O/IH30K K CBOeMy MHHHMAJbHOMY HJH MaKCHMaJb-
HOMY 3HAYeHHI):

— V¥, v
a) U(r)=Ve y 6) U(r)= T
3.11. TloToKk yacTHl, CKOPOCTH KOTOPHIX MEPBOHAYAIBLHO
napaJjej]bHbl OCH 2, pPacCeHBAETCH Ha HENOABHIKHOM 3J-
JHIcoune

x2 y‘z z‘z
?—i'zg—i-ﬁ** 1

Haftn nuddepennnansioe sddexTHBHOE ceyeHHe pacces-
HHf, €CJIH SJJHICOHI:

a) TJIagKHH ynpyruﬂ 6) rnaakuii HeynpyrH#, B) ie-
poxoBaThili ynpyruii,
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3.12. Haitu nuddepenunanpHoe 3b@deKTHBHOE CeueHHe
paccesinusi Ha MaJjible yripl B HelleHTpaJbHoM noJe U(r):

ar

AU =5 6)U(r)=5.

3.13. Haiitn nonpaBky kK auddepenunanbHoMy sddek-
THBHOMY CeyeHHIO paccesiHds yacTuu B noJae U(r), Bbi3BaH-
HYIO H3MeHeHHeM NoJs Ha MaJayio Beanuuny U (r):

[¢1
a) U =2, 8U() =%

r r

6) U(r) ==, 8U(r)=-;

a
T G
) Ulr) =L, oU()=1.

3.14. OnpefenuTb ycpeaHeHHOe no BpeMeHH IHpdepen-
nHaJbHOe 3¢deKTHBHOe ceueHHe paccesHHs KaK (YHKIHIO
npuobGperaeMoil YacTHIAMH 3HEPTHH NPH PACCesHHH B moOJe
Ulr,t) = (V,+ V,sinot) e 6oictpeix yactun (£ > V).

3.15. YacTuua, jaersaias co ckopoctbio V, pacnapaetcs
Ha fABe OJHMHaKOBHEe uyacTuibel. OnpefesuTs pacnpejeseHHe
mo yrJay passeTa pacnafHblX 4acTHI (yroJ Mexjay Hanpas-
JIeHHSIMH BHIJieTa 00eHx uactull). Pacnag B cucTeMe LeHTpa
MacC H30TpONeH, CKOPOCTb pacmajHbiX 4acTHI B C. L. M.
paBHa Uq.

3.16. Haiitn pacnpepejenHe pacnagHbIXx 4acTHIL MO
3HEpTHsAM B J1a6OpaTOPHONR cHCTeMe, eC/IH B CHCTeMe LEeHTpa

3 .
Macc VIJOBOe pachpejie/jeHHe uMeeT BHI z— sin® 8,do,, rAe
8n 0 0

0p — yroa MexKay CKopocTbio V NepBHYHOH yacTHUH H Ha-
npaBJeHHeM BBUIETA pacnajHofl yacTHub B c. U. M. Cko-
pPOCTh pacnafHbX yacTHU B C. L. M. Up.

3.17. DaekTpoH, MMeBHIHHA Ha OGECKOHEYHOCTH CKOpPOCTb
U, HaJleTaeT Ha JApyrofl 3JeKTPOH, NepBOHAYAJLHO HEMOA-
BHXHBIA (npHUeabHblH mapaMerp p). Haiith ckopocTa
3JIEKTPOHOB [OCJe paccesHHs.

3.18. OnpenenuTbh HHTEpPBAJ 3HAUEHUH, KOTOpPHIE MOXKET
HMETb YroJ Mexj]1y HanpaBJeHHAMH CKOpOCTeH 1ocje
CTOJKHOBEHHSI ABHMXKYVIIefAcAd wacTHOB (Macca m;) ¢ Tep-
BOHauyaJbHO MOKOHBLIefica (Macca my).

3.19. Hafitn nuddepenunansroe 3¢pGheKTHBHOE CedyeHHe
paccedHHsl TJaJKHX HEYNpYTrHX HIapHKOB Ha TaKHX Xe
HlapHKaX, NepBOHAYaJbHO MOKOUBLIHXCS,
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3.20. HafiTn 3aKOH, O KOTOPOMY H3MeHAeTCA HHTEHCHB-
HOCTb MYYKa YacCTHL, IPH NPOXOXKAEHHH HM 06J1acTH, 3al0J-
HEeHHOJI MOrJOIAWIIUMH LeHTpaMH. [lnoTHocTh pacmpene-
JIEHHS ULEHTPOB N, CeUeHHe MOTJOULEeHHS ©.

3.21. Ha#iTH 4HCJIO aKTOB peaKIHH, NPOHUCXOAAIIHX B
o6beme dV 3a BpeMsi df mpH CTOJKHOBEHHH [BYX MYYKOB
YACTHIL CO CKOPOCTSIMH Vi, Vo H TJIOTHOCTSIMH £y, na. Ceue-
HHEe pPeaKIHH PaBHO O.

3.22. Yacruua macchl M gBHXKeTcs B 06J1acTH, 3amnoJ-
HeHHOH wacTHUaMH Maccul m € M (nepBoHaualbHO Henon-
BrkHBIMH), CeueHHe paccesiHHAl YACTHL m Ha yacTHue M
ectb do == f(0)d,. CronkHoBenns ynpyrue. Hafith:

a) «CHJy TPEHHf», NEACTBYIOLLYI0 Ha yacTHLy M;

6) CpemHHE KBaApaTr yria OTKJOHeHHs © vacTHuu M.

§ 4. YpasHeHNs ABHXKeHHA. 3aKOHbI COXpaHeHHs

4.1. Yactuna B noje U(x) = — Fx 3a BpeMsa T nepeme-
miaercss H3 TOUKH X = 0 B Touky x¥ = a. HaliTh 3aKkoH ABH-
JKEHHs YaCTHIBl, NpeAnoJaras, 4T0 OH HMeeT BHA x(I) =
= At? 4 Bt 4 C, u noabupas napamerps A, B, C rak,
yTOOLI JeHCTBHE HMeJO HaHMeHbllee 3HAUEHHE.

4.2. Yacruua asuxerca B miaockoctu xOy B noje

npu  x<<0,
V mpu x>0,
nepeMemiasicb 3a BpeMa T M3 TOukKH (—a, 0) B TOuky
(a, a). Halitu 3akoH ABHXEHHS 4YaCTHIBl, TNpeanoJarasd,

4TO OH HMeeT BHI ,
x1,5(t) = Ayt + By g,

Y1,2(f) = Cy ot + Dy 5.

3uauku 1, 2 oTHOCATCA K JeBoit (X << 0) u mpaBo#i (x > 0)
N0JyIJIOCKOCTSM.

4.3. C noMoWbI HEMmOCPEACTBEHHOTO BLIYHCJEHHS NOKa-
3aThb KOBApHAHTHOCTL ypaBHeHHH Jlarpamika OTHOCHTE/BLHO
npec6pa3oBaHHA KOOpAHHAT

qi = qi(Qh Q29 oy Qaa t), i= 1, 2, ey So

4.4. Kaknm o6pa3oM [0/1:kHa n1peo6pa3oBbIBATbCS (HYHKs
uusa Jlarpamxka npH nepexofe K HOBBIM KOOPJHHAaTaM

U(x’ y) =
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H «BPEMEHH»
qi:ql(QI; Q2y LIRS Qu T)y i=], 2, ey Sy
t=1(Qy Qo ..., Qs 1),

uToObl ypaBHeHHs JlarpaHxa COXPaHHJH CBOf BHAP

4.5. 3anucath QynKuuio JlarpaHka W ypaBHEHHS IBH-
HEHHA uacTHUBl B mosae U(x), BBeAs «MeCTHOe BpeMsi»
T=1t—)\x.

4.6. Kak npeoGpasyercs ¢yukuus Jlarpanxa

L)/

IpHU Nepexofie K KOOPANHATAM § ¥ «BPEMEHH» T:
= gchA+ tsha,
t=gshi+tchi?
4.7. Halitn 3akonb npeoGpasoBaHHs SHeprHH H 0606-
leHHBIX HMIYJbCOB NpH Npeo6pa3oBativii KOOPAHHAT
g:=[:(Q, ..., Qs t), i=1, ..., s.
4.8. HaiiTn 3akoubl npeoGpa3soBaHHsi 3HEPTHH H 0606-
IIeHHBIX HMIY/IbCOB, CONPSXKEHHBIX MOJSIPHLIM M JAEKApPTO-

BbIM KOOpJAHHATaM, IpH NEPeXoJe K CHCcTeMe OTCYeTa, Bpa-
Liaomiesics BOKPYT OCH Z:

a) o=¢'+Qt, r=r;
6) x==x'cos Qf—y’sin Qf, y==x"sin Qf-+y’ cos Qf.

4.9. Haitn 3akonb npeoGpasoBaHusi SHEpPrHH H HMIYJb-
COB TIpH Mepexojie K CHCTeMe OTCYeTa, ABHKYIIEeHcs cO CKo-
pocteio V. @yukuuio Jlarparxka L’ B ABuxKylliefica cHcTe-
Me BLI6paTh B BUE

a) Li=L(r' + V&L + V1), tae L(r,r,{) — bynxuns
JlarpaHa B HenoABUIKHOM cHCTeMe;
6) Ly = % —~U(r + Vi, ). 3pech Ly oTanuaercsi or

Ly na MOJIHYI0 TPOH3BOAHYI0 MO BPEMEHH OT (YHKUHH
Veur' + 2 vz,
2
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4.10. Tlycts Geckoneuno MaJioe npeobpa3oBaHHe KOOp-
JHHAT H BpEeMEeHH HMeeT BH]

q;=q; 4+ e¥,(q.0),
V=t+eX(q 1), e>0,

M NyCTb NPH 3TOM npeoGpa3oBaHHH COXPaHSETCA BHA Heft-
CTBHS:

r
i

s
(Llo@ da= (s r)ar.
1 ‘

i

JlokasaTb, UTO BeJHUYHHA

L (gx—-W)—LX
s aqi

ABJSIeTCA MHTErpajoM ABHKEHHS.

4.11. OGo6IHTL TeOopeMy mpeablAyliefl 3ajauyu HA Ccay-
yali, Korja BuA AefcTBHA NpH npeob6pa3oBaHHH KOODAHHAT
1 BPEMEHH MeHsieTcsl cjeiynlium obpa3om:

'

13

St’L(q’dt’)d’ 5{L<‘7'33~f)+8d”gt, }dt’.

i “

4.12. HafiTu unTerpajbl ABHXKeHHA, €CJAH BUR AEHCTBHS
He MeHsieTCs NpH:

a) MpOCTDAHCTBERHOM cABHre, 6) HOBOpPOTe, B) CHBHIe
Hayaja OTCYeTa BPEMeHH, I') BHHTOBOM CABHre, 1) npeod-
pa3oBaHHH 3ajauH 4.6.

4.13. HafiTy uHTerpa/el ABHKEHHS ANS yacTHLH, ABH-
KylleHcs:

a) B onHopoaHowm mose U(r) = — Fr;

6) B none U(r), rage U(r) — opHopoaHas QyHKUHs:

Ufar) = a™U(r)

(yTOuHMTBb, NPH KakoM # npeobpasoBanHe nono6ua He Me-
HAEeT BHA JNeACTBHA);

B) B noJse Gerywiei soaum U(r, {) = U(r— VI), rae
V — NOCTOSSHHHIAI BEKTOP;
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r) B MarHHTHOM MoJle, 3a/laHHOM BEKTODHBIM MOTEHIIHa-
Jom A(r), rae A(r) — onHopozxHast QyHKUHUS.

A) B 3/JEKTPOMAarHHTHOM M0./&, BPaIlaiOUleMca ¢ NOCTo-
SIHHOH YIJIOBOHA CKOPOCTbIO £ BOKPYF OCH 2.

4.14. HaliTu uHTerpasl NBHXKEHHs, OTBeYalOUHii Npeos-
pasosanuio anunes.

Ykasanue HcnonpzosaTs pesyabraT 3agaun 4.11.

4.15. HaiiTH HHTerpaJbl IBHXKeHHS AJS YACTHILB B OQHO-
ponHOM MarHuTHOM mnoJe J, ec/qH BEKTOPHBI MOTeHIHaJ
3ajaH B BHJE!

a) A= [Hl; 6) Av=A, =0, 4, = x%.

4.16. HafiTH HHTerpaJ/ibl NBHXKEHHs 1Js YaCTHILBI B [OJE:

a) MarHutHOro aumosss A = [mr]/r3, m = const;

6) Ap=pjr, A, =A,=0.

4.17. CocTaBHTb ypaBHEHHS LBUKEHHs CHCTEMBl, (QyHK-
uusa Jlarpanxa Kotopoi:

e

a) L(x,x)= eTEE | 9 re— ( e—v'dy;
0
6) L(x, X, ) = -—12~e°‘f (,{'2 — 0%x?),

4.18. a) 3anucaTh KOMNOHEHTbI BEKTOPAa yCKOpeHHsl ya-
CTHUbI B cepryecKoli cHCTeMe KOOpAHHAT.

6) Ha#liTh cocTaBasiiolllie YCKOpPEeHHsI B OpPTOFOHAJbHOMH
CHCTeMe KOOPIHMHAT §; €CAH 3JeMeHT JJMHH 3aJlaH COOoT-
HOLIEHHEM

ds® = hidqt 4 hidq3 + hadas,

roe hi(qi, g2 g3) — KoapbuuMenTH Jlama.

4.19. 3anscaTb ypaBHEHHs ABHXKEHHs YacTULBI B NpPOH3-
BOJIbHBIX KOOPAHHATaX i CBSI3aHHBIX C JEKapTOBLIMH KOOP-
JHHATaMH X; COOTHOLIEHHSIMH:

a) x;==x:(q, g2 qs3), i=1, 2, 3;

6) xi=x:(q1, 92 g3, 1), i=1, 2, 3.

4.20. Ilokasatb, uto Qynkuus Jlarpauxa [31]

L =3 (7 + r6® + r’g?sin®0) — % ¢ cos

ONHCHIBAET [JBHXKEHHe 3apsKEHHOH YacCTHIILI B MarHHTHOM
none ¥ = gr/r’ (cm. 3anauy 2.30).
HaliTn HHTErpanbsl ABHXKEHHSA,
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4.21. TlpoBepuThb, 4T0 QyHKWHH Jlarpaunka
g2 g2
L1=—2—1_U41, L2=—%+qu

NPUBOAST K NpPABHJIBHBIM «YDaBHEHHAM JBHKEHHA» AJf ¢
M ¢ U NMPaBHJbHBIM 3HAYEHUSIM 3HepruH. 3aech ¢ =I—
TOK, HAYILHH MO HHAYKTHB-
lB 5([ _L HocTH & B Hamnpas/cHHH
_,Tz U v C 4 or A k B (puc. 6,a), g, —
TA AT T' 3apsifi Ha BepXxHeH NJacTH-
He KoHAeHcartopa (puc. 6,
a) o) 6), a U - nanpsxkeHue
mexay Ttoukamu A u B

Pic. 6. (U == (PB_(PA)'
4.22. Wcnoan3ys an-
OUTUBHOCTb (YHKUMH Jlarpanxa H pe3yabTaT TpPEAbILY-
el 3aflay, cocTaBUTh (PYHKUMH JlarpaHka H ypaBHeHHS
Jlarpanxka ansa uene#, u3o6paxkeHHbIX Ha puc. 7 (4, 6 1 8).

Puc. 7.

4,23. Hahitu ¢yuruun Jlarpanka cJaelyOllHX CHCTEM:

a) Lenb C IMepeMeHHBIM KOHJEHCATOPOM, MOJBHXHHE
[I71aCTHHBl KOTOPOTO COeMHHEHb ¢ MasfiTHHKOM m (puc. 8, a).
3aBHCHMOCTb eMKOCTH OT yria moBopora C(g) H3BECTHa,
Maccofl MaacTHH KOHJeHcaTopa TnpeHeGpeub;

6) cepleuHHK Ha NPYKHHKE KECTKOCTH B, BTATHBAEMBII
BHYTpb COJIEHOH[A, HHAYKTHBHOCTb KOTOPOro €CTb 3ajiaH-
Has (yHKUHMs CMelleHHs ceppeunuHka Z(x) (puc. 8, 6).

4.24, KpajnpatHad HJeadbHO NpPOBOJAsAILAS paMKa MOXKET
BpaIlaTbCsl  BOKPYr 3akKpemjeHHoH croponnl AB=a
(puc. 9). Pamka HaxofMTCS B [OCTOSTHHOM OJHOPOJHOM
marauTHOM nose J, nepneHfukyasapHoM K acu AB. HUHAyk-
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THBHOCTb paMKu &, macca ctopounl CD pasna m, MaccaMH
LPYTHX CTOPOH MOXHO HpeHeGpeyb.
OnucaTh KaueCTBEHHO XapaKTep ABHUMKEHHS paMKH.
4.25. Tlonp3ysicb METOLOM HeONpeeseHHbBIX MHOMKHTE-
Jeii Jlarparxka, nosyyHTb ypaBHEHHs [ABIXKEHHS YaCTHILBI

— - -7
| A z
] . 4
% B
L——
—1 %, Y
=r ey —
] A
4) v/
Puc 8. Puc. 9.

B MOJI€ TSAXECTH, €CJIH OHA MOXKeT ABHraTbCs MO 3aJaHHOH
KPDHBOH:

a) napaGoJe, Jexauleli B BePTHKAJIbHOH MJIOCKOCTH;

6) OKDYXHOCTH pamuyca r == [, PACNOJIOXKEHHOR B Bep-
THKaJbHOH NJIOCKOCTH.

Bpipasutb cH/IB peaKUHH CBSI3H.

4.26. YacTuua nBHXKETCS B TIOJE€ TSXKECTH BJOJB Nps-
MOH, paBHOMEPHO BpalllalOLIeACsT B BepTHKAJAbHON MJIO-
CKoCTH. COCTaBHTb YPABHEHHs IABHXKEHHs YACTHIB ¥ HAHTH
MOMEHT CHJIB peaKIHH.

4.27. Binande cBA3ell U TPEHHS HA NBHXKEHHE CHCTEMBbI
MOJKHO ONHCAaTb, BBOAR B YpaBHEHWS [BHXKeHHA 06001leH-
Hble CHJIbI pEaKUHH CBA3eHd H TpeHHS:

d JL aL
"E‘T‘ han g, == Ri.
a9, i
a) Kax wuaMensercs CO BpeMeHEM SHEPTHA CHCTEMBI?

6) Kak nonxubl npeo6Gpa3oBbiBathcsi cHabnl R, mpH me-
pexone K HOBbHIM 0GOOiIEHHBIM KOODAUHATAM

ql = qi(Ql, .oy st t))

YTOOH ypaBHEHHs [ABHXKEHHS COXPAaHANH CBOH BHA?
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4.28. IlycTb ypaBHEeHHs CBA3eHl HMeEKOT BHI

3 3
gg = 2 bﬂnqn,- ﬂ-——-‘l,...,f,
n=r+1
L] .

npuueM o¢yukuHA JlarpaHka L(Gei1, cvey Qo G1y oovs G £)
H K03 HIHEHTH by, HE 3aBHUCAT OT KOOPAHHAT §p.

[TokasaTb, 4TO ypaBHeHUs [ABHKEHHsi MOFYT OBITh [IPeA-
CTaBJeHHl B BHJE

— —-— r 8
d oL oL oL 0b 0b .
oL (_ﬁn )6 o,

“oq, O §TioggmErpr\ O O
rae L(Grst, «vvr oy Grity oo vy G t) — QYHKUMSA, MOTYYae-
Masi HCKJIOYeHHeM CKOpocTed §i, ..., §» u3 L ¢ momoubio

ypaBHeHHi cBs3eH.
4.29. CTpyHY MOXHO NpeACTaBHTb KaK NpPEeAeNbHBIH Cay-
yad ciucrembl N uwactun (puc. 10), coeguHeHHBIX YNpyroi

|
1
|
1
]

a7z na
Puc. 10.

HHTBIO, NIpH N —> 00, a—>0, Na==const. ®yukuus Jlar-
paHxKa ZUCKDETHOH CHCTEMBl HMEET BHJ,

L(ql» qzy .o 'qu’ él: q.zv ---,q.N’ t) =
N+1

= Ei Ln (qny Gn — Gun—1, q.n’ t):

Tjle ¢, — OTKJOHEeHHe n-i YacTHUbL OT MNOJIOXKEHHA paBs-
HOBECHS.

a) IlonyynTh ypaBHeHHe ABHIKEHHsI HeNpepPHIBHOR CH-
CTeMBl Kak TnpeJeibHBIH c1ydall ypaBHenui Jlarpawxka nu-
CKPETHOH CHCTEMBL.

6) TloayuuThb BhHIpaKeHHe SHEPTHH HENPEePHIBHOA CHCTe-
MH KaK npejes BhIpa)KeHHs SHEPrHH AHCKPETHOH CHCTEMH,
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Yxasanue. BBecTH KOOpAHHATYy TOYKH CTPyHHl X, a
TaKxe BeJIHYHHBHI, no.nyqaeMble l'lpH Hpelle.ﬂbHOM nepexo-
ne a— 0, n=x/a— oc:

. L Gy (D =g (D)
g (x, t) =limg, (1), g% = llm"——a—"—’——,

dq g . Ln (qn‘ 9n — 9n—1r Ip» t)
,C?(x, q. a,ﬁ,t):llm P .

4.30. 3apsxeHHas 4acTHUA ABHXKETCS B NOTEHLHAJbHOM
nose U(r) u B mOCTOAHHOM MarHuTHOM noae 3 (r), mpu-
yeM U(r) u H(r) sBAAIOTCA ORHOPOAHBIMH (PYHKUHAMH
KOOPJMHAT CTENeHH K W N COOTBETCTBEHHO, T. e. U(ar) =
= g*U(r), H{(ar) = o 3 (r). BeiBecTn 117 maHHOH cHCTe-
MBl TIPHHLHN NOXOGHS, YTOUHHB, NPH KaKOM 3HAUeHHH 1 OH
HMeeT MecTo.

4.31. O600wuTL TeOpeMy BHpHasa [Jf CHCTEMH 3apf-
JKEHHBIX YacTHL B OZHOPOAHOM MarHuTHoM noJe J. [loteH-
LUHa/lbHaS HEPTHA CHCTeMbl U sABAsieTc 0JHOPORHOH (PyHK-
uneit koopaunar U(ary, ..., ar,) = a*U(ry, ..., 1,), a ABHU-
JKeHHEe CHCTeMbl NPOHCXOJHT B OrPaHHUeHHON 06,1aCTH NPOCT-
pPaHCTBa H C OrpaHHYEHHBIMH CKOPOCTAMHE.

4.32. TpH OAHHAKOBBLIX 4aCTHUb IBHKYTCA MO OLHOI
NpsSMOH H NMONapHO B3aUMOZEHCTBYIOT HPYr C APYTOM Io
3akony Uy = U(x;—x,), rae x; — KoopauHAaTa i-H 4aCTHIH.
[TpoBepnTh, 4TO KpoMe OUEBHAHLIX HHTErpajioB ABHXKEHHA

P = m(xl +I.2 +1‘:3),
E="5 (x4 53+ x3) + Upy + Uy + Uyy

CYWleCTByeT AONMOJHHTENbHBIA uHTErpas ABHxenus [28]

A=mz\zox3—x\Uss—xaUs1—23Us
B cnyudae, ecan ¢pyukuusa U(x) umeer Bun:

dUW=5% 6Uwx=2=52

sh2 gx*®

4.33. PaccMoTpeTh CTOJIKHOBEHHE TPeX YacTHI, ONMCAH-
HbIX B npeApiayuleil sanave. IlycTe x) > X, >x5 u npu
t——o00 pAacCTOAHUA MeXAy 4YacTHUAMH GeCKOHeuHO
BeNIHKH, a HX CKOPOCTH U;==x;(f{==—00) TaKOBH, YTO
Us>v;>v;. Halitn v =4;(f=-+o0),
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§ 5. Manble KojeGaHHA CHCTEM C OJHOH CTENEHBIO
cBoGoabl

5.1. Hafitu yacToTy ® MaJbiX KojeGaHHA 4acTHLL B IO-
ae U(x):

a) U(x) = V cos ax—Fzx;

6) U(x)=V (a?x*—sin%ax).

5.2. Ha#iTu yacrtory manbix KoseGaHUI CHCTEMBI, H30-

6paxeHHolt Ha puc. 11. Cucrema Bpaiulaercd B NOJE TAXKe-
CTH BOKDYT BePTHKAJbHOH OCH C YrJOBOH CKOpOCTbIO €.

A
a
m
a ) /)
q
Pue. 11. Pue. 12,

5.3. Hacruua Mmaccel m, Hecyllasi 3apsiji ¢, MOXET ABH-
TaTbCsl B NOJie TAXKECTH 1O BEPTHKAJIbHOH OKDYXKHOCTH pa-
auyca R. B HuXKHell 4acTH OKPY:KHOCTH 3aKpelJeH 3apsn q.
HajiTh nonoxenHe paBHOBeCHs M 4acTOTy MaJbiXx KoseGa-
HHHA yacTHUB (pHc. 12),

5.4. HallTu 3aKOH ABMXKeHHS YaCTHIB B LHeHTpaJbHOM
nose U(r) = —alr (0<n<?2) no TPaeKTOpuH, GJH3-
KOH K OKPYKHOCTH.

5.5. Hafith vactory Maiux kone6anuii  chepHueckoro
MasTHHKa (YacTHLA MAacCH 1 MNOABelleHa Ha HHTH JH-
HEl ), IPH KOTOPBIX YroJ OTKJIOHEHHS HHTH OT BepPTHKAJ/H
0 ocun/IHpyeT BOJH3U 3HAYeHHS Oy,

5.6. HaliTu nonpaBky K yactoTe MaJbix KoJe6aHuil IByX-
aTOMHO! MOJIeKyJ/bl, BEI3BAHHYI0 HaJH4YHEM y Hee MOMEHTa
umnyabca M.

5.7. Ha#itu cBoGomHEle KOJeGaHHS cHCTeMBl (pHC. 13),
€CJIH YaCTHLA MOXKeT ABHTraThes:
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a) BHoJab npamoit AB;

6) nepneHaukyJasapuo AB.

Kak 3aBHCHT 4acTOTa OT HATAXKEHHS NPYXKHHOK B MOJO-
XKEeHHH paBHOBECHS? :

5.8. Halitn cBobGonnbie Kosie6aHus cucteMbl (puc. 14),
©CJIH OHa HaXOAMTCSt B OXHODPOJHOM MNOJE TAMKECTH U YacTH-
I1a MOXeT ABHraThCSl TOJIbKO BEPTHKAJDBHO,

5.9. Hafitu ycra-

HOBHBINHeCS  MaJbie Q
KoJieGaHHud ‘IJIOCKOro -
MasATHHKA, TOYKA MOL- :
k
AR Y !
a Kk m Kk
A k
[ /S
y
Puc. 13. Puc. 14. Puc. 15.

BECa KOTOPOTO PAaBHOMEPHO IBHXKETCHA M0 OKPY:KHOCTH pa-
Auyca a c yactotoit Q (puc. 15). [unna masthuka l (I>>a).
5.10. Haiitu ycranoBuBIIMecs KoJMeSaHHS HampsiKeHHS
Ha KOHJIEHCAaTOPE H TOK B KOHTYpe C HCTOYHHKOM HalpsiiKe-
g U (f)y =Uysin of (puc. 16).
5.11. HaliTu 3akoH IBHKeHHS OCLHA/SATOPA C TPeHHEM,
nepBoHayaJbHO MOKOHBLIErocs, noj aefi-

ctBHeM cHabl F(f) = F cos yt. R
5.12. Onpenenunts snepruio E, npuo6pe-
TEHHYIO OCUHJJIATOPOM 101 LeHCTBHEM CH- ¢
F —(1/7)? “ [/J
(t) = Fe 3a BCe BpeMsA ee jefi-
CTBHA, €CJH NPH {==—o00: Puc. 16.

a) OCHHJIJAATOP MOKOHJCS;

6) amnauTyda KonebaHH# Gbija paBHa a.

5.13. Hafttn nsuxenue mox gefictBuem cuam F(1):
a) HeyCTOHYHMBOH CHCTeMBI, OIHCHIBAEMOH YpaBHEHHeM

;—pzxzr—LF(t);
6) OCHUJIIATOPA C TPEHHEM
%+ 2% + ofx = — F (f).
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5.14, Haittn guddepennnaipHoe 3¢ QeKTHBHOE cedeHHe
BO36YXKAEHHA H30TPOMHOTO OCHHJNNATOPA OO 3IHEPTHH &
6uictpoft uactuueft (E > V), B3auMopeficTByloieli ¢ HuUM
o 3aKOHY

U(r) = Ve ",

HavyaspbHast 3HEPrisi OCIHIJIATOPA PaBHA HYJIO.

5.15. Ocunnnsitop MOXKeT KoJaebaTbhCsl TOJbKO BIOJb OCH
z. Hafitu nuddepenunanpHoe 3¢ GeKTHBHOE CeyeHHE BO3-
6yXIeHHS OCUHANSATOPA A0 3HEPTHH & 6bICTpOH yacTuled,
p3anMofeiicTytomeli ¢ HaM no 3akony U (r) = Ve ™",
CKOpOCTb yacTHUBl V., NapanjeJbHa OCH 2, ee 3JHeprHs
E> V. HayasnbHuas 3Heprusl OCUHJJIATODA &o.

5.16. Ha rapMoHuueckHH OCHHJJIATOD AeACTBYeT CHJA
F (), npuuem F(— oo)=0, F(+ oo)= Fo. Haiitu suep-
ruio E (- o0), npuobpereHHYI0 OCLUHJANATOPOM 3a Bce Bpe-
Msi JeHCTBHAI CHJIbl, H aMIJHUTYLY KoJeOGaHHH ero mnpH
{—> -+ o0, ecH OpH [ —> — 00 OCUHJJIATOP MOKOHJCH.

5.17. Haiitu 3Hepruio, npH6peTeHHYI0 OCUHJJIATOPOM NOJ
LefiCTBHEM CHJIBI

{F e npa ¢ <<0.

l —e M) npu (>0,

DHeprus OCUHJAJAATOPA NpH [ —> —oo paBHa Ej.

5.18. OueHUTb H3MEHEHHEe AaMIJIHTYAH KoJebGaHHI oc-
UHJAJAATOPA, ecau cuna F(f) BKJAOYUAETCA MeNJIEHHO H NJ/aB-
HO 3a 60OJIbIIOH NpPOMeXKYTOK BPeMeHH T, TaKO# 4To w1 > 1.
[Ipu ¢ << 0 cuna F(f) =0, npu { > 1 cuna F(f) = Fy, npu
0<<t<<t cnopaBegauBa oueHka FM(f) ~Fy/v* (k=
=0,1, ..., n-+1); npuuem F@(0) = F*W (1) =0 (s =
=12, ..., n—1), a n-g nponsBoaHas cuju npu {=0 u
! = T HCOBITHIBAET CKAYOK.

5.19. HafiTn ycraHoBuBIUHecs KoJeGaHHS OCUMJISATOPA
nofl AeCTBHEM NepHoAHYeCKOH cuanl F (f):

a) F(t) = F . (tft—n) npu nr<<t<< (n + 1)t
(puc. 17);

6) F(t)y=F-(1—e M), t'=1{—nt npu
nt<<i<<(n-+1)t (puc. 18).
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OueHntb BpeMsl yCTaHOBJIEHHS KoJleGaHHH, ecd HeKpe-
MEHT 3aTyXaHus paBeH 0.

B) Hafith ycranoBuBuIHiica TOK B KoHType (cM. pHC. 16)
C HCTOYHHKOM mnHJ006pa3Horo Hampsxenus U(f)=
= (t/r—n) V npu ni<<i<<(n+1)71.

F
F
?
z
v X T 2t
Puc. 17. Puc. 18.

5.20. Ha ocuuanatop ¢ Tpennem (co6cTBeHHas uacToTa
wo, CuNa TPeHHs f[;,=—2Amz) NeHCTBYeT BBLIHYXKJalOlas
cuna F({).

a) Hafitn cpennoo pabory A 3Toll cuam mpH ycraHo-
BHBLIXXCSA KoJseGaHusx, ecaun F(f) = ficos wof 4 focos 2wl.
oo

6) To ke mia F(f) = 2 aneino, a_, =a,.

N=rw00
B) Hafitu cpeanioio 3a GosiblIof nMpomekyToK BpeMeHH
paboty cuanl F(f) = ficos o1f + focos waf mpu YCTaHOBHB-
WHXCcs KoJeOaHUsAX.

]
r) Hafitu nonnyio pa6oty cuant F(f) = _S' P (0) eotde,
-_—o0
Y(— 0) = P*(0), ecau ocuuanasTop npu t— — oo mo-
KouJcs.

5.21. TapMOHHYeCKHH OCUH//IATOP HAXOAMTCHA B moJe Ge-
ryiiedi BOJIHBI, KoTopas MAeHCTBYeT Ha Hero ¢ CHJoOH
Fy(x, t)y = f(t—x/V), rae x — oTK/iOHeHHe OCHHJISITOpA
OT MOJIOXKEeHHs paBHoBecHsi, V — ckopocte BoJHHL. [lpen-
noJsiarasg x AOCTaTOYHO MaJbiM, HalTH CBA3b MeXAy Iepe-
JaHHBIMH -OCUHJIATOPY SHepruell AE ¥ uMOyabcom

]
Ap= [ F(x(n), tyat,
-— 00
OrpaHHYMBINHCh NPHOMHXKEHHeM, KBaApaTHuHHIM 1o F, n
cyuras f(=x oo0) = 0.
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§ 6. Maable KoJeGaHHA CHCTEM C HECKOJIbKHMH
CTENEeHAMH CBOGOADBI

B 3agavax 6.1 —6.21 ¢ moMoumbio OGIHX METOAOB paccMaTpHBa-
I0TCA CBOGOJAHEIE H BBIHYXKJEHHBlE KOJeGAHHS OTHOCUTEJBHO HECJOMKHBIX
cHereM (¢ ABYMSA-TpeMs cTeleHAMH cBoGoiwl). B 3apavax 6.18 —6.21
NPUBELEHH CHCTEMBl C BBIPOXKAEHHBIMH COGCTBEHHBIMH 4acTOTAMH.

s HcelenoBaHHA Gosee CAOXKHBIX CHCTEM IMOJIE3HO HCIOJb30BATH
OPTOTOHAJBHOCTb COOGCTBEHHBIX KOJeGaHHH H CBOWCTBA CHMMETPHH CHCTE
Mbl. COOTBETCTBYIOLUHE TeOpeMs MpHBefeHbl B 3agadax 622 u 6.39,
a WIIOCTPALUH KX NPHMEHEHHs, HanpuMep, B 3agasax 6.26 —6.33 u
6.40 — 6.45, 6.47, a Takxke B 3ajauax o KoJeGanuax Mojekya 6.46,
6.48 — 6.52.

Bausnue Manoro WaMeHeHHs CHCTEMEl HA ee JBHXKEHHE MOXHO Hcclle-
JN0BATh ¢ TOMOUIbIO MeTOAa IOC/]eJ0BaTeNbHBIX NPUOJHKEHHH — TEOPHH
Boamyllenufi. OG6ie#i ¢opMe TeOPHH BO3MYILEHHH B 3ajayaXx O MaJblx
KoNeGaHHAX TOCBAllleHa 3ajaya 6.34, KOHKPETHBIM INpHMepaM — 3aJauH
6.35, 6.37, 6.41, 6.42, 6.506. [Tose3HO OTMETHTH, YTO NOAOGHHM Ke 06pa-
30M CTPOHUTCS TeOPHS BO3MYILEHHH B KBAHTOBOH MeXaHHKe,

B 3apgauax 6.36 — 6.38 usyuaroTca koneGaHHs CHCTeM, B KOTOPBIX
NEeHCTBYIOT «THPOCKONHYecKHe» CHJB (cM. TakXKe sajgaun 9.24 — 9.27).

6.1. Hafitn cBoGoaHble KoJ1eOauHst CHCTEME!, H300pasKeH-
HOll Ha puc. 19, IpH KOTOPHIX YaCTHUKl JBHKYTCSH BEPTH-
KaJbHO. HaiiTn HOpMasbHBIE KOOP-
JHHATH H BBHIPA3UThL uepe3 HHX
¢yukuuio Jlarpanxa.

6.2, HaiiTu ycTaHOBHBIIHECSH KO-
Je6aHNst CHCTEMBbl, ONHCAaHHOH B
npeAbaAylell 3ajfaue, ecaH TOUKa
nojBeca JBHXKETCS: B BepTHKaJb-
HOM HampaBJ/leHHH MO 3aKOHy a(f),

k rae )
m a) a(t) =acosvyf,
Puc. 19, Pue. 20. 6) a(f) = a(_i_ — n)

mp  nT<t<<(n-+ 1)7.
6.3. Hafitu cBoGoauble Majble KoJdeGaHHA MJIOCKOrO
IBojiHOro MastHuka (puc. 20).
6.4. HaiiTu cBOGOZHBIE KOJEGAHHA CHCTEMBI, OYHKIHA
Jlarpanxka KoTopo#

. L
PRy ot méy“

L=2] o
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Kak BLIIVIAAHT TPaeKTOPHS TOYKH C J€KapTOBRIMH KOOp-
auHatamu (X, y)?

6.5. HafiTu HopmasbHBle KOJIeGaHUA CHCTEMBI, QYHKIHUA
Jlarpanxka KoTopo#:

. . 2 2 2
x2 g2 01x? - o5y

6) L =mEbmat gy Eae

6.6. Hafitu HopMaJabHLIe KoJMeGaHHA B CHCTeMAax CBA3aH-
HBIX KOHTYpOB: a) puc. 21,a; 6) puc. 21, 6.

% £, < 2
m T35 T°
. ” :
Puc. 21.

6.7. Haiitu mopmannHble KoseOaHHA CHCTEMBl YacTHIL,
COeHHEHHBIX MPYXKHHKaMH (pHc. 22). UYacTHuel MoryT

A VWA AMAY, 2 A TPANANANNL B

ky my Ky my Ky k m ko mK

Puc. 22. Puc. 23.

JBHraTbcsl TOMBKO BAOJb npsiMoil AB. Hafitu cBoGOAHBIE
KoJieGaHHs CHCTEMBL

6.8. Haiitn cBoGonnble kKose6auusi cucreMul (pHc. 23),
€CJIH B HayaJibHHH MOMEHT:

a) O/llHa M3 4acTHI, HMEeT CKOPOCTb U, CKOPOCTb APYroi
H OTKJOHEeHHS 00eHX YacTHI OT INOJIOXKEHHS paBHOBECHS
paBHH HYJIO;

6) oAHa M3 waCTHIL OTKJOHEHa OT IOJOXeHHs paBHOBe-
CHSl H2 PacCTOSIHHE @, OTKJIOHEHHe JPYrodl H CKOPOCTH o0eHx
PaBHH HYJIO.

YacTHuH MOrYT IBHraThCA TOJBKO BAOJbL Npsmoit AB.

6.9. OnpelennTb NOTOK SHEPTHH OT OAHOH YacTHUH K
APYrofi, HCMONB3Yd YCAOBUS NPeAHAYlle# 3ajayH,
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6.10. Haith cBoGopHHe  KoJeGaHHA  CHCTEMH
(cM. puc. 23), eciy Ha KaXKAYI0 M3 YacTHL HeHCTBYeT CHJIa
TPeHHs, NPONOPLHOHANbHAS ee CKOPOCTH.

6.11. Haiitu cBoGonHble Mansle KoJeGaHHs IBOHHOTO
MasiTHHKa (pHC. 24), eC/H B HayaJbHbIH MOMEHT BEpPXHHIi
MasITHHK BepTHKaJeH, HHXHHA OTKJOHeH Ha yroa p < I,
a CKOPOCTH HX paBHHl HYJ/I0. MacCH MasTHHKOB
M u m, opuuem M > m.

6.12. HaiiTH ycTaHOBHBIIHec KoJjeGaHHA CH-
cTeMbl (cM. pHc. 23), ecau Touka A, B KOTOpOH
3aKpenJieH JeBblil KOHell MNPYXKHHBI, IBHKETCA
N0 3aKOHY @cosy! B HampaBJeHHH npsmoil AB.

6.13. HaiiTH ycraHoBHBIIHecsi KoseGaHHA cH-
CTeMbl ABYX YacTHI, Ha KoJjble *) (pHc. 25, a),
ec/qH TouKa A [BHXKeTCA NO KOJbLY NO 3aKOHY
acos yf. HccnepnoBaTh 3aBHCHMOCTbL  aMIJIMTYQL

Puc. 24, KoJjeGauuii OT YacTOTH BBIHYXKAA101e# CHJLL

6.14. Tpu uwacTHuBl, Kaxjpas MaccH m, CBfi-

3aHHBlE PYXKUHKaMH{, MOTYT ABHTraThCs MO KOJAbLY (pHc. 25,

6). Haiith ycraHoBHBIuHecs KoOJNe6aHUSI CHCTEMB, €CJH
Touka A JABHXKeTCs 110 KOJbBIY [0 3aKOHY a cos yl.

A A

A K K k
7 77
m m

V4 Kk

) m

a) g)

Puc. 25.

6.15. Haitu ycTaHoBuBIINecs KoJeOaHHSA CHCTEMH, H306-
paxkeHHOH Ha puc. 23, eciH Touka A JBHKETCS MO 32KOHY
acosyt. Ha uactuub jgeHicTByeT cHJa TpPeHHSA, NPONOPIHO-
HaJbHasi CKOPOCTH.

6.16. Hality neuXeHue cucTeMu puc. 22, eca B HayaJb-
HbIi MOMEHT YACTHIBl NOKOHJHCh B NOJIOXKEHHSX DaBHOBe-

*) B arofi W NOROGHHIX 3afa4yax KOJBHO [PeANOJaraeTcsi rAajaKuM
H HENOABHXKHBIM.
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cud, a Touka A ABHXKeTcs MO 3aKOHY a cos . Macch ua-
CTHL paBHH (M| = my = m).

6.17. Halitu ycraHoBuBlIMecs KoJe6aHHs yaCTHIH
(puc. 26) nmon nelicTBHEM OZHOPOXHOIrO IEPEMEHHOrO I0Js

Puc. 26. Puc. 27.

U(r)y=—F(#)r, rne Bexktop F(f) nexur B nJaockocTd
PHCYHKa, B Caydafx:

a) F(¢)=Fcosyt, 6) F(f) Bpamaerca ¢ uacToToii ¥,
OCTaBafACh MOCTOAHHLIM 110 BeJHYHHE.

6.18. Haiitu HopMaJsbHBle KOJNeOaHUA TpeX ONHHAKOBBLIX
YaCTHII, CBA3aHHBIX OJHHAKOBLIMH NMPYXXHHKAMH H MOTYIIHX
IBUrathca mo Koabuy (puc. 27).

Onpenennts HOpMaJdbHBEIE KOOpPAHHATH, MPHBOLALIHE
dyuknuio JlarpaHxka K cyMMe KBaJpaToB.

m
m
2k Fk k& k
m mn
2m Sm p %
Gk n
Puc. 28. Puc. 29.

6.19. Haiitu cBo6onHble Kose6aHUS CHCTEMH, PaccMOT-
pPeHHOR B NpenbAyllell 3anave, ec/id B HayaJbHHH MOMEHT
OllHa H3 YaCTHL OTKJOHEHa H3 IOJIOXKEHHS pPaBHOBECHS.
HauanbHble CKOPOCTH PaBHH HYJIIO,
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6.20. Haiitn HOpMaJbHBle Ko/e6aHUA CHCTEMBI Tpex ya-
CTHIL, KOTOPBIE MOTYT JABHraThC MO KoJably (puc. 28).

6.21. HaliTn HOpMaJbHEIE KOOPAHHATHE CHCTEMBI YeThIpex
YacTHU Ha KoJable (puc. 29).

6.22. Ilyctb HopmaabHble KoJeGaHHA CHCTEMB!, ONMHCHI-
BaeMo# (yHkuueii JlarpaHka

4 ..
L =7izj(mi;xixj — kyijXiX5),
HMEIOT BHJ, . "
X7 (1) = AP cos (o0, + ).

Iokasars, uto aMIJIUTYIE, COOTBETCTBYIOIHe KoJseba-
HHSIM C Da3J/JIHYHBIMH 4aCcTOTaMH ®; ¥ @, YAOBACTBOPSIOT
COOTHOIIEHHUAM

(s) Iy __ (s) M __
ZAi m,-jA,, ——ZA-; k“‘Aj = 0.
14

6.23. Ha cucremy, omucsiBaeMylo ¢ynkuueli Jlarpanxa

i,j

I LY
L=+ 2 (mixix; — kyjxyx;),
1.

HaJ0XKeHa JuHeHHad CBA3b
dax; =0, a;=const.
1

ITycTb Bce coGCTBEHHBIE YaCTOTHI CHCTEMBI 6e3 CBSI3H pas-
JHUHBL Q1 <<Qp<C ... <Qy. JlOKazaTh, 4TO BCe COBCTBEH-
HBI€ YaCTOTBl CHCTEMBI CO CBSI3BIO ®; JIEKAT B NPOMEXKYTKAX
Mexay Qi ’
Qo< <0<, < oy 1<

6.24. Ycranosusmmecs xoneGaHus CHCTEMBI, ONHCHIBae-
MoH QyHKiuelt Jlarpanxa

i ..
L=~ ‘Z} (mygxixy— kyjxix;) + Zil x,;f, cos y2,

MOXHO MpefcTaBuTb B BrIe  x, (¢) = 3 AV AP cos yt. (ITo-
i

yemy?) (o6o3Hauenus sajauu 6.22).
Bripasuth koapduuuents A® uepeaf, u A},
Hccnenosats 3aBucHMocts A oT Y.
ITokasatp, yTo eciu AJA S-TO HOPMaJAbHOTO KOJIEGaHUS

;flA(ia) = O) TO Av(‘) = 0-
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6.25. CucteMa yacTHI, CBA3aHHHIX NPYHKHHKAMH, MOXeT
cosepliaTb MaJjble Kosebanufa. [lycTb K oZHOH M3 HHUX —
yactHue A — BHO/Ib HampaB/eHHS X [OpPHJAOXKeHAa CHJa
F=Fycost, a npyras—uactuua B—npu 3TOM coBep-
[aeT YCTaHOBHBLIHecs KoJieGaHHs, NPH KOTOPHLIX MPOEKIHA
ee OTKJOHEHHSl HAa HampaBJieHHe X’ HMeeT BHUJ xp = Ccos yt.

Ilokasatb, 4TO NpH AeHCTBHH cuabl F Ha uacTHLy B BJI0/b
ocH x’ BO3HHKAIOT TakHe KoseGaHusl yacTHubl A, 4To X, ==
== C cos yt (TeopeMa B3aUMHOCTH).

_ 6.26. Hafitn HopMaJsibHHle KoJebaHHs CHCTeMbHl YaCTHI,
KOTOpBIe MOIyT ABHraTbcs Mo Kojbuy (puc. 30).

Puc. 30. Puc. 31,
my
ks k2
my mg
%
Puc. 32. Puc. 33,

6.27. Haiitn nopmaJjpHbie KoJeGaHMA CHCTEMEl 4YeThlpeX
yacTHIl HA KoJblle (puc. 31).

6.28. a) Hahtu HopmaabHpie KoJeGaHua cHcTeMsl, H30-
6paxentod Ha puc. 32. Bce yacTHUH H NPYXHHKH OJHHA-
koBbel. HaTdxeHHe NpyXHHOK B MNOJNOXEHHH paBHOBECHS
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f=Fkl, rme !—paBHOBecHOE pacCTOsHHe MeXAy YacTH-
HaMH.

Vkasanue. Herkoropble H3 HOPMaJibHHIX KoJebaHul
oueBniHbl., OInpejesende OCTaJbHBIX MOMKHO  YIPOCTHT,
HCNOJb3Ysl COOTHOWIEHHs 3ajlaun 6.22.

6) Haiitu HopMasbHble Kojie0aHHsl CHCTEMBI YeThIpex
ONMHAKOBLIX YacTHL, H300paXeHHBIX Ha puc. 32 (mArad
YacTHLA OTCYTCTBYeT, a NPYXHHKH B 3TOM MeCTe COeAMHEe-
Hul). KoahduiuneHTH XeCTKOCTH U HATAXKEHHs BCeX NPY¥KH-
HOK OJMHAKOBHI.

6.29. Tpu uvacTuub, MMCIOIIHE Pa3jMYHble Macchl /M,
(i=1,2,3), moryT asurathesa mo kKoawuy (puc. 33). Ilpu
KaKMX 3HAueHHAX KO3(Q(HIHEHTOB JKECTKOCTH MPYXKHHOK ;
B JlaHHOH CHCTE€Me HaCTYNHT BHPOXJEeHHe 4acTOT?

6.30. Kakne u3 HOpManbHbIX KoJeOaHHH CHCTEMBl
puc. 27 MaJo H3MEHSIOTC NPH MajJOM H3MeHeHHH CHCTeMD,
COCTOSIIIEM B CJeAYIOIEM:

a) eCTKOCTb NPYXHHH [—2 u3MeHeHa Ha MaJyn Be-
JnunHy OK; -

6) x wactuiie 3 Ao6GaBjeH MaJbiil neperpysok om;

B) K uactHiie ] noGaBjeH meperpy3ok 6m,, a K uacruue
2 — 6my?

6.31. asa cayuaeB a) ¥ 6) nmpeablaylledl sajayd omnu-
caTb cBoOOAHble KoJeBaHus, ecld B HauyaJbHbLI MOMEHT ua-
cruubl / ¥ 8 cMelleHBl HaBcTpeuy APYr APYry Ha oJlHHaKo-
BHe paccrosiiusi. HauajbHble CKOPOCTH YacTHI  paBHHl
HYJI0.

6.32. Cucrema puc. 29 umeeT BBHIPOXKJEHHBlE YaCTOTHI,
no3TOMYy ee HopMaJbHble KoJe6aHHsi He onpeje/eHb OJHO-
spauno. Jaxe MaJjoe H3MeHeHHe MacC YacTHIL HJIH KeCT-
KoCTell IPYKHHOK MOXeT NPHBECTH K CHATUIO 8bLPONOCHU.

Haiitn HopMmaJsbHble Ko/eGanHsA cucTeMbl pHc. 29, 6au3-
K¥e K HOPMaJbHBHIM KoJeGaHHSIM CHCTEMbl, KOTOpas mnoJy-
YHTCS, ecJu:

a) K mepsoil  BTOpOH yacThuaM A06aBHTb OJMHAKOBHE
neperpysku;

6) H3MEeHHTb OJINHAKOBO ECTKOCTh IMPYKHHOK 1—-2
n 3—4;

B) A06aBHTb Meperpysok K mepBoi yacTHIE.

6.33. Yactuun / u 3 cucTeMbl, OnHCaHHOH B 3ajaue
6.326, B HayaJLHHI MOMEHT OTKJOHEHBl OT [OJIOXKEeHHs paB-
HOBECHSl Ha OJlHHAKOBOEe pacCTOsSIHMe HaBCTpeuy APYT ApPYry;
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HayaJbHBIe CKOPOCTH BCeX 4acTHU paBHH Hyaw0. OnHcatb
cBO6GOIHBIE KONeGAHHS CHCTEMBI.

6.34. OnpenennTb, HACKOMBKO H3MEHAIOTCA COGCTBEHHBIE
YaCTOThl CHCTEMbI, ONHCHIBaeMO#A (yHkuuedt Jlarpanxa

1 a .
Ly= 'g'iZj(mzjxixj — kyjx;x;5)
npu He6O/bLUIOM ee H3MEHEHHH:
I . .
6L = 5 2 (dmyyxix; — Okijx;x;).
¥

Bce co6cTBeHHble YacTOTHI HCXONHOH CHCTEMBbl HEBBI-
POXKIEeHBHI.

6.35. Hafitnu n3smeHeHHe COGCTBEHHBIX YaCTOT CHCTEMULI
puc. 31, ecan K nepsoit yacThue A06aBJjeH Mafbiil eperpy-
30K 6m, Tak uTo & = Sm/m K 1.

6.36. OnpenesanTb cBOGOAHBIE KOJIEGAHHS AHH3OTPOI-
HOTO 3apsiXXeHHOr0 OCHMJJIATOPA € MOTEHUHANbHOH 3Hep-
rueit U (1) = —rzn— (0fx? + oy~ 4 0f?) B ommopomHoM mar-
HuTHOM mnoJe I, napaanenbHoM ocu 2. PaccMorpers,
B yaCTHOCTH, NOApPOGHee mpejesibHble CiayyaH:

a) |ozg|<Llor—,l, 0) |4 |> 0y,
B) 0 =0y |0y
(3mech @y = e%/mc).

6.37. Omnpexenuth cBOGOAHBIE KOJIeGAHHT AHH3OTPOI-
HOr0 TCAPMOHHYECKOTO OCHHJAJNATOPA C MNOTEHHHUANLHOM

o mog o 2 2
sueprueir U(r) =7(w1x2+m2y2+w3z2) B cjga6oM Mar-
HutHoM none H= (., 0, J6.),
paccMaTpuBasi BJAHSHHE MarHHT- P
HOTO MOJIA KaK MaJjoe BO3MYIle-

HHeE. 2 ®x

6.38. MaTteMaTHuecKHH MasT-
HHK SIBJSIETCS 4acTbi0 2JIEKTPH-
vyeckol Uend (pHc. 34). ITepnen-
JHKYJISPHO K NJIOCKOCTH PHCYHKa Puc. 34.
NPHJIOKEHO MOCTOSIHHOE OJHO-
ponnoe MaruuTHOe noje Jf. Hafith HopmanbHble Kose6a-
HHSA CHCTEMEL,
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6.39. [Tyctb cucTema, coBepuIalolias MaJjble KosebGaHHA

(a caemoBareanho, u ee ¢ynkuuna Jlarpanxa L(x, x)) He
H3MeHfieT CBOero BHJAa NpPH 3aMeHe

xt—>25”x5; x.,—VES”:t], i,j=1,2,...,N,
7 2

NpHYEM MNOCTOSHHBIE KO3(pQHUHEHTH S; = Sj yLO0BIETBO-
pAIOT ycaoBHIO¥)

28:;Sin =B

)

Joka3saTb, 4TO:

a) ecan HopMmasbHoe Koaebahne x; = A;cos(of+ @)
HeBHIPOXKAEHHOE, TO AMIVIHTYABl A; CHMMETPHYHBI HJIH aH-
THCHMMEeTPHUHB OTHOCHTEJBHO JAaHHOro npeolpa3oBaHud,
T. €,

HJH ZS”A,' = -+ A,;, wm ZSHAJ = — Aj;
7 7

6) ecad 4acToTa BBHIPOXKJEHA, TO MOXHO BbHIOpaTh IOp-
MaJibHble KOJeOaHHR CHMMETPHUHBIMH HMJH aHTHCHMMETPHY-
HBEIMH;

B) €CJH Ha CHCTeMy AeHCTBYeT BHEMIHSS CHJIA, CHMMET-
pHuHas (aHTHCHMMETPHUHAA) OTHOCHTENBHO NAHHOrO mpe-
o6pa3oBaHHsi, TO AaHTUCHMMETPHUHBlE (CHMMETPHUHbIE) HOP-
MaJibHBlEe KoJjeBaHus He po30yxpaaioTcs. (ODTo OJHH U3 OpH-
MepoB TaK Ha3blBaeMEIX IpaBHJ 0T60pa.)

6.40. cnoab3ysi coobpakeHHs1 CHMMETPHH, HaHTH HOP-
MaJsibHble KoJieGaHHsl CHCTeMHB pHC. 35.

6.41. Onucartb cBoGOfIHbIE KoJiebaHus CHCTEMb!
(cM. pHc. 32), ecnu B Haua/bHBI MOMEHT yactuiubl [ n 4
CMellleHbl HABCTpeuy APYr JApYry Ha OJMHAKOBHl€ PaccTos-
HHA B FOPH30HTAJbHOM HANpaBJEHHH, a HayaJbHble CKOpO-
CTH BCEX uYacTHI, paBHB Hymo. HaTsxeHue RPYXHHOK
[=~kl}; I—1; <, rae | — paBHOBECHOE pacCTOsIHHE MeXAY
yactHuamu (cp. ¢ 3agaueii 6.31).

6.42. Hajith nonpaBKH K 4acTOTaM HOPMAa/bHHIX KoOJe-
Gauuft CHCTEMBI 4eTHIpeX YacTHIl Ha KoJablle (puc. 29),
BO3HHKAIOIHe NP MaJblX H3MEHEHHSIX Macc — Ha Om; aus
nepBoil ¥ Ha Oy AJS BTOPOH 4aCTHLHL

*) D10 ycaoBde O3HauaeT, YTO NPH JBYKPATHOM npeoGpasoBaHHu
CHCTeMa BO3BPAllaeTcsi B MCXOQHOE COCTOsiHHe. TakuM cBOHCTBOM 00aa-
14I0T, HALPHMep, OTPAXKEHHs OTHOCHTEJAbHO MJOCKOCTH CHMMETPHH CH-
cTeMbl MJIH MOBOPOTH Ha 180° OTHOCHTEABHO OCH CHMMETPHIL
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6.43. Mcnosb3ys coobpaxKeHHS CHMMETPHH, ONpeiesHTb
BEKTOPbl HOpMaJIbHBIX KOJeGaHHR cHCTeMul yacTHl, (pHc. 36).
Bce Macchl yacTHIL H NPYXKHHKH OQHHAKOBHL.

6.44. HafiTn HopMaabHble KOJeGaHUS CHCTeMbl BOCbMH
Macc, NpHKPeNJeHHbIX NPYXHHKAMH K HeNOABHKHOM paMKe
(puc. 37). JKectxkocTH &, 8
HaTsXeHHs [ U aannb [ Bcex
NPYXKHIOK OLHHAKOBSL,

k

M
Puc 3o Puc. 36.

6.45. Pamka, uso6paxennas Ha puc. 37, Komebuercs
BaoJb HanpasjeHHs AA no 3akoHy acosyl. [Ilpu xKakux
3HAYeHHSX 4acTOTH Y BO3MOXHA pPe30HAHCHas packayka
KoJeGaHUuiA?

6.46. Halith nopMaJibtble KoJebOaHus JHHeHHON cuMMeT-
pHyHOii MoJieKyab auetnsiena CyHp (puc. 38), npeamo-
Jarasi, 4TO nOoTeHuMaJ/bHad
SHeprus MOJEKYJE 3aBHCHT
KaK OT PACCTOSHHA MeXA)
COCEAHHMH aTOMaMH, TakK
1 ot yraos HCC.

6.47. JlBe onuHakoBHle
YaCTUHbI PHKPENJEHbI NPY-

H ¢ 0 H
Puc. 37. Puc. 38.

JKUHKAMH K HemoABHXKHOM paMke (puc. 39). Cucrema cum-
MeTpHYHAa OTHOCHTeabHO ocH CF, Kakue cBepeHusa o
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HOPMAJIbHBIX KOJIeGaHHAX MOXKHO MOJYYHTb, He 3HAA WecT-
KOCTeH W HATAMXKEHHHA NPYKHHOK?

6.48. KnaccudunupoBath co6cTBeHHBIE KoMeGaHHS MoJle-
KyJanl 3THjgeHa CoHj mo HX cBOACTBAM CHMMETPHH OTHOCH-
TeabHo ocelt AB u CD (puc. 40). B nosnoxxeHun paBHOBecHsI
BCE aTOMBl MOJIEKYJBl PacloJOXKeHBl B OZHOH  IJIOCKOCTH.

A

I
]
I

A iF £
Pre. 39. Puc. 40.

6.49. Hajitu HopMasibHBIe KoJleGaHHA MOJIEKYJH, HMelo-
el ¢popMy paBHOCTOPOHHEro TpeyroJsibHHKa. CUHTATh, YTO
NOTeHIHa/J bHasi 3HEPTHS 3aBHCHT TOJBKO OT pAacCTOSAHHH
MEXAY aTOMaMH (BCe aTOMbl OAMHAKOBbI). MomeHT ¢ Tou-
HOCTBIO O MaJBIX [EPBOTO NOPsiAKa BK/IIOUYHTENBHO M0 aM-
NJIHTYAe KoneGaHHI paBeH HyJIO.

6.50. MoJsekysa AB; umeer ¢opMy NpaBHJIBHOIO Tpe-
YroJIbHHKE, B IleHTPe KOTOPOro HaxoJHTCs aToM A, a B Bep-
iMHaXx — aToMbl B {(TakoBa, Hanpumep, MoJeKyJaa XJo-
puza Gopa BClj).

a) HUcnonb3ys cooOpaxkeHUsI CHMMETpPHH,  Onpefe-
JUTH KPATHOCTb BBIPOXKJAEHHS COGCTBEHHBIX YacTOT MO-
JIEKYJIBI,

6) Onpenenutb, HACKOJBKO H3MEHSATCH YacTOTHl KoJie-
GaHUi, OCTAB/SIOMIUX MOJIEKYJy PABHOCTOPOHHHM TPEYroJib-
HHKOM, H KoJe6GaHHH, BBIBOAALUIHX aTOMBEI U3 JIOCKOCTH, €CJH
oZHH H3 aToMoB B (ero macca m) 3aMeHHTb ero H30TO-
noM, 6aM3KuM o Macce (m - 8m). Macca atoma A pas-
Ha m,.

6.51. HMcnonb3yst coobpaxkeHHs CHMMETPHH, ONpefenHThb
KPAaTHOCTh BHIPOXKIEHHS pPa3JUUYHBIX COOCTBEHHHIX YacCTOT
«MOJIEKYJIBI», COCTOSIILIEH H3 YyeTHpeX OJHHAKOBEIX «aTOMOBY
H HMelouledl B IMOJIOXXEHHH paBHOBecHS (OPMY INpaBHJIbHO-
ro TeTpasipa,
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6.52. Mosiekyna merana CH4 uMeer dopMy npasuabHoro
TeTpasipa, B BepPIIHHAX KOTOPOTO PaCIOJIOXKEHB aTOMHl BO-
Jopoja, a B IIEHTPE — aTOM yriepoja.

a) OnpenenuTb KPAaTHOCTH BHIPDOXKJEHHS COGCTBEHHBIX
4aCTOT MOJIEKYJIHI.

6) Ha ckosbKHX pa3nHuYHBIX YacTOTax NPOHCXOAHT pe-
30HaHCHOe BO30YyXKJeHHe COOCTBEHHHIX KoJebaHull MoJeny-
apl CHy, ecan Ha Hee meficTByeT 0ZHOPOJHOE NepeMeHHOE
anekTpHueckoe nose? (Peub naer cdakTHuecKH 06 3J€KTDO-
MarduTHBIX BOJIHaX HHGpaKpacHOro [auana3oHa, [JHHA
BOJIHBI KOTOPHIX Ha HECKOJbKO NOPAAKOB GoJbllie paMepos
MOJIEKYJIBL.) Y4ecThb, UTO aTOMBl BOJOPOAA H YIr/epoia HMe-
IOT 3apsAbl NIPOTHBONONOKHBIX 3HAKOB.

Kax 3aBHCMT aMIJHTyAa KoaebGaHul artoMa yriaepoja
OT ODHEHTAIHH MOJEKYJbl MO OTHOLIECHHIO K 3JEKTPHYECKO-
MY NOAIO?

§ 7. KoneGanus auHefiHbIX 1eNoueK

PaccmaTpupaeMble B 3a7a4ax 3Toro naparpada LenOYKH YacTHIL, coe-
AUHEHHBIX [PYXKHHKAMH, [PeACTaBJAOT cobofi mpocTedlide MOjeIH,
HCMoJb3yeMble B TEOPHH TEepAoro teaa (cM., nampumep, [18]). Daenr-
pHYECKHe aHaJNOIH TAKHX NEMOYeK — HCKYCCTBEHHbIe JIHHHHM, HaxOAsLlile
NpHEMeHeHHe B palHOTeXHHKe (cM., Hanpumep, [16]).

7.1. OnpenenuTh HOpMaJbHHIe KoaeGaHus cucTeMbl N
O/IMHAKOBBIX YACTHI[ MAacChl M, CBA3AHHBIX OAMHAKOBLIMH
NPYXHHKAMH JXeCTKOCTH % M MOTYIIHX ABHraThCsi MO MNps-
Mot (puc. 41).

, m k A P
4
Puc. 41. Puc. 42,

YKazaune. YnobHo MckaTbh HopMaJbHBle KoaebGanus
B BHJE CYMepno3HIHH Oeryliux BOJH.

7.2. To ke ans cucteMbl (pHc. 42), olHH H3 KOHIOB KO-
Topoit ceoboneH.

7.3. Haiitu cBoSomunie xoneGanus N uactHi, coemHHeH-
HbIX TNPYXHHKAMH H MOTYUIHX JIBHTaThC N0 KOJBIY
(puc. 43). Macchl Bcex yacTHIL H JKeCTKOCTH NPYXHHOK OJH-
rnakosbl. Ilycth ABHxKeHHe mpeicTaBaseT coboil Geryuylo
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no KoJably BOJHY. [1pOBEpHTb, YTO NOTOK SHEPTHH DPaBeH
NpoH3BeJieHHI0 JHHEHHOH IMJIOTHOCTH 3HEPTHH Ha Tpynmno-
BYIO CKOPOCTb.

7.4. Onpeneautb cBo6OgHBe KoJe6aHUS CHCTeMBl ua-
CTHI, MOTYLIHX JABHIaTbCA NO NPSIMOM:

a) 2N yactun ¢ Maccamu m B M, coelHHeHHHIX OJUHA-
KOBHIMH NPY:KHHKaMH JKeCTKOCTH B (pHcC. 44);

6) 2N uyacTHn ¢ MaccaMM m, COeJH-
HEHHBIX NPYXHHKaMH JKeCTKOCTH £ u K
(puc. 45);

B) 2N + 1 wacrun ¢ maccaMu m, coe-
JHHEHHLIX NPYXHHKAMH ECTKOCTH kB i
K (puc. 46).

Cm. ykasanwe K 3agmave 7.l.

7.5. a) Hafitu ycranoBuBIIHeCS KO-
geGaHHs CHCTeMBl, ONHCAHHOH B 3ajauc

Puc. 43. 7.1, ecau Touka A ABHKeTCcHA MO 3aKOHY
acos vyt (puc. 41),

6) To ke s cucTeMsl, u3o6paxkeHHoll Ha puc. 42.

7.6. To ke nnag cHcreMbl puc. 44.

7.7. Hafitn HopMaJ/bHble KoaeGaHHUS CHCTEMH YacTHll,
MOTyLIMX ABHraTbCA MO NPSIMOH H COeMHEHHBIX NpPYXHHKa-
MH, eCJIH

a) mi=msEmy, i=1, 2, ..., N—I, xecTKocTH mpy-
JXHHOK OJIMHAKOBH (puc. 47); HccaefoBaThb cayuan my > 11
H My L m;

ZM%N’%....,N\Z’M% 4 N A”,\....M\,\g

Puc. 44. Puc. 45.

6) ki=k 7 kyyy, i=1, 2, ..., N, Bce yacTHIL OaHHa-
KoBH (puc. 48); HccaenoBath cayuau By, > B u kyy < k.
7.8. a) N masiTHHKOB cBsi3a-

u kKK W Hbl NPYKHHKAMH H MOTYT [BH-
%’W‘N\"“M ’ raTtbCd JHIb B BePTHKAJbHOH
B IJIOCKOCTH, NpOXoAasfilell uepes

Puc. 46. TOPH3OHTAJBHYIO JIHHHIO NOjBe-

ca (puc. 49). Hafitu HopwmaJb-

HHE KOJIe6aHHS CHCTEMBI, €C/AH BCE MASTHHKH H NPYKHHKH
OJIMHAKOBB M B MNOJOXEHHH PaBHOBECHs AJIHHA MPYXKHHKH
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paBHAa pacCTOSHHIO MEXJAY TOYKaMH TIOABeca COCeLHHX
MasiITHHKOB.

6) 2N oANHAKOBHLIX MaSTHHKOB CBSI3aHLI OAHHAKOBLIMH
NPYXHHKAMH M MOFYT JABHFaThCsl JIHIOb B BEPTHKAJbHBIX
IJIOCKOCTSIX, MepHeHAHKYJSPHHX KPYroBOH JHHHH IOABEca

kK ok k kK Ky

AN - A / - AMAWAAANE

g‘VV\‘\NV\N\«’\NV‘*\N“E %'\NWVVW\, A
Puc 47. Puc. 48.

(puc. 50). Paccrosinne MeXAy COCCAHHMM TOUKaMH MO~
Beca paBHO a. JInMHa Kax[0# M3 MPYXHHOK B HepacTsHY-
ToM cocTossHHH paBHa b. MccaenoBath, Kak 3aBHCHT yCTOH-
YHBOCTh MaJbix KosebGauufl B6JH3H BepPTHKAJNH OT 3HAUEHHS
nmapametpa b — a. Pajanyc oKpYXHOCTH JIHHHH mojBeca R
CYUHTaTh AOCTATOUHO GOJBHIHM, TakK YTOGLI MaJbIMH BEJHYH-
wHamu /R, a/K, bR MoxHo 6blj10 npeHebpeys.

% L. 7
t/\'\/\J'\/\/V W\j
k
k-
Puc. 49. Puc. 50.
& £ L . &
— L T T . T

Puc. 51.

7.9. a) K onHOMY KOHIly HCKYCCTBEHHOR JHHHH pHC. 5]
MOAKJAIOUeH HCTOUHHMK MepeMeHHoro Hanpsxkenus U cos yl.
Kakoe koMmmiekcHoe conpoTusjeHne Z(y).chaefyeT NOAKIIO-
YHTb K JPYrOMYy KOHLY JHHHH, 4ToOH KoseOaHHA B Heil
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npeACTaB/siH COG0H Geryulylo BoJHY, T. €. 4ToOHl Hamps-
JKEHHE Ha KaXKJIOM H3 KOHAEHCATOPOB OTJIHYAJOCh OT Ha-
NpAXKEeHHA Ha CcoceJHEM TOJBbKO ONpeJeJeHHbIM CABHIOM

dasnr?
6) To xe ans HCKYCCTBEHHON JHHHH pHc. 52.
&
JL\I:%I,:E:’.I - .._rv'gr\_
& T&’ -I..d' .|_£-' =0||Z
Psc. 52,

7.10. Ynpyrufi crepKeHb MOXHO NPeCTABHTb KaK Mpe-
ReJbHBIA cayuait cucreMsl N yacTum (eM. puc. 41) npu ye-
JM0BHH N —- 00, a —> 0, npuyem Nm = const u Nag =
== const, rae m-— Macca YacTHIL, @ — PACCTOAHHE MEKIY
COCEe/IHHMH YaCTHUAMH B I10JIOXXEHHH paBHoBecHs. [loayunTs
ypaBHeHHsl KosleGaHH CTepXHA KaK MpeieJ ypaBHEHH
JABHXKEHHS JHCKPETHOH CHCTEMBI.

Yka3zauue. BpecTH KOODAHHATY TOUKH cTepKHSA § =
== Nna, a TakKxXe BeJUYHHBI, NOJYuaeMble NPH MNpeLeSbHOM
nepexoge ¢ —- 0

x(§, 8 =limx, (¢),
0x _ . X () —x,_q(1)
55 = lim g -

7.11. TlonyunuTb ypabHeHHe KoJeGaHHH CTepXKHs npeibl-
Ayuled 3ajaud C YYeTOM NepBOH HeHcuYe3aiollell MONPaBKH,
CBA3aHHOH C KOHEYHOCTBIO DACCTOSIHHS @ MEX/Y COCeLHHMH
YaCTHLAMH.

§ 8. Heauneiinble KosneGanus

8.1. OnpenenuTh HCKaXKeHHe TapMOHHYECKOro KoJe6as
Hiil OCOHJIIATOPA, BHI3BAaHHOE HAaJHUHEM aHrapMONHUECKHX
NONpaBoK K MOTEHHHAJbHON SHEDPIHH:

8) 8U (x) = 2%, 6) oU (x) = M2,
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8.2. OmpenenuTh HCKaXeHHe TapMOHHUYECKOro KoJeba-
HHSl OCUHJJSTOpPa, BbI3BaHHOE aHTapMOHHUYECKOH IONpas-
KOH K KHHeTHYeCKOH 3Hepruu

myxx?
6T = Z¥X
2

8.3. HaiiTu aHrapMoHuueckHe MOMPaBKH K KoJebGaHHSIM
MasiTHHKA, TOYKa MOJBeca KOTOPOTO JBHXKETCS IO OKPYMXKHO-
cta (puc. 15).

8.4. Hafitu Kone6Gauus ocUuAJATOPa MoJ AeHCTBHEM CH-

Jabl ficos o f + f2c08 waf ¢ yueToM aHrapMoHHYeCKOH TIIo-

npasku OU (x) = m§x3.

8.5. MasTHuk npeiacTaBasier coboil rpysHK Maccel M,
noJBelleHHbIH Ha NMPYKHHKe KeCTKocTH K. [lauHa HeHanpd-
;KeHHOH Tpy:KuHKH lo. HalTu aHrapMoHHUeCKHe IONpPaBKH
K KOJeOaHUsIM MasiTHHKA.

Bocnoab3oBaThesl A€KapTOBLIMH KOOPAHHATAMH OTKJIO-
HeHHs TPY3HKa OT MOJIOXKEHHS paBHOBECHS.

8.6. Haiith aMmauTyAy YyCTaHOBHBHIAXCA KoJeGaHHil
AHrapMOHHUYECKOTO OCIHJJIATOPA

x + 20 + wox + Bx® = f cos ot

a) B obaacTi pesoHaHca |& — @] K wo;

6) B obsacTH pe3oHaHca Ha YTPOEHHOH 4acTOTe BHI-
Hy:KJaomei cuabl |30 — @] K @o.

8.7. a) Onpemenutp aMIIHTYLY H a3y ycTaHOBHBIIe-
rocs KoJe6aHuda OCHUJJISTOpA NpH IapaMeTpPHYeCKOM pe30-
HaHce:

%4 2% + 02 (1 + hcos20t) x + Bx® =0
(hl, |o—o,] Ko, Bx*<K0f).
6) OnpeleinTb aMIJIMTYAy TpeTbeil TapMOHHKH yCTa-

HOBHBIIerocs KosebaHus.
8.8. OnpenenuTs koae6aHHe OCUHLIATOPA

x+o0i(l4+hcos20t)x=0 (Ag], |o—o,|<o,)

a) B 06/1aCTH HEYCTOHYHBOCTH OTHOCHTEJNBHO MapaMert-
pHueCcKoro pesoHaHca;
6) B6au3n 06JacTH HEyCTOAYHBOCTH.
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8.9. UactoTa rapMOHHYECKOTO OCHHJIATOPA @ (f) MeHs-
eTcs nmO 3aKoHy, HM3o6paxenHomy Ha puc. 53. Haiu

061aCcTH HEYCTOWYHBOCTH OTHOCHTE/NbHO MapaMeTpUyeckoro
pe3oHaHca.

8.10. OnpenenuThb, KaK H3MEHSIOTCA CO BpeMeHEM aMIlIH-
TyAB CJa60 CBASaHHBIX OCUH/JIATOPOB, dyHKuus Jlarpan-
JKd4 KOTOPHIX

o= LZ. (Jé? + y'2 — 0% — 4a%y? + 2ax?y).

8.11. Hafitn uacToTy MajauX cBOGOAHBIX KoJsebanui Ma-
ATHUKA, TOYKA MOJABECa KOTOPOro COBEPIIAET BepPTHKAJbHbIE
koae6anus ¢ 6oabmoin uactotoit y(y > Yg/l).

8.12. Omnpeneants 3P ¢PeKTHBHYIO NMOTEHIHAJ/BHYIO 3Hep-
THIO:

a) 4acTHIE Macce M, HaxoAsulelcs B mone

a e 4

U(r)=|r—-acosmt|_|r+acosmtl (r>aj;
6) OoCUHJIATOPA, HAXOASILErocs B moJe
ar cos wf
U (l') = 20 —s

8.13. OnpesneauThb JBHM<eHHe GLICTPOH UaCTHIBI, BJETalO-
mefi B8 none U==A(x2—y?)sin kz noxy MaabiM yrJIoM K OCH
z (REE>A).

8.14. OnpefesuTb CKOPOCTb CMellleHHS LeHTpa OpPOHTH
3apskKeHHOH HacCTHIb B ¢1a60 HEOAHOPOZHOM MArHHTHOM
none 6. = 96, = 0, 36, = 4 (x), npuueM

e—~———-9g, ) r
T ()
TAe r — pajuyc opOHTHI,

muvce
b r=Gey
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8.15. 3amaua mpexacraBifer cobofi MeXaHHUECKYID MO-

neab $ha3oBEIX NepexoloB BTOPOro pojua.
eNe3HBIl LIaPHK MacChl m MOXeT KojaebaTbcsi BIOJb

OCH Yy Ha NPYKHHKe, MOTeHLHa/NbHAas 3HEPTrHA KOTOPOH
umeer ua U(y) = — Cy? +By**). C nomoiubio 3neKkTpo-
MarHuTa Bo30YXKIAlOT KoJjeGaHHA IIapHKa 10 3aKOHY
Yo COs yf, mpuueM Y MHOro GoJblle 4acTOTH €ro CoGCTBEH-
HBIX KoseGaHui **),

Hafitn yacTory MaqblXx co6CTBEeHHEIX KoMeGaHHi L1apHKa
B 3aBHcHMOCTH oT napamerpaT = y3.

§ 9. Neuxenne tBepioro tena. HeuwnepumannHule
CHCTeMBI OTCYeTa

9.1. B BepuiMHax KBajpaTta co CTOPOHOH 2@ pacmhoJioxe-
Hel Maccnl m 1 M (puc. 54, a). HafiTu KOMIIOHEHTH TE€H30Pa
HHEPLUHH OTHOCHTEJbHO:

a) ocell %, Y, 2; o Sig My .

6) oceit ', y’, cos- .
najamilux ¢ jnaroans- - z
MH KBajparTa, H 2.

9.2. Hafitn ryiaBHBIE ” o
OCH HHEpIHH H IVaBHBbIC ) ‘0
MOMEHTBl HHEpUMH cae- Y|, "
JAYIOIIHX CHCTEM: )

a) Macc m u M ¥ Y
pacroJ/ioKeHEl B BEPHIH- S o
Hax NPAMOYTOJbHHKA CO
cropoHamu 2a u 26 4) 9
(puc. 54,6). Puc. 54.

6) maccel m H 2m
pacnosiokeHsl B BepUIMHAX MPAMOYIOJbHOIO TPeyroJbHHKa
¢ Katetamu 2a u 4a (puc. 54, 8).

*) Takopa, HanpHMep, NOTEHUHAIbHASA 3HEPrHsl CHCTEMH, H306pakKen-
Hofi Ha pHc. 13, ecad WwapHK MOXKeT NBHrathcs JHIb B HalpaBJeHRH
ocH Y, NepNeHAHKYIAPHOR K JHHRH AB, W JJIHHa HepPacTAHYTOH NPYKHM-
KH [ Goabile [. B aToM cayyae npu |y| <« [ HMeem

C = k(lo—1)/I, B = klo/AP.

**) [Ipn neficTBH¥ BHICOKOYACTOTHOR cHab f(f) =—(yo¥?/m) cos !
B npefene: y—» 0o, aMILIETYyHa BBIHYXJAEHHHX KoJe6GaHHA CTPeMHTCS
K Yo, IONPABKH K AMIVIHTYAe H BEICUIHE TPAMOHHKH HMEIOT MAJOCTh

-2
YT
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9.3. Buipasutb MOMeHT HHepuHu [, OTHOCHTEJNBHO OCH,
napaJjieJIbHOH €IHHHYHOMY BEKTOPY N H NpOXoAsilleH yepe3
LeHTP HHEPUHH TeJa, Yepe3 KOMIOHEHTH T€H30pa HHEpUHH.

9.4. HaiiTu rnaBHble MOMEHTH HMHEDUHH Ilapa pajHyca
R, umerouiero BHYTpH moJoctTh B (opMe llapa paguyca -
(puc. 55).

9.5. BrIpa3uTh KOMIIOHEHTH TeH30pa KBaADPYNOJIbHOTO
MOMeHTa Macc

Din = [ (Bxpxn—r®8,) pdV

(p — NJIIOTHOCTb) uepe3 KOMIOHEHTBl TeH30pa HHEpPHHH [,.

9.6. Ha#itn vacroTy MaJjbx KoJge-

GaHHH OJHOPOAHOrO MOJyLIapa, Haxo-

AALErocss Ha TJIafKOH TOPHU30HTAaMb-

HOH MOBEPXHOCTH B MOJE TIXKECTH.

% 9.7. Ha nokousuylocs raHTennKy,

COCTOAILYI0 H3 Mmaph Kacammuxcs

ONMHAKOBBIX LIAPHKOB, Ha/leTaeT Tpe-

Trit Tako# xe. CxopocTs ero V nep-

NEeHANKY/AspHA JHHHH LEHTPOB TaH-

Puc. 55. TEJPKH H HanpaBJ/ieHa K IEeHTPY OAHO-

ro u3 ee mwapukoB. Haifith ckopocth

Laphika M TAHTENbKH NOCJe CTOJKHOBEHHS. YJap YNpyrHil.

9.8. KakoBa cTaHeT NPOJO/IKHTEJIBHOCTh CYTOK, KOTHA

OHH CPaBHSIOTCS (3a CueT AefCTBHA NPHJHBHBIX CHJ) C Me-

caneM (T. e. nepuol obpalleHHs: 3eMJH BOKPYT OCH CTaHerT

paBHBIM nepHoAy obGpaienns Jlynel Bokpyr 3eman). Ipu-

UATH JJSI NPOCTOTHl, YTO OCh BpallleHH 3€MJH NepneHmu-

KyJIsipHa TJIOCKOCTH OPOHT 3eMan u JIyHb. Jast yHcHeHHBIX

OUEHOK CUHTATH 3eMJI0 ONHOPOJAHBIM WIAPOM  PajHyCOM

a =064 Thc. k4 u Maccoi M, B 8] pa3 GoJabllell Macch

JIyusl m; paccrosinue ot 3emnan go JIyum R = 380 Teic. ka.

9.9. IBa 0AHHAKOBHIX OLHOPOAHKIX Llapa, BPALLAOMIHXCH

C OfMHAKOBLIMH 110 BeJHYHHE YIVIOBHIMH CKOPOCTAMH ®,

MeIJIEHHO COJM3HBUIHCh, KECTKO COCTHIKOBHIBAIOTCS ApPYT

¢ apyroM. OnpenenuTds ABHXeHHe o6pa3oBaslierocs TeJa.

HaiiTh, Kakas yacTh HayaJbHOH KUHETHUECKOH SHEpruHu Ie-

pexomuT B Tensao. IO COCTHIKOBKH YIJIOBHIE CKOPOCTH IlIa-
pOB OBLTH HampaBJIeHH:

a) NepNeHAUKYNADHO JIMHHH LEHTPOB H MNapajeJbHO

Apyr apyry; 6) OiHa— BIOJb JHHHH UEHTPOB, Apyras —

nepreHaHKyAAPIHO.
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9.10. OanopoAHBIA Wap pagnyca r H MaccH M KaTHTCH,
He OpocKaJb3biBasi, IO FOPH3OHTAJNbHOM IJIOCKOCTH CO CKO-
pocThio v. B MOMeHT, korga oH KacaeTcs Apyroro Takoro
e wapa, JeXaBllero HeMnOJABHXKHO, 1apbl XKeCTKO CKpend-
torcs (puc. 56). [liockocTb aGcodioTHO rJafkas (nociie
CKperJienusi wapbl cBOGOIHO CKOJIB3AT NO HEd).

Puc. 56. Puc. §7.

C KakuMH cHJaMH JAeHCTBYIOT Ha I[JOCKOCTb IIApPhI?
Yckopenne CBOGOAHOro MNajeHHs [OCTaTOUHO BENHKO, TaK
YTO Wapbl BCE BPeMA KAcarTCA NJIOCKOCTH.

9.11. Ha oaHOpOAHDBIA 3JJUNCOHA BpallleHHs (moJyocH
a = b, ¢) uaseTaeT uacTHlla, ABHXKYINAACA MapajgelbHO
ocit Oy CO CKOPOCTbIO V H INPHOEJBbHBIMH [apaMeTpaMi
p1, pz (puc. 57), u npuaunaer K Hemy. Onucartb ABHKEeHHe

4

Puc. 58. Puc. 59.

9/IIMICOMAA, Npeanosalas, 4To ero Macca MHoro Goablie
Macchl Hajeralonled yacTHIBL.

9.12. Tupokomnac npeacraBasier co6oft OHCTPO Bpa-
IlalOLIKiCA JAHCK, OCb KOTODOTO MOXeT CBOGOAHO MOBOpa-
ynBaThcsi B FOPU3OHTaAbHOA maockoctn (pre. 58). Hccie-
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0BaTh JBHXEHHEe THpPOKOMNaca Ha wupore . YrioBas
CKOPOCTb BpallieHHsl 3eMJad €.

9.13. BoJuok ¢ HemoJBH¥XHOH Touko# omopw O, Bpa-
WaBLIKics ¢ YrJa0oBoH CKOPOCTbio € BOKpPYr cBoei ocH (CKo-
pPOCTb MpELEeCcCHH CYHTAeM MaJIoH), KacaeTcsl rOPH30HTAJb-
HOl MJIOCKOCTH KpaeM aucka (pHc. 59).

HaiiTn yrsioByi0 CKOPOCTb BOJYKA, KOrja MPOCKAaJb3bl-
BaHMe JHCKAa NpekpaTHTCd. B MOMeHT KacaHus HyTalHid He
6bL710.

9.14. B moJsie TArOTeHHs HEMOABHXXHOH TOYEUHOH Macchi
M nBuKeTCi OLHOPOLHOE TENO MAacCH 1, uMeouiee popmy
saannconja spautenus. Hafitu dbynkunio Jlarpanxa cucre-
Mbl, BLIOpaB B KayecTBe NepeMeHHBIX cepuyecKHe KOOPAH-
HaTel lEHTpPa TSXKEeCTH H yrael Oiyepa. PasMepn TeJa
MaJb [0 CPaBHEHHIO C paccTosHHeM [0 LeHTpa IOJf.

Ykaszanue. [loreHunanbHag 3Heprus CHCTEMbl MPH-
6/1HKeHHO paBHa

3
1 02
UR)=my(R) + 5 X Dus 535

rae R = (Xi, Xy, X3) — paauyc-BeKTOp LeHTDa 3JLIHIICONAA,
D, — TeH30p KBaApYNoJbHOrO MOMeHTa Macc (CM. 3agauy
9.5), @(R) = — yM/R — noteHunas moJsi TATOTeHHS
(cp. [2], § 42).

9.15. OnpenennTh yrioByl0 CKOPOCTb NpeLEeCCHH 3eMHOi
ocH nol BiHAHHeM nputaxedna CouaHua H JIynel. Hakion
3eMHOM OCH K NJIOCKOCTH OPOGHT 3eMJsd u JIyHb paBeH 67°
Jas npoctoTH 3eMJIO CYHTAaTh OJHOPOAHBEIM 3JJIHIICOHAOM
BpallleHHA, MOJsIpHAs MOJIYOCh Koropor(l) ¢ MeHbllle 3KBaToO-

- a—~¢
pHAJBHOA MONYOCH @, PHYEM —— A 5.

9.16. CocTtaBuTh ypaBHeHHsl JBHIKeHHS [/ NPOEKUHH
MOMEHT2 Ha NOJBHXHBle OCH KOOpPAHHAT, BHIOpaHHBle HO
ocsiM HHepiuH, [IpOHHTErpHpOBAaTL 3TH ypaBHeHHA AJS CBO-
007HOrO ABHKEHHS CHMMETPHUECKOro BOJIUYKa.

9.17. WHccaenoBaTb yCTOHYHBOCTL BpallieHHs accuMer-
PHYECKOTO BOJYKA OTHOCHTE/IBbHO IVIaBHBLIX ocefl HHepLHH ¢
NOMOIIbIO YpaBHeHHH Jisepa.

9.18. OnHoponHblii Wap pajHyca a JBHXeTCS MO BHYT-
‘peHHell OBEPXHOCTH BEPTHKAJbHOrO LHJHHADA paauyca b,
He MpocKaJb3biBas, HaliTh 3akon fgsHikedus umiapa,
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9.19. a) [lrockHit CHMMETPHYHBIH OTHOCHTEJILHO CBOEH
OCH JHCK KaTHTCS N0 IJaAKOH TODH3OHTAJbHOH MJIOCKOCTH
(Tpenne orcyrcrByer). Onpele/HTh 3aKOH ABHKeHHs AHCKa
(B xBagparypax).

Hcenenosath noapoGhee 3aKOH [ABHKEHHS B CJAeRyIO-
MHX cayyaax.

Onpenenntb, NPH KAKHX yCJAOBHSIX YrOoJ HAKJAOHAa 1HCKa
K IJIOCKOCTH OCTAaeTcs MOCTOSIHHBIM,

JIMCK KaTHTCA TaK, YTO €ro OCb COXpaHseT oOlpeje-
JenHoe (ropH3oHTasbHOe) HampaBJjenue. Onpeneiunts, NpH
KakKoj YrJ0BOH CKODOCTH BpallleHHsi BOKPYr 3TOH OCH Ta-
KO€ ABY)KEHHe YCTOHUHBO.

6) Huck xaTHTcs 6e3 NpOCKa/ab3biBaHHSA 110 TOPH30H-
TaJbHOH MNJOCKOCTH. HafTH ypaBHeHHs NBHKEHHS H OTBe-
THTb Ha Te€ Xe BONPOCH, YTO M B NYHKTE a).

B) To xe and AHCKA, KOTODBIf KATHTCA NO FOPH3OH-
TaJbHOH IJIOCKOCTH, HE NPOCKaJb3biBasg H He MPOBOpauH-
BafiChb BOKPYT BePTHKAJbHOH OCH *).,

r) Haxoasmunfica Ha HaKJOHHOj NJOCKOCTH IUCK Bpa-
maetca 6e3 npockaab3blBAHHA BOKDYT CBOErO AMAMETpa,
mepneHAMKYJ/JAApHOro 3TOH NJOCKOocTH. Hafith cMemienne
nucKa 3a Ooabloe BpeMf. Hak/ioHHasi MJOCKOCTL COCTaB-
JsieT MaJibiil yroJs o ¢ TOPH30HTaJbHOHN.

9.20. a) Hafitn B KBajgpaTypax 3aKOH [ABHKEHHS He-
OJHOPOAHOrO apa, KOTOPbul# ABHXKeTCA 0e3 TpeHus MO ro-
pH30HTaJbHOR NJAoCKOCTH. PacnpesnesneHue mJIOTHOCTH CHM-
METPHYHO OTHOCHTEJNbHO OCH, MpPOXOAfAlled uepes LEHTP
Macc H reoMeTpHYeCKHH UEHTp uiapa.

Hccnenosath BaHAHME MaJblX CHJ TPEHHS Ha JABHXKe-
HHMe 1apa B clyyae, KOTAa B OTCYTCTBHEe TPEHHs L1ap ABH-
rajcsa Obl TaK, YTO yroJ MeXAy OCblO CHMMeTPHH M BEPTH-
Kannio Obld Obl NOCTOSHHBIM.

6) Hajith ypaBHeHHA NBH:KEHHS OIHCAHHOTO INapa, €c-
JM OH KaTHTcA 0e3 mpocKa/b3biBaHUSl 1O TOPHU3CHTAJBHOM
NJOCKOCTH.

9.21. HafiTH OTKJIOHEHHS K BOCTOKY H K IOIy OT Bep-
THKaJ/ ¥ CcBOOOAHO MNajawllero ¢ BbICOTH A Tena. Hauanb-
Hasi CKOPOCTb Tesla pPaBHa HYJ.

*) OT0 03RayaeT, 4YTO CUENJEHHe MHCKA C MJOCKOCTbIO B TOYKe»
COTNPHKOCHOBEHHsI TAKOBO, 4YTO (0LaAKA B MeCTeé KOHTaKTa He CKOJb3UT
N0 IJIOCKOCTH H He NpoBopauuBaeTcsi. [ToTepsiMH 3Hepru# Ha TpeHHe Ka-
YeHHs nmpeHeOpeub,
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9.22 *). Cocyl, 4acTHYHO 3amOJHEHHbIA MOCTENEeHHO 3a-
TBepAeBaioUlell 3MOKCHAHON CMOJOH, MPHBOAAT BO Bpalle-
HHe C YrJIOBOH CKOPOCTbIO @ BOKpYr ocu AB, koropas B
CBOIO OYepedb BpallaeTcs BOKPYr HEMOIBHXKHOH OCH CD
¢ yraoBoii ckopocthio @; (puc. 60). Kakylo dopmy npuer,

3aTBep]eB, MOBEPXHOCTb CMOJILI?
2
-

Puc. 60. Puc. 61.

0.23. Uactuua gsuxkerca B uentpaJgbHoM mose U(r).
Haifitn ypaBHeHHe TPAeKTOPHH M 3aKOH JBHXEHUS B CH-
cTeMe KOOPAMHAT, PaBHOMEPHO Bpallafoliedica ¢ yrJa0BoOi
CKOPOCThIO Q, MapaJJelbHO)t MOMEHTY HMny/ibca M.

9.24. Haiitu Maanle xonaeGaHHd 4YaCTHIBL 772, NPHKpeEN-
JeHHON NpYXHHKAMH XKecTKocTH Ry H ky K pamke, Bpa-
maiollefici B cBOefl IJOCKOCTH C YIJIOBOH CKOPOCTbIO Q
(puc. 61). YacTHua MoxeT ABHraThCsi B NJIOCKOCTH PaMKH:

2 2
9.25. Tnagkuit napabosoun 22 = 4+ Y gpamaercs
p 2 b p

BOKPYT BEPTHKaJbHON OCH 2 C Yr/IOBOH CKOpOCTBIO @. [Tpu
KaKOM 3HAYEHHH @ HHXKHEe MOJOXeHHe HEYCTOHYUBO
yacTHLE, Haxoisulejics BHYTPH napaboJonna? YcKopeHue
cuanl Taxeerd g = (0, 0, —g).

9.26. Pawmxa c uacTHmell Maccel m, 3aKPelJeHHOH Ha
NpyXHHKax (AJIHHB KOTOPHIX [, KOS(Q(HUHEHTH XKeCTKOCTH
k ¥ HaTAKeHHA NpH HeMOJBMXKHOH paMKe f) Bpamaercs
¢ Yr70BOH CKOPOCTBIO Y BOKDPYr OCH 2, CMeLieHHOH Ha
paccTosiHHe a OT LieHTpa paMkH (puc. 62).

OnpenenuTh PaBHOBECHOE PACCTOSIHHE YACTHUBI OT OCH
H HCCJE0BaTh €r0 yCTORUMBOCTD.

*) 3aaaua B. C. Kyaomuna u M. I1. Tlepeanpofisena,
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PaccMortpers caenymoine cayuaH:

a) YyacTHLA MOXET IBHraTbCs TOJBKO BJOJAb MNPYKHH;

6) BO3MOXKHB! JIOGHE CMelleHHst YaCTHIEL.

9.27. ]IBe 3Be3Jbl JABHXKYTCA MO OKPYXKHOCTSIM BOKPYT
X ueHTpa Macc. B cucreMe orcuera, B KOTOPOH 3Be3fbl
HENOABHKHE, HAaliTH TaKue TOYKH, B KO-

TOPHIX TIOMEUIEHHOE TaM JerkKoe TeJo Y
TaKXe ocTaeTcs HemoLBHKHBIM. Hccae-
JOBATh YCTOHUHBOCTb ITHX <(IOJOKEHHA MAMASMAANAN
paBHoBecHs». (OrpaHHYHTBCA TOUKAMH,
He JeXaliuMH Ha NPAMOMH, COeIHHSAIO- I
el 3Be3IbL.) "

9.28. OnpeneauTh HOpMaJbHEE KOJe- Prc. 62.

OaHHst TPEXaTOMHOH MOJIEKYJbl, ONHCaH-
HOH B 3ajaue 6.49, ecin ee MomeHnT umny/ibca M He paBen
Hymo. YrJoBas#i CKOpPOCTb BpalleHHsi Mosekyan Q < Yk/m;
snech B — KO3(D(HDHLHEHT XKECTKOCTH CBA3H. MoOMeEHT HM-
nyJbca MepneHIUKYAsApPeH K MIOCKOCTH MOJICKYJIBL.

§ 10. YpaBuenus F'amuabrona. Cko6ku Ilyaccona

10.1. Tlyers ¢yuruuss amuabToHa H cHCTeMB YacTHIL
He H3MeHsieTcad IPH OeCKOHEUHO MaJioM nepeHoce (MOBO-
pore). BriBecTH OTCIOAa 3aKOH COXPAaHEHHS HMMYyJbca
(MOMeHTa HMNY.IbCA).

10.2. Haiitn ¢ysguuo aMuabToHa CBOGOIHO JBHXKY-
LIerocst CHMMETPHUECKOro BOJUKA, BHI6paB B KayecTBe KO-
OPJAHHAT 3HJICPOBH YIawl 6, @, ¥.

10.3. OnpepenuT OGYHKIHIO [aMUJIBTOHA AHFAPMOHH-
gecKoro ocuu/anstopa, gpynkuus Jlarpan:xka KOTOPOro

L= x; — 9;‘3—— ax+ Prxt.

10.4. Hafitu 3aKkOH [BHMKeHHA dYacTHUB, ¢yHKuua [a-

MUJIBTOHA KOTOPOH

3 02x? o2\?
H(x,p)=%+—“2—-+x(”—;+ ‘;x)

10.5, Ha#itu ypaBHenus ABMKeHHA vacTHUH, GYHKIHR

TamuabTona xoropofi H (p, 1) = c1p| (ny4 cBera).
n (p, 1)

Hafitu Tpaexropuio, ecin n(r) == ax.
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10.6. Hafite dynkumo Jlarpanxka, ecin ¢ynkous Ta-
MHJBTOHA paBHaA
cipl
n(r)’

10.7. HafitH 3axon ABWXKEHHS 3apPsSiKeHHOH yacTHLH B
0IHOPOJHOM NOCTOSHHOM MarkuTHoM nose X, peuwas ypas-
Henusi 'amMu/ibTOHA. BexTOpHBIA MNOTeHuHaa BHOpaThb B
BHIE

a) H{p,r)= zp—; —pa (a = const); 6) H(p,r)=

A, =Hx, A,=A,=0 -

10.8. HccaenoBaTh xKayecTBeHHO JBHXKEHHE 3apsiKeH-
HOH yacTHUB B HEOJHODOJAHOM MAarHHTHOM IOJi€, ONHChHIBAe-
MOM BeKTOpHbIM NoteHuuatom A = (0, Ax? 0). CpaBHHTD
¢ ApeidoBpIM NPHOIHIKEHHEM.,

10.9. TlokasaTp, uTo 3ajaya O ABHIKeHHH JABYX YacCTHL
C NPOTHBONOJOXHHMH 3apsfamMu (¢ H —e) B OJHOpPOI-
HOM MATHUTHOM [0Jle NPHBOIHTCA K 3ajayue O JABHXEHHH
OMHO{ YacTHUBL B 3aJaHHBIX MNOTEHUHAJbLHOM M MAarHHUT-
Hom noasx [30].

B sagayax 10.9 — 10.13 ugeT peub O ABHKEHHH 3JEKTPOHOB B Me-
Tajje HJIH I0JyNnpOBOAHHKE. SJIEKTPOHH B TBEPAOM TeJie NPeACTaBJIAIT
cobofi cHCTEMY YacTHL, B3aHMOJEHACTBYIOLIHX Kak APYr € APYTOM, Tak
H ¢ HOHAMH, o6pasyOLIMMH KPHCTAJIHYECKYIO pelileTKy. Mx asHxenHe
ONHChIBAaeTCst KBAHTOBOH MeXaHHKOf. B Teopum TBepAOro Tesa 4acro
ynaetcs NpUBeCTH 3aAayy O ABHIKEHHH MHOTHX Baanmoueﬁcmylomnx ya-
CTHI, COCTaBJAIOUHX Teao, K 3a1a4aM O ABHIKEHHH OTAEJbHBIX CBOGOI.I-
HHIX YacTHIL (HaablBaeMle KBAa3HYaCTHLLAMH — 3JIeKTpOHAMH HJH ABIp-
KaMH B 3aBHCHMOCTH OT 3Haka 3apsma), HMEWUHX, OAHAKO, CJOXHYO

3ABMCHMOCTb 3IHEprHd OT HMnyabca &(p) («3akoH aHcrmepcuu»)*). Bo

*) Hanpumep, A1 ALPOK B KPHCTaAJax repMaHus W KpeMuHsS

e(p) = %.;, [Ap’ + VB + C (o0} + 0203 + 22D) .

rie OCH KOOPAWHAT BHIGPaHH B COOTBETCTBHH C CHMMETPHEH KDHCTaJJIOB,
/m — Macca 3JIeKTPoHa, a korcTauTe A, B, C HMeoT c/lefylOlllHe 3HAUEHIIR!

A B Cc

Ge —13,1 8,3 { 12,5
Si —4,0( 1,1 4,1
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MHOTHX CJydYasix OKa3hBaeTCcs BO3MOMHLIM PaccMaTPHBATL ABHXEHHC
KBa3WYaCTHI ¢ NOMOLLbIO KjAaccHueckofi MexaHuku. Pyukuusa e(p) sB-
JifeTc nepHogHueckod (QYyHKUHeH ¢ MEepHOAOM, PaBHLIM MepHOAY TakK
Ha3uBaeMofl o6paTHOH pemeTkH *). B ocTaAbHOM paceMaTpHBaeMbie Ja-
Jiee 3aBHCHMOCTH €(P) MOXKHO CUHTATH NPOU3BOJBHLIMH,

10.10. HsBectHo, uTO €(p) ABJfAETCA MNePHOAHUYECKOM
dyHKIHe#i P ¢ HepHOIOM, paBHHIM NepHoay obpaTHO# pe-
IIeTKH, YMHOXeHHHM Ha 2mh (Hanpumep, A8 KyGHUeCKO#
peLIeTKH ¢ NepHOAOM @ nepHol ¢ (p) pasen 2nfi/a).

Onpesneantb 3aKOH ABHXKEHHSI 3JEKTPOHA B OJTHOPOJHOM
3MeKTpHYecKoM mode §,

Ykasanue K sazauam 10.11—10.13. B srux 3ana-
uyax yao0Ho, kpome ofobileHHoro wvnynabca P, BBecTH KH-

N e
HeMaTHUeCKH# uMnyinc p=P — TA’ rie A — BekTop-

HLIH MOTEHIHAJ MArHHTHOIO MOJS.
10.11. [Tonaras dynkunio ['aMuabTOHA

H(P,r)=e(P—%A)—|—e(p,

HOJIYYHTb YPaBHEHHA ABHXKEHUS (3apsaj asekTpoHa e << ().
10.12. a) HafiTh HHTerpa/bpl JBHKEHHsS 3JIeKTPOHA B

TBEpPJOM TeJe B OJHOPOJHOM MAarHHTHOM moJsie. Kak BHI-

TJSIAHT «TPAeKTOPHS» B HMIYJbCHOM NPOCTPAHCTBE?

6) JokasaTb, YTO NDOEKIHS TPAEKTOPHH 3JEKTPOHA B
OJIHOPOJIHOM MATHHTHOM IOJle Ha IJIOCKOCThb, NEPIEHIHKY-
asipuyto K &, B OOBIYHOM MpPOCTPAHCTBE I[OJAYYAETCH H3
TPaeKTOPHH B HMOYJbCHOM MNPOCTPAHCTBE HOBOPOTOM H
H3MeHeHueM Maciurala.

10.13. Brpasuts nepHoa obpaillenHs 3JeKTPOHa B of-
HOPOJHOM MAarHHTHOM 1noJe yepe3 miowans S(E, p%) ce-

YyeHHsl NOBEPXHOCTH &(p) == E B UMIYJbCHOM NPOCTPaHCTBE
ILIOCKOCTBIO Py == P 5 = const.

10.14. Buuucauts cko6ku [layccona:
a) {Ml" xi}’ {M,-, P:'}» {M,-, MJ'};

*) Hanpumep, ans xpucTanna, pemeTka KoToporo o6AafaeT B Ha-
NpaBjicHHH OCH X HaHMEHBIIAM NEPHOAOM @, HMeeM E(Px, Py, pP:) ==

L)
o= e(px +—a-, Py pz), rae B — nocrosunas [Inauka,
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6) {ap, br}, {aM, br}, {aM, bM};
B) {M, rp}, {p.r}, {p, (ar)?}.

3xech %, pi, M;— DeKapToBH KOMIOHEHTHI BeKTOPOB,
a, b — mocTOSIHHBIE BEKTOPHI,
10.15. Buuncauts {4,, A,}, rae

1
Ay = —LII-(x2 + p2—y* —p?), 4, = 5 (xy + pxpy),
1
Ay = = (xpy — yp2), Ay =x2+ - pl + Pl

10.16. Beryucauts {M,, Ap}, {An, Au}, Tie Ap=
== XiXp + PiPs

10.17. Tlokasatb, uro {M,, ¢} =0, raze ¢ —.mobas
cKaJsipHasi (GYHKLHA KOODIHHAT M HMMOYJbCOB YaCTHILL

ITokasatb, uto {M,, i} = [nf], raze f— Bekropnas
GYHKUHSA KOOPIWHAT M HMIYJbCOB YACTHUBI, N — eJHHHY-
HEIf BEKTOP B HanpaBJEHHM OCH 2.

10.18. Briuncauts cko6ku  Ilyaccoma {f, aM},
{iM, IM}, rne a = const, f, | — BekTOpHBIE PYHKUHH T, P.

10.19. Hantu {M:;, M}, rae M;, M;— npoekuun mo-
MeHTa HMIyJabca Ha ocH §, § JeKapTOBBIX KOODIMHAT,
JKEeCTKO CBSI3aHHEIX C BPalIAlOMUMCH TBEPALIM TEJIOM.

10.20. CocraBuTb ypaBHEHHs HBHMKEHHs MPOSKUHH M,
MOMEHTa HMIIyJbCa Ha OCH, CBS3aHHBIE CO CBOGOAHO Bpa-
maromumca teaoM. Oyuknnsa I'amunbrona

H= _;_ azﬁ (1Y) ap MaMs.

10.21. B sToif sajaue paccMaTpPHBAeTCS MOJAEIb SJeK-
TPOHHOTO M SJIEPHOrO NapaMarHUTHOrO pe3oHaHca (cM.
[18], ra. IX). ®yuknusa 'aMHILTOHA HAMATHAYEHHOrO INa-
pa B OAHOPOJAHOM MarHutHoM noJie I umeer BuA

M2

rie /- MOMEHT HHeDIHH, Y — FHPOMAarHUTHOe OTHOLICHHE,
CoCTaBuTb ypaBHEHHS IBHXKEHHS BEKTOPA MOMEHTA HM-
nyasca M M HafiTH 3aKOH €ro JBHXKEHHS B CAyYasiX:

a) = (0, 0, %0)
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6) I = (#H coswt, #H sinwt, J3;) U B HauaJbLHLIA
moMentr M = (0, 0, M,).

10.22, Ha#itn {v;, v;} 14,151 4acTHUB B MarHHTHOM IOJe,

10.23. JloxasaTb, 4TO 3HaueHHe ~00H (YHKUHH KO-
OPAMHAT H HMIYJbCOB cHCTeMbl [(p(f), g(f)) Brpakaercs
yepes 3HAaYeHHs1 P H § B MOMeHT =0 ¢opmy.oi

Fo(t), 9(0) =F+ G {H. [} + 5, AH B £ .
rage
f=1(p(0), 9(0)), a I=H(p(0), 4(0))

— ¢yHruuss  [amunabrona. (Psaax npexmosaraeres c¢xo-
JsIIHMCS. )
BoluncauTe ¢ nomolisto 3TOH  Qopmyas p(f), q({),

PA(Y), g2 (t) ans:
a) YacTHUBI B OJHOPOAHOM IOJIE;

6) ocumnaasiTopa.
10.24. Tokazars paBeHCTBa

) {F (P191), @ (P (P1, 1), P Gy - - }*- {f ¢}
)Uwp%m%%®w0m%mwm%%nun=
"g—?{f, o}
) 4FPr0): O (1 (0:9). 9:(p.0) -} = BT @)
10.25. a) llycts byuruus FamuibToHZ 3aBUCHT OT Ile-
peMeHHbIX g1, p; JHIDb depe3 nocpeAcTBO GyHKIHH f (g, p1)

H = H(f(q1, p1), 92 P2 -+ » G, Pu).

IoxasaTb, 4To f(qi, p1) e€cTb HHTErpas ABHXKEHHS.
6) Hafitn uHTerpannl [BHXEHHsI YacTHIH B [oJe

U=% (Hcnmosib30BaTh CpepHUYECKHE KOOPAHHATHI),
10.26. Kak wusBectHo, AJs 4YacTHUH B Inose U=
== —qr CylUIeCTBYeT HHTerpaJ/ ABUKEHHI
A= lvM]— Z,
a) Bowuucauts ckob6ku Ilyaccona {4, A}, {A,,
6) B cayuae ¢HHHTHOro JABHXeHHR (E<<O 11Jm
BEKTOPOB J1,2=‘;“(Mi /_’%HA) BBIUNCJHUTD  CKOOKH
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[Iyaccona
{H, 112}, {1t} e T} {Janda}

W cpaBHMTb MX €O ckob6kamu [lyaccoHa aasi KOMIOHEHT
momen-a Hmnyabca M. Bmipasute ¢yuknuio [aMmuibro-
na H uepe3 J; u Jo.

§ 11. KaHouuueckue npeoGpasoBaHug

11.1. Hafitu kanouuueckoe mnpeobpasoBanue, 3ana-
BaeMoe NpoHu3Boaslleli pyHKUKeH:

a) F(g, Q1) = 5 mo (1) g*ctg Q.

3anucath ypaBHeHHs [IBHXEHUS B TepeMeHHHX Q u
P 1 rapMOHHUECKOTO OCUMJLIATOpa € 4acToTol o (f).

F(H712
6) Flg, Q1) =g mo|d— 73| cteQ.

3anucaTb ypaBHEeHHs JABHXXEHHS B IepeMeHHHXx Q n
P nns rapMOHHYECKOTO OCUHJAAATOpPA, Ha KOTOPHIA HAeH-
CTBYeT BHeWHss cujaa F(f).

11.2. Haiitu npoussoasmyno ¢yukuuio suga ¥(p, Q),
NPUBOASALLYIO K TOMY e KaHOHHYeCKOMY Ipeo6pa3oBaHHIO,
yTo ¥ F (g, P) = g%".

11.3. KakoMy YCJlOBHIO 10JXKHA YAOBJAETBOPATbL (PYHK-
uus @©(g, P), urtobb ee MOXKHO OBIIO HCNOJB30BaTh B Ka-
yecTBE INpOoU3BOAALLel (DYHKUHH KaHOHHYeCKOro mnpeobpa-
30BaHUA?

PaccmoTpersb, B 4aCTHOCTH, NPUMeED

® (9, P) =¢*+ P2

11.4. [loka3saTb, YTO AJNS CHUCTEMBI C OIHOH CTENEHBIO
cBoGozbl NIOBOPOT B (pa30BOM mpocTpaHCTBE (g, p) ABJseT-
¢ KAHOHHYECKHM Npeobpa3OBaHHEM.

11.5. PaccMartpuBaioTcs MaJjble KoJeGaHHA aHrapMo-
HMYECKOTO OCUMJIATOpa, (yHKRuUus [aMH/JILTOHA KOTOPOro

=E;+°¥+ax“+ﬂxp’

H ax €w? px < 1. B xaHouuueckoM npeoGpa3oBanuy, 3a-
JaBaeMoM npou3Boaauleli pynkuueit ¢ = xP - ax?P + bP?,
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nopo6path mapamMerpel @ H b Tak, 4TOGb HOBasi (MYHKIHR
[amu/ibTOHA ¢ TOYHOCTHIO JO YJEHOB NEPBOrO Mopslka 1o
a0~2Q, BQ BKJIIYHTE]LHO HE COJepXKala aHrapMOHHYe-
CKHX YJIEHOB, 4 HaHTH x(f).

11.6. B kaHoHHueckoM mnpeoGpa3oBaiiH, 3aJaBaeMOM
npoussoasmed o¢yHkuueli ® = xP + ax®P 4 bxP? mnono-
OpaTb nmapamerps a u b Tak, uToOnl MaJibie KoJiebaHuA aH-

p? ok .
rapMOHHYECKOTO ocuuaasropa A = T +—2—- + Bx*B HOBBHIX
nepeMeHHbXx Q, P cBoAMJIMCH K rapMoHHYyecKHM. YseHamu
BTOPOTO mHopsiaka mo Pw—2Q%? B HoBoH ¢yuruuun Iamuiab-
TOHa mpeHebpeub.

11.7. TlokasarThk, 4T0 npeobpasoBaHue

P
x=Xcosk+Ef’Ssin7», y=Ycosk+£—:—)sin?y,
py = —moXsinA 4 P,cosh, p,=—mol sinA+ P, cosh

ABIsieTCs  KaHoHHueckuM. Haltu nHoBywo @ysukuvio Ta-
muapToHa, A (P, Q), eciu

24 2
px+p 2
H(p,q)=—2n—1-—‘-’+ﬁ-2m—(x2+!/2)

(cp. ¢ 3apaueit 11.17). OnucaTb ABHMXEHHE IBYMEPHOIO OC-
uuaasropa npu ¥ = P, = 0.

11.8. Hcnoabsys npeobpa3oBaHne mnpexaniaylled 3aza-
yd, npuBectTd (yHKUHIO [aMU/IBTOHA H30TPOMHOTO TrapMo-
HHYECKOTO OCLUMJJIATOPa B MAarHHTHOM MoJie, 3aJAHHOM BeK-
TOpPHBIM noteHunanoM A = (0, #x, 0), Kk cyMMe KBajapa-
TOB W HAafTH 3aKOH €r0 ABHXKEHHUA.

11.9. C nomombpl0 KAHOHHYECKOTO Nnpeobpa3oBaHHA NpH-
BECTH K AMAroHAJbHOMY BHAY (yHKUHIO [aMHJIbTOHA aHu-
30TPONHOTO 3apSIXKEHHOTO OCUHJAJATOpPAa € NOTEHUHAaJbHOH

. m
sueprueii U(r) = 5 (03x? + 03y? + wiz?), Haxoaswerocs

B OJHODPOLHOM TOCTOSTHHOM MATCHHTHOM [0Jie, 3a3aJafHOM
BEKTODHBIM moTeHLHa oM A = (0, #x, 0).

11.10. [Ipuvenas kaHoHHyeckoe npeobpa3oBaHue 3aja-
yp 11.7 k napaM HOpPMaJbHHLIX KOOPAHHAT, COOTBETCTBYIO-
IIHX CTOSIYUM BOJNHAM CHCTEMhl YacTHL Ha KoJble (CM.
sagauy 7.3), MOJYYHTb KOOPAHHATHI, COOTBETCTBYIOIlHE
Oeryuium BOJIHAM.
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11.11. [Tokasats, uto mpeoBpasonanue

X = ﬁ(VQ—PTSin Q-+ Pz);

po =Y (2P, cos @, — Qy),

= ! op. o+
y==(V2PreosQ: + Q).

py = -l/zmm(_VQ—PTlsin Q + P-z)

siBasieTcsl KaHOHMueckuM. Haiitu ypaBHeHus I'aMH/IbTOHA
YaCTHIIHl B MaCHHTHOM MoJie, 3aJ@aHHOM BEKTOPHBIM IIOTEH-

1 1
nuajsom A= (—— 5 Y8, —z—x%, O) B HOBBIX Ili€pEMEHHBIX.

e

3nech @ = —.
me

11.12. KakoB CMHCJ KaHOHHYECKOrO mpeob6pa3oBaHHsd,

3agasaemoro npomsBoisuled ¢yuruueir ®(g, P) = agP?

11.13. Tloxa3aTb, 4TO rpajyeHTHOe NpeobpasoBanHe 1O-

TEHIHAJ0B 3JEeKTPOMArHUTHOrO MOJs ABJAAETCH KaHOHHUe-

cKHM mpeoOpasoBaHHeM IS KOOPJAMHAT H HMIYJbCOB 3a-

PAXKEHHBIX YACTHI, H HAaHTH COOTBETCTBYIOLIYIO NMPOH3BOASA-
myo GyHKIUHIO.

11.14. Kak wusBecTHo, 3ameHa ¢yHKknuu Jlarpanxa

L(q, q. t) na L'(q,9,¢) = L(g.9. ) r‘-if%’;—” rae f(q, t) —
npousBoJbHasi (GyHKUMS, He H3MeHseT ypaBHeHuit Jlarpan-
*a. [Toka3satb, 4T0 3T0 mpeo6pa3oBaHHe ABJAETCH KaHOHH-
YyeCKHM, ¥ HalTH ero mNpoH3BOASILYI0 (YHKIHIO.

11.15. Ha#ite npousBoaamyo (OYHKUHIO KaHOHHUECKOTO
npeoBpasoBaHus, coctosulero B nepexole ot ¢(f), p(f) x
Q(t) =q(t+ 1), P(t) = p(t + ), v= const pas:

a) c¢BoOOAHOrO JIBHXKEHHd,

6) nBuxeHus B oJHOpoaHom moae, U(q) = —Fgq;

B) OCHHJIAATOPA.

11.16. BrigcHHTb CMBIC/ KaHOHHUeCKHX [peobpa3oBa-
HHIi, 3aJaBaeMbIX NPOH3BOASAMIUMH (QYHKIHAMHU:

a) @(r, P) =rP 4 daP;
6) ®(r, P) =rP +5¢[rP];



11 22] § 11. KAHOHHUYECKHE I[TPEOBPA30OBAHHS 59

B) [D(q’ P’ l) = qP +6TH(q) P» t);
r) ©(r, P) = rP -+ 6a(r* + P?),

rie r — JeKapToBbl KOOpAHHATHL, a 6a, O¢, 61, 6o — Gecko-
HeyHO MaJible mapaMeTphl.

11.17. IloxasaTh, uTO KaHOHHYeckoe Mpeo6Gpa3oBaHue,
3ajaBaeMoe npoussojdalued ¢yHkiHel

®(x, y, Ps, P)) = xP.+ yP, + e(xy + P.P,),

rie e— 0, npeiacras/seT co6oii NMoBopoT B (Ha3oBOoM mpo-
CTpaHCTBE.

11.18. Ykasate npousBogsilue ¢GyHKUUM Agas Gecko-
HeuYHO MaJblX KaHOHHUYeCKHX MNpeofpas3oBaHHii, mpeacTas-
Jggiomux cofol:

a) BHHTOBOE JABHKEHHE,

6) npeobGpasoBauue I"anauues;

B) NepexoJ K Bpamiatouleiics CHCTEMe OTCYera.

11.19. KaHonuyecxoe npeofpasoBaHHe 3aaHO MNPOU3-
Boasell ¢pynkuuep @ (g, P) = qP +AW(q, P), rie A—0.

Huast npousBo/bHOM GYHKUHE [(g, p) Hafity ¢ ToOU-
HOCTBIO O NEPBOro NOpsAAKa MaJOCTH H3MeHEeHHs ee Be-
JUYHHDL, CBA3aHHOE C H3MEHEeHHEM apTyMeHTOB

11.20. Hgﬁm {H, rp}, rae ¢ynruns T[aMiibTOHA
H (r, P)———gp;-n—|——:l§, H MOJYYHTb, HCXOISl M3 pe3y.bTara,

HHTerpaJ ypaBHeHull ABHKeHHs. [l BBIYUCICHHS yao06H0
BOCIOJ/Ib30BaThCSA pe3y/ibTaTaMH NpeablayLIed 3amadyd H 3a-
Jauy 11.12.

11.21. Hafity usMeHenue BHAa 3asucuMoctdH M, p?, pr,
H(r, p, t) orr, p npy npeob6pasoBanusx 3aiauu 11.16.

11.22. IloxazaTtb, 4TO pe3yJbTAT [OCJAEAOBATENBLHOTO
BBINOJHEHHST JBYX OeCKOHEYHO MaJbiX KaHOHHYECKHX Ipe-
o6pa3oBaHuil, 3alaHHBIX NPOKH3BOIALIEMU (YHKIHAMU

®.(q, Py = qP +AW.(q, P), An—>0,i=12

HE 3aBHCHT OT NOPsAAXKa HUX BLINOJHEHUA (C TOUHOCTBLIO A0
BTODPOro MopsiiKa MaJOCTH BKJHO'-IHTCJIBHO), €CJIH

{Wi(q, p), Wa(q, p)}=0.
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11.23. Haiitu kaHoHHuecKoe npeo6pasopaune, INpel-
craBaslioliee cobofi pe3yabTaT MOCAENOBATENbHOLO BHIIOJ-
HeHus OeCkoHeyHo OoJbiioro yucia N GeCKOHEUHO MAJbIX
KaHOHHYeCKHX npeobpa3oBaHuil, 3a4aHHHIX DYHKUHE]

® (g, P)=gP + + W (g, P), A=const, N->o:

a) W(r, P) = [rP]a, a = const;
6) W(x, y, P, P,) = A,

rae A; onpenenens B 3apaue 10.15.

Ykaszanne. CocraBuTb H pemIHTb A/ KOHKDETHHIX
W nuddepenunanbusie ypaBHenus aaa Q(A), P(A).

11.24. a) Kak usmenseTcs co BpeMeHneMm o06beM, oGbem
B HMIYJbCHOM INDOCTPAHCTBE U (a3oBbliii 06beM, 3aHH-
MaeMble Tpynnoll cBoG0AHO ABHKYILHXCH BROJb OCH X ua-
cTHl? B HayanbHBI MOMEHT KOOPJAHHATH YaCTHI 3aKJiouye-
Hbl B HHTepBaje Xg << X < %o+ AXp, 8 HMIYJbChl — B HH-
TepBaJje pg << p < po + Apo.

6) Tor xe Bompoc ANl YacCTHU, ABHXKYIUHXCS BAOJb
OCH x Mexny nsyms crenkamy, CoypapeHus CO CTEHKamu
abconoTHO ynpyrue. JIpyr ¢ ApyroM 4acTHUbI HE B3aHMO-
NEeHCTBYIOT.

B) ToT e Bompoc AJs IPyNNbl FapMOHHUYECKHX OCIH/I-
JSITOPOB.

r) Tor ke Bompoc IJsi IPYNNbl rapMOHHYECKHX OCIIHJ-
JATOPOB C TPEHHEM,

a) Tor e Bonpoc AJS rpyNNbl aHrapMOHHYECKHX OC-
UHJIJSATOPOB.

e) Bynev omucbiBaThb pachpeielieHHe 4acTHi B (aso-
BOM INPOCTpPaHCTBe B MOMEHT [ ¢dyHKUHeld pacrnpene/eHHus
w(x, p, {) TaKoH, YTO YHCJAO YACTHL C KOODAHHATAMH B HH-
TepBaJe OT X 10 X+ dx u HMIy/IbCaMH B HHTepBaJje OT p
a0 p+dp ecte w(x, p, t)dxdp. Onpenenntb QGyHKUHH
pacnpesneseHus rpynnsl cBOGOIHBIX 4aCTHL, M TPYNNbl rap-
MOHHYECKHX OCLUHAJATOPOB, €CAM B HauaJbHBIH MOMEHT

1 (x— Xo)®  (p—Py)
w (%P, 0) = gxpems, ©XP | 2Ax2 2002 |

11.25. Brenem nepeMenHyio
mIE LD piat,
V2mo
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a) Hafitn ckobku [lyaccona {a*, a}. Bripasurb uepes
a v a* ¢yHkuHio [aMHJIbTOHA TrapMOHHYECKOrO OCIHJIS-
TOpa
p? mo2x?
Hy =55+ =5
6) IMokasath, uto Q =a u P = io* — KoHOHHUECKHE
nepeMmensble. Hafith HOByw  ¢yHKRuuio amuabrona

HO(Qv P)‘
B) i ocuuansitopa ¢ aHrapMOHHYecKoH no6aBKOH K

1
notenunapnol sneprun 8U= - mPx?! ycpennurs dynxiuuio

Favunsrona H'(Q, P) no nepHoay OLICTPHIX OCLHJISLHE
2n/o.

Hcnoabsys ycpennennyo ¢pynkuuo IaMuabToHa, HaNTH
MeJJ/leHHBle H3MeHeHHs nepeMeHHHX @ u P.

r) HccnenoBath 3akOH H3MeHeHHS aMMUIMTYAH KoJje(a-
HHH OCLHJJATOPA NOA AeHCcTBHEM HeJHHeAHOH pe30HAHCHOH

CHJIH
mo)2x

H= p — + 4+ m2w3ax? cos 4wl.

11.26. UccnepoBarh u3MeHeHHe aMOJAUTyAbl KoJeGaHufi
CHUCTEMBI TPeX OCLHJIATOPOB cO caaboi HeJJMHeHHOM CBSI3bIO:

H =5 (p2+ P2+ p2) + 3 (0fx? + 0y + of2? + axyz),

eca |, — 0, — 0,| € 01, |ax| <K oi. Paccmorpers noa-

poGHee ciydafi, koraa B HauaibHBIA MomeHt |y|<|x],
2=0,p=2=0.

Bocnoab3oBaThesl TeM e MeTOJAOM, 4TO H B Ipeaslay-
el 3anaue.

11.27. ®yukuua [aMHIbTOHA aHTrapMOHHYECKOro OcC-
UHJJIATOPA, HCOBITHIBAIOLIEr0 NapaMeTpHueckoe BO3j1efCT-
BHe, HMeeT BHJ

2 me? mfx?
=—2p;l—|——2—(1 —+ hcos 2yt) x2 - -TB—.
BBenev KaHOHHYeCKHe MepeMeHHEIe

mmx+zp ; .
e, P = iqg*

'1/2m0)
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a) Hajitu wosywo ¢ymkuuio amunsrona H'(a, P, t) u
YCPeIHHTb ee MO MePHOLY ObICTPHIX OCUHMIALHA 27:/Y.

6) HccaenosaTb M3MeHEHHe aMIJIMTYAbl KOJeGaHHH B
obaacty pesonanca |y — o] < ho, h < 1, ecau B Hauadb-
HBIfl MOMEHT BeJHuHHA a OJH3Ka K HYJIO.

11.28. a) IIpoBeputs, uto npeobpasoBanue

1 .
x=Qcosyt+%Psmvz‘,
p = — moQsin y¢ 4+ P cos y¢.

ABAseTCS KAHOHHUeckKHM. Iloayuuth HOBylo ¢yHKkuuio la-
muabtona H’(Q, P, {) ans ocuuansTopa ¢ mapaMerpHue-
CKHM BO30YXKASHHEM:

__B'l_ mw?x?
H= 2m + 2

(1 — hcos 2y1).

6) Ycpennurs H'(Q, P, {) mo nepuoay 2a/y u uccue-
JI0BaTh KauecTBEHHO JBHXKeHHE TOYKH Ha ¢(as3oBod mio-
ckoctd Q, P. TMpunsats A< 1, e =1 —y/o < 1.

§ 12. Ypasrenue I'amnabTOHa— SIKOGH

12.1. Hafitu TpaexTOpHIO M 3aKOH ABHKEHHS YaCTHLEHI
B mosie U(r) ¢ momowpio ypaBHenus I'amuabToHa — SIko6u:

2,9 2,2
mwix mesy

2 2 °

a) U(r)=—Fx; 6) U(r)=

12.2. OnpenenuTb TPAEGKTOPHIO M 3aKOH HBHIKEHHA dYa-
cTHUBI, pacceuBaemoii B moge U(r) = ar/r3, Tpaekropuio
BEIPA3UTh uepe3 KBajipaTypel, a npu Ep?>>a—wu ananu-
tuyecKd. CKOPOCTb 4acTHIL A0 PaccesiHHsl HalpaBJjeHa Mpo-
THBOTIOJIOXKHO BEKTODY a.

12.3. HafiTH ceueHde paccessHusT Ha MaJble Yrabl 4a-
CTHI, CKOPOCTb KOTODBIX JAO paccesiHusl HampapjaeHa Ipo-
THBOIIOJIOXHO OcH 2, B noJe U(r):

2
a) U =228 6) U =22 5 Ur=22

153

12.4. Halitu ceueHHe NajeHHs] 4YacTHI B UEHTP [O-
aa U(r):

a) U(r) =5 6) U (r) =

>
r r

ar
5

r ’
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DUM=5—74: U=

~
~

Yepennuth ceuenue, npeanoJiaras BCe HanpabJeHHs a DaB-
HOBEDOSATHBEIMH.

12.5. Halitn ceueHHe majJeHHS YacTHL Ha IapHK pa-
auyca R, siBasiomuiics uentpom noas U(r) = ar/rs.

12.6. OnpepenuTh TPaeKTOPHH H 3aKOHH  JBHXKe-
HHAl YacTHL, pacCeHBaeMbIX H MNafalOMHX B LEHTP NoJaA
U(r). TpaexTopuio BbIpa3uThb Yepe3 KBajpaTyphl, a IpH
Ep?>>a — u aHaJuTHYECKH.

Ilas nepBoro noJis HAaHTH aHaJHTHUECKOe Bhipax<eHHe
TPAeKTODHH 4YacTHUB mNajawomell B nentp npu Ep’<Ka.
CKOpOCTb yacTHU A0 pacCesiHHs napaJijiejbHa OCH 2,

a) U(r)zacrosz; 6) U(r) = — a(l—rl-zsine)-

12.7. HafiTu TpaekTOPHIO H 3aKOH [BHXXEHHS YaCTHIIH,
najatomelt B ueHtp moasa U(r) = ar/r3. Ha Geckoneuyno-
CTH YacTHIA JeTHT BIOJb NPAMOH y = p, x = — ziga, rie
p — NpHIeAbEBR napaMerp (BeKTOp a mapaJJiesieH OCH Z,
Haua/JbHble chepHUecKHe KOODAHHATBl YaCTHUBI & = 0o,
0 =a—a, ¢ =10). TpaekTopHIO BHIpa3uTb uepe3 KBaipa-

2
TYpH, a npu a? << 2%-<< 1 — 1 aHa/JHTHYECKH.

12.8. a) Onpenenuth TpaekTOpHIO (BHIPA3UTH 4Yepe3
KBaJpaTypbl) (HHHUTHOTO [BHXKEHHS 4YacTHUbB B [oJe

U(r)=acose——-ori npu M, = 0.

r2

acos 0 p
acos ¥, ¥

6) To xe ans mona U (r) = —; o

12.9. IIpn KakOoM YCJOBHH TpaeKTOpHs, HaliieHHas B
npeablayllell 3afaye, OKaxeTcs 3aMKHYTOH?

12.10. OnucaTh KayeCTBEHHO XapaKTep [IBHIKEHUs da-
CTHIBL H BHJ TPAeKTOPHH B moJje

12.11. TIpn Kaxkux 3HAYEHHAX MOMeEHTa HMIOyJabca M,
YaCTHIBI BO3MOXHO (PHHUTHOE ABHXKeHHe B noJe U(r)?

) U =2 220 g ur=tel_2

r? r

Kak BBITVISAHT DIPH 3TOM TPaeKTOPHA?,
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12.12. HaiiTn ypaBHeHHe TDPaeKTOPHH H 3aKOH JBHXKE-
Hus yacTHUH B noJe U(r) B napaboauuecKHX KOOpAMHATAX!

a) U =—2; 6) U(r)=—=—Fr.

B caysae 6) oOrpaHHuMTbC paccMoTpeHueM (GHHHTHOIO
JBHXXCHHS, TPAeKTOPHIO H 3aKOH JBHXKEHHSl BBHIPA3HTb B
KBajpaTypax.

12.13. 2Bqu;pH gnanxoro yIpyroro 3JJumncouia Bpa-
LeHHS E-Z—I—Z—z—{-i—z:l JABHXXETC 4acTULa, BHIJIETEB-
Wwas K3 HayaJla KOOPIMHAT NMOX yrioM o K ocH 2. Haiitu

obaacTd aaaunconia, Helo-

< CTYNHBIE /5% Y4aCTHILHL.
12.14. Hafitn TpaexTOpHIO
7y ry yacTHUB  (BHIPA3UTH  4Yepe3

KBaZpaTypel) B TOJ€ JBYX
KyJ0HOBCKHX LenTpoB U (r) =

z a a
7; g == 3 (puc. 63), ecau
1
Puc. 63. CKOPOCTb 4aCTHIE Ha 0ecKo-

HEYyHOCTH mapaJJjenbHa OCH

0,0,z. Onucatb ABHIKEHHE YaCTHILH, «mapawpuei», Ha «JIH-
no/b», o6pa3oBaHHbI#l NaHHHIMH LlEHTPaMu.

12.15. Kopotkas MarHuthas JHH3a 00pasoBaHa NOJEM,

1
onpeaeseMblM BEKTOPHBIM NOTEHIHAIOM Ay = - r#,(2),

A,=A,=0 (.(2z) oTaiHUHO OT HYJAA B obaactu
|z] <a). HUs roukn (0, 0, 2) Ha JHH3Y TDajaeT nyuyoKx
3/71eKTPOHOB, OJH3KHX K OCH 2. Hafrru Toury (0, 0, 2;), rae
nyuok Oyaer cookycuposad. [Ipemnonaraercs, 4TO Zo,
> a.

Ykaszanue, MHurerpan ypaBHenus [aMHAbTOHA —
fIko6u HOKATb B BHJE Pa3/OXKeHHS MO CTENEHAM

2
Szl =—Et+po+i@+r@+50@+...
12.16. MarnuuTHasg Ju3Ha obpas3oBaHa rmoJieM, onpeje-
AfeMbiM BEKTOPHBHIM TNOTeHLHanoM Ay = —;— r36,(2), A, =

=A,=0, rie #,(2) = id M3 toukn (0, 0, 2)

1 4 =n2z?*
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Ha JIMH3y [MajaeT OY4yoK 3JEKTPOHOB, OJH3KHX K OCH 2.
HaiiTy TOukH, B KOTOPBIX OH O6y1eT cpOKYCHPOBAH.

Yrkaszaunue. [loausilt uurerpaa ypasHenns [amunb-
tona — $Iko6u ucKaTh B BHIe Pa3JOXKEHHS M0 r.

12.17. Kaxkum o06pa3oM MOXKHO HaHTH JOeHCTBHE Kak
(GYHKUHIO KOODAHHAT W BPEMeHH, 3Has [OJHBIH HHTErpaJ
ypaBHenus [ amuabToHa — JkoOu?

12.18. CdopmyaupoBaTb H [0Ka3aTb Teopemy 00 HH-
TErPHPOBAHHH YPABHEHHH IBHXKEHHA C MOMOLILbIO MOJHOTO
HHTerpaJa ypaBHeHHS

aS aS
% H(=5 . 1)=0

rae H(q, p, {)— ¢byukuus [amuaetona. (¥YpasHenne la-
MHJAbTOHA — $IKOGH B p-npefcTaBJ/eHHH.)

12.19. C nomouibio ypasHeHHs ['amuabtoHa — SIko6u B
p-TIPEACTABIEHHH HAATH TPAeKTOPHIO H 3aKOH JBHXKEHHS
YaCcTHIE B OLHOPONHOM nOJe.

§ 13. AnnabaTuyeckne HiEBAPHAHTH

13.1. Ha wutu, nponyuleHHOH uepe3 KoJeuko A
‘(puc. 64), mnoaseuweHa dyactuua Macchl m. Onpenenutsb
CPenH0 cualy, neficTBylollylo Ha KoJeduko A cO CTOPOHH
HETH [0pd  MajdblXx KojMeDaHUSAX MasTHUKA,

Ha#itu u3MeHeHHe 3HePrHH MasATHHKA IpH Lz
MeaJeHHOM BepTHKaJbHOM IepeMelleHHH KO- 7
Jeyka.

13.2. Yactuua ABUXKeTCS B NPAMOYroapHOR
NOTEHUHAALHOR AMe WHPHHH [ HalTH, KaK u3-
MEHSIeTCSl 3HEPTHs YacTHIE M[PH MEAJEeHHOM
H3MeHeHHH [, paccmarpHBas CTOJKHOBEHHs
YACTUIBI CO KCTEHKOW» SIMBI.

13.3. IHapuk, Haxoxswufica B Jaudre,
NoJACKaKHBaeT Hajy ynpyro#i maurtof. Kak us-
MeHsleTCs MaKCUMaJ/bHasi BLICOTA, Ha KOTOPYI) P
NOAHHMaeTcs WAPHK, KOTJa YCKOpeHHe JH-

T2 MeaJjeHHo H3MeHseTca? Kak menserca BHl- Puc. 64.
COTa, ecqH MJUTAa MeEJJeHHO MNOJHHMAaercs?

13.4. Kak namensiercst sHeprus uactuusl B noje U npu

MeJlJIeHHOM H3MeHeHHU NapaMeTpoB MoJas?P
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a) U= A(e—2x — 2e—); 6) U= — c’—_hl;,oax;
B) U="U,tg?ax; r) U=A|x"

VY kasanue MoxeT oka3aTbcsl yA0GHBIM HCNOJb30BATh
dopmyay ([1], § 49)

0l
T = QJ'L EE'

13.5. Uactnua asuxeTca no HakJOHHOR naockoctd AB
(puc. 65), ynpyro oTpaxasick oT cTeHkd B Touke A. Hail-
TH, KaK H3MeHsieTca MaKkcuMaJ/bHas BbICOTA NOAbEeMa 4acTd-
Ubl IPY MeAJeHHOM H3MeHeHHH yIia a.

13.6. Kak u3veHsercsd aMILIMTyla KoJjeGaHHR MaATHH-
ka OA (puc. 66), Haxoasumerocss B HAKJOHHOH MJOCKO-
CTH, NpPU MeNJeHHOM H3MEHeHHH YT-

Jaa a?

13.7. Hafith apuaGaTHYeCKHH HH-

BAPHAHT AJAS MaTeMaTHYeCKOro masir-

HHKa, He rmpeanonaras KosjeGaHus 0
MaJbIMH.
8
A~ & ov
A A
Puc. 65. Puc. 66.

13.8. Bnoap npsamoit OA (puc. 67) MOryT ABHTarthed
IBe YaCTHUBI, OpeicTaBisioulHe cobofl ynpyrHe WapHKH
MaJjoro painyca, MacCel KOTOPBIX COOTBETCTBEHHO m H M,
npuyeM m < M. B Touke O uactuuma m oTpaxaetrcs OT

R R/ fl A e - o7
/4 A M m M
Puc. 67. Puc. 68.

ynpyrofi crenku. [Ipennonaras, uto B Haya/JbHEIA MOMEHT
CKOPOCTb JIETKOH YacTulln ropasao 0oJbuie CKOPOCTH Td-
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JKeJof, ONpEAENUTh 33aKOH MABHIKEHUS TAXKeJOH UaCTHII,
yCpeIHEHHEIH 0 «NIePHOAY» JIBHKEHHS JIETKOH,
13.9. B asToli 3azaue paccmaTpHBaeTcs MOJeJb HOHA

H}L. JIBe yacTHBn Macchl M M HaxoAfllascss MEXAY HHMH
yacTuna Maccel m < M MoOryT ABHraTbhcs TOJABKO BAOJb
npsimoft AB (puc. 68). Jlerkas uyacThlla NPUTATHBAETCA K
KaXI0R H3 TSKeJHX C I[OCTOSIHHBIMH CHJAMH f, a INpH
CTOJIHOBEHHSIX OTpaxaercs ynpyro. OnpenenuTb 4acToTy
MalblX KoJeGaHHH pACCTOSIHHS MEXKAY TSKEJABIMH YacTH-
naMH (yCpefHHB 1O JBHIKEHHIO JIETKOil).

13.10. PewnTh METOAOM NOC/JEAOBATENbHBIX OpUGAnKe-
Huil ypaBHeHHs 3afauu 1l1.1,a n1s P u Q B cayyae, Kor-

JAa yacToTa HM3MeHseTcss MelJeHHO (0 € 0% o0 € 00), C

TOYHOCTBIO [0 NEePBOTO IMOPAAKA NO ®/w? BKJIIOYUTEIBLHO.
B uem npeumyluecTBo nepemeHHelx P, Q mepex p, ¢ B
3TOM cJydae?
13.11. Y6enutncs, ut0 ¢=0""2exp i{ odf yposaersops-
eT ypaBHeHHIO ¢+ ©?({)g==0 C TOYHOCTbIO 10 MNEPBOro no-

psiika N0 ©/w? BKIIOYHTEJbHO.
13.12. Ha ocuuaastop neficrByer cuia F(f). Haiitn

1
3aBUCHMOCTb ajnabaTHUECKOTO MHBAapHaHTa =5- pdg

OT BpeMeHH.

13.13. Hafitu cBsI3b MeXay o0beMOM M NaBJAEHHEM «ra-
3a», COCTOAMUIEr0 M3 YacTHL, KOTOpLIE ABHXYTCH napas-
neabHo peGpam BHYTpH KyGa, pasMep KOTOPOTO MeIJEH-
HO H3MeHseTCs.

13.14. YactHua ABHXKeTCS BHYTPH YIpyroro mnapadgJe-
Jenunena. Kax naMedsieTcsl SHeprus 4acTdl, ecau:

a) pasmephl mnapaJJesenuinena MelJeHHO H3MEHANTCH,

6) napanJjesenunes MeAJEeHHO MOBOPaYUBAETCS?

13.15. Yactuua ABHXercsd B Cjepe ¢ YNPYTHMH CTEH-
KaMH, pajnyc KOTOpO# MeJieHHO HaMeHsercs. Kak name-
HseTCS NPH 3TOM SHEPrHsl YaCTHIBl H YroJ, MNOJ KOTOPbIM
OHa HaJeTaeT Ha CTEHKY?

13.16. Kak usMmeHnseTcss 3HepPrusi 1 TPAeKTOPUS YACTHIUEL,
copepmatomeli (uHHTHoe ABMKenune B nose U(r) mpw
MelJeHHOM HaMmeHeHud Kosddunuenra y?

ar

) U=—yp— (0<n<2; 6 U=%+7%

r
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13.17. HafiTn u3MeHeHHe 3HEPrHH YacCTHUH B UeHTPa/b-
HOM NOJie NpH MelJeHHOM <BKJ/AIOUEeHHH» MaJjoH 100aBKu
K noJwo SU(r).

13.18. HafiTn 3aBHCHMOCTb OT BPEMEHH 3HEPTHH CHCTe-
MBI JIBYX CBf3aHHBIX OCLHAAATOPOB, GyHkuus JlarpaHxa
KOTOPOH HMeeT BHJ

L= (2 + y* — 0lx? — ay® + 20xy)

NpH MeMJEHHOM H3MeHeHHH ©;. Kak H3MeHseTcs TpaekTo-
pust TOYkH (x, y)?

13.19. IlycTh cBfA3b OCUMAIATOPOB B Npejabiayiiefi 3a-
Jade Mmajna: a<<mf_2. [lokaszath, uTO agHabaTHYECKHE HH-
BapHAHTH, BBIYHC/IEHHBE B NpeHeOpexeHHH CBA3BIO, €O+
XpaudoTca BAajsu OT 06G/1acTH BHIPOXKAEHHA (®; = @2) H
pPe3KOo H3MEHSIOTCA NpH MelJeHHOM NPOXOXKIAEHHH 3TOH 00-
NaCTH.

13.20. B kakofi o6nactd o;(f) OyAyT CHJILHO MEHSThb-
¢ aadabaTHyecKHe HHBADHAHTBL OCHUJMJIATOPOB, eC/IH
cBA3b HMeeT BUI 8U = px2y?

13.21. OunpeleuTb MHHHMaJbHOE pacCTOsHHe, Ha KO-
TOpoe NpHOAH3HTCA K pebpy ABYrpaHHoOro yrJja o YacTd-
a, yopyro oTtpaxamwiiagcs ot ero rpaHed. Ha paccros-
HuH [ oT pebpa yro.a nafeHHst 4acTHIUBI HAa I'DaHb PaBeH .

3agauy pemIuTh ABYMS cnocofaMH: MeTONOM OTpaxe-
HU# (TOYHO) H ¢ NOMOWIBI0 anHaGaTHYeCKOro WHBapHaH-
Ta — B cAyvyae MaJHX & H @o.

13.22. OmnpenenuTs rpaHuubl 06.1acTH, B KOTOPOWH JBH-

xKercst hmexmy ABYMsSl YOPYIHMH NOBEPXHOCTAMH ¥ ==0 u
JLaCil X

Y= 5o UACTHIA, BbIeTeBllas M3 Hayaja KOOPAHHAT
NoJA yrJioM @ K OcH ¥ B IJIOCcKoCTH xy (a, ¢ < 1), u nepuop
KoJeGaHull BIO/b OCH X.

13.23. Kak H3MeHATCS pagHyc H MOJOXKEHHe LEeHTPa
OpOuTBbl 3apsAXKEHHOH YacTHUBl IPH ABHXKEHHH B OJHOPOJ-
HOM MarHuTHOM noJe, MeLJeHHO H3MeHSIOIeMCs MO BeJH-
ynne? BexTOpHBIH MOTeHUHas  BHGpaTh B BUAe

a) A= (0,56x,0); 6) A4, =4,=0, A¢=%%r.

OO0BACHHTD, OYeMy pe3y/bTaT 3aBHCHT OT BhiGopa A,
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13.24. BuiuHcauTh agvabaTHYECKHE HHBAPHAHTH  AJIS
3apsAXKEHHOTO OCUMJIIATOPAa B OXHOPOAHOM MAarHHTHOM
noJe.

13.25. a) Onpepesuts aAnaGaTHYeCKHE HHBAPHAHTH
s 3apsSXKEHHOT0 aHH30TPOMHOIO TapMOHHYECKOTO OCILHJI-

o o m
JAsiTOpa € NOTeHUMaJbHOH 3Hepruelt U (r) = - (03x? +

—{—m%yz—{—m%zz) B OJHOPOJHOM MATHHTHOM noje M, ma-
paJJesbHOM OCH 2. BeKTOpHBIH MOTeHIHAJ BHIGpATh B BHAE
A= (0, 5x, 0).

6) Ilycts BuHauvane H =0 H TpaekTopus OCLHJIJISTO-
pa sanosnnser npamoyroabHuk |x| <a, |y] <b. Kakum
CTaHeT €ro ABHXKEHHe, ecJH MATHHTHOE NOoJe MeNJeHHO
Bo3pactaer A0 OOJbLIOH  BeJHYUHH  (Tako#, d4TO
W 5 = eFB/me > w1,5)?

B) I[lycrs MmarnuTHoe nDoJe cJuaBoe (m%<< 01 — 0,)
H BHauajJe OCHHANATOD KoJebJjeTcss MOYTH BAOJAb OCH X.
Kaxum craHer ero ABHKeHHe, eCJH BeJHUYHHA @, MeJeH-
HO YMEHbIUASICh, [OCTHTHET 3HAUCHUA ®] < ®y TAKOTO, Y4TO
m%<<u)2—u)'i?

13.26. Yactuua coBepliaer (GpUHHUTHOe ABHKEHHe B MJO-
CKOCTH, MepNeHAHKYJspHOH MarHUTHOMY aunoaro m. Kax
MEHSIeTC 3HepTrHs YacTHUBl NPH MeNJeHHOM H3MEeHCHHH
BEeJHYVHEL M?

13.27. Haiitu nepuon KoJeGaHHH 3/1€KTPOHA BAOIbL OCH
B MarHMTHOM JIOBylIKe. MarHuTHOe mojle JIOBYLIKH CHMMeT-
pPHYHO OTHOCHTEJbHO OCH Z, pHueM Hy, =0, 3, = 7, (2),

Iy =— —;:-%; (Z)
) 9, () =3, (1 + 1 the L),

6) %, (2) = %0(1 + Z—Z)

13.28. Kakx H3MeHAIOTCA 3HEPTHs 3JIeKTPOHAa H Nepuoj
ero koJebanuil BIOMb OCH 2 B MAarHWTHOH JIOBYIIKe, OMH-
CaHHOH B Npeablaylled 3agaye NPH MeAJEeHHOM H3MEHeHHH
napaMerpoB nons b, A, a?

13.29. Halitn nameHeHHe 3HEPrHH YACTHUL B LEHTPAJh-
HoMm novsie U(r) mpH MeldJleHHOM BKJIOYeHHH C1a60ro OLHQ»
poaHoro mMarsuTHOro noas .
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13.30. Kax u3BecTHO, NPH HAJHYUH BLIPDOKAECHHS HABH-
JKeHHsl YBeJHYHBAETCA YHCIO OJHO3HAYHBIX HHTErpaJoB
NBYXKeHHs. YKasaTb MHTerpajbl ABHXKeHUA B noJe

me?
U =T (x* + 497).
13.31. Hafitn nepemeHHne JeficTBHE — yroJ jaas cJje-
AYIOUIHX CHCTeM:
a) OCLHJIIATOP;
oo npu x<<0,

Fx opu x>0.
13.32. Ins1 yacTHUB B MEPHOIHYECKOM TOJIE

6) uacruua B noae U (x) = {

0 nopu na<x<(n—j—~%~)a,

U(x) = |

V npm (n+-_—2—)a<x<(n—j—l)a,
n=0, &1, £2,...

B cayuae E >V mnposectH KaHoHHYeckoe npeol{pa3ona-
HHE ¢ Tpou3BoAsalleli QyHKIHeNH

S(x, P)= [ VomIE = U (x)]dx,
0
rae E(P) Bripaxaercs H3 PaBeHCTBa

P=|VomiE=U®dx.
0



OTBETbl W PEWWEHHUA

§ 1 UnTerpupoBaHue ypaBHeHHH ABHIKEHHUS
¢ 0aHO# cTeneHblo cBOGOAbLI

1.1. a) lo HauanbHBIM 3HaueHusM x(0) u £(0) onpenensiercs sHeprus
gactunbl E. JlanbHeliice ee 1BHKeHHe HAaXOJHTCA H3 3aKOHA COXPaHEHHd

SHepruu

mx? _
—2——}—U(x) =E.

(1)

Mpu E=0 vacTuua MOKeT ABHTa1bcad B OBMACTH XZ=X; — JBHMKeHHe
uHouHuTHO (E=E’ ua puc. 69). INpu E<<0 (E=E") yactuua geuxercs
B obnacTn Xo<<x<CXs, NBHXKeHHe puHuTHO., Touky moBOpOTa Ompefens-

o1csa B3 popmyan (1) U(x:) =E:

1 ‘AA FE)— A )

x1=zlnv—/(—g—)—- mpr E >0,
In2

x1=—--a—- npay E=0,
1 , AT VAA=TE]D

x2'3=—a—rn TE] npu E L0.

Uz (1) voayuaen

m

=V z SVE To

x(0)
OTciona
1 A—VA@A=TE])cos{at VI]E|/m +C)
x )= = In (]
ompu  E <0,
1 1 Aa?
x(t)———-a—ln[‘? +—,,—l-(t+C)2] nmpy E =0,
| VAUAFEch(at VIEIm +C) —
x(f) = = In Z

mpy E>0.

@

3

)

)

(6)
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Mocrosinusie C onpefeasioTcss HayalbHbIMH 3HaueHHaAMH x(0), Hanpumep,
B (4) npu x(0) >0
A— I E I ec(x(O)
VA—(A=TEN)’
Toukn nosopota (2) Takxe Jerko HafTH u3 (4)—(6).
Hsnxenne npy E <0, corsacHo
174 (4), nepHOgHYECKOe C NEPHOJAOM

[ T_i"_ ]/... Ecnu E Gausko K

C = arccos

MHHEMaJbHOMY  3Haueduw U(x),
o PpaBioMy Umm=U(0)=—4 (r.e

L
2z i A—|\E|
| £ ! E=——1‘4—<<I,TOHEPHOJIT"&:
e n VZTn
=Ty \l—5 | To=— Z

) ——
&

A

Puc. 69. cnabo 3asucHT ot E. B atom cayuae
(4) MOXKHO 3anHcaTh B BH/E

x(t)=—%ln(l—e)—{—-;—ln[l—'[/é-cos(-zTEt—{—C)]z

&—%cos (i—r:t—{—C). (7)

YacTuna npH 3TOM COBEepUIaeT rapMoHuyeckue KojedaHHA BOJIH3H TOUKH
x=0 ¢ amnnTyn0lt /g /e, Onpenensiemoit pagnoctbio E — Umin, 1 C ya-
cTOTOM, He 3aBucsllell oT sHeprud. Takoil XxapakTep ABHXKeHHs npH E,
6s13KOM K Umin, HMeeT MecTo nout B juoGoM none U(x). (ITogpobuee
06 sTom cM. B § 5.)

Mpu Ez=0 yacrdua, ABHXKYLIAscst CnpaBa, AOXOAHT A0 TOYKH NOBO-
pota x; (cM. (2)), noBopaunmBaeT Ha3ad H YXOHHT Ha GECKOHEUHOCTb.

ITpu 9TOM CKOpPOCTh ee CO BPeMeHeM CTPeMHTCH K V 2E/m cepxy.

6) x(¢) = % Arsh []/'—%%ﬁ sin (et VZ1E [/m + c)]

npn E <0,
x(t) =+ % [VE U (at V2E/m - C )] npn E>0,
%(t) = + — Arsh (ot V3Uylm + C) opn E=0%).

*) Atshx = In(z+ Y@ZL1).
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B) x (f) = % arcsin [Vﬁm sin (af V“—wﬁ) + c].

Ilouemy B HekOTOpHIX (OpMy/Nax fPUBEAEHHHIX OTBETOR 3HaKH
IBOHHbBIE?
%o
1+ ixe V2AIm'
MPOTHBOMONOXKEH 3HAKY }c(O). [Tycts nns onpenenennoctd x(0) >0. Ipn

£(0) >0 =acTiua yxoAHT Ha OGECKOHEUHOCTb 3a BpeMs )/ m/2Ax§' Pasy-
MeeTcs, peajbHO pedb MOXKET HATH TOMLKO O GOJBIIOM, HO KOHEUHOM
paccTofiHUY, 40 KOTOPOTO npocTHpaeTcs 3afatHoe noxe U(x).
Ipn £(0) <<0 wacTHua acHMOTOTHYECKH NPHOAHKAETCH K TouKe X ==0.
1.3. BGausu ToukH oOCTaHOBKU v

1.2, x(f) = Xo == x (0), 3HAaK B 3HaMeHaTele

U(xy=E-— (x—a)F, rge F=
==—{/'(a), 1. &. MOXKHO CYATATH, 4TO c
JBHXKEHHe YacTHUbl NPOHCXOZHT nopf  * i
ZeficTBHeM nocTosiHHOH cHanl F, Cun- !
Tag, 410 x(0) =a, nonyyaem f
)
Fe2 !
— — 2z
x(y=a+ 5. a
Tounocte 3Toft Qopmysan yOuiaeT Pruc. 70.

NpY yOaJeHHH OT TOYKH x=a.
MaJsieHbkH OTPE30K NYTH § BAAJH OT TOYKH OCTAHOBKH HacTHOA
NPOXOAMT 3a BpeMa TwS. Ec/H Ke OTpe30K NyTH NpPHMHKAEET K TOMKe

OCTaHOBKH, TO /A €ro NPOXOXAeHHR HeoGXo@HMO BpeMa T==Y2ms/|F|,
T. & Teo /5.

Ecmu U’(a) =0 (puc. 70), to pasnoxenue U(x) ueoBxoanmo mpo-
HO/IKHTD [0 CJELYIOUIEr0 Y/eHa:

U (x)= E—{—% U” (a) (x — a)8.

B stom cayuae x({) =a+se*M, rpe s=x(0)—a, Al=— , @3HaK

U" (o)
m
B TNOKa3aTene Onpede/seTcs HanmpaB/JeHHeM CKOPOCTH B HadaJbHBIA Mo-
MenT. JI/18 NMpOXOXAeHHR YyuacTKa NYTH O TOYKH OCTAHOBKH 4YacCTHIE
Heo0xoauMo 6eCKOHewyHO GoJblloe BpeMs.
14. Ecom U”(a)#0, 10 Tlne, rae e=Un—E. Ecm

—n=2

2n

U’ (a) =..=Ur"D(a) =0, U (a) %0, T0 Tt .

1.5, a) lpu manom e=E — U, wacTHua ABUKETCA Me[JIeHHee BCe-
ro BG/iH3H TOYKH x==a, [lo3TOMy B Bechb mnepuHos [ABHXKeHHA T MOXHO
OUeHHTh 0O BpeMeHH I mnpoxoxienus (Tyaa H o6pathHo) MaJjofi
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OKPeCTHOCTH 3TOR TOukH a — § << x<<a+6:

a+6
dx

VE=U® T

B okpecTHocTd x==a npeactasuM U(x) B wune U()=U -

T,=Vim

o—

-—--;:-k(x—a)z, rne k=—U"(a). [lpn 10CTaTOUHO MalOM & MOXKHO

BbI6paTh 8 TakuM, uToGE CKOPOCTb U HAa FPaHHLAX HHTepBaja Onna MHO-
ro Gosabiie MHHHManbHOH (npu x==q)

mot k82

7~ >

# B TO e BpeMs 4To6H Guio 8K L=1x,—xy, T. €.

&
]/T<<G<L=x2—x1.

2/262

T1=2}/m ) (1)

Toraa

Bpems T, .ABWKeHHs 4YacTHUH Ha YydacTKax x<xyx<<a—3§ wu

a+8 < x < xy YLOBNETBODPSET YCJAOBHIO
1<y v R

C yMeHnbllenHem & peauunHa T'; Bo3pacTaer, MO3TOMY NPH HNCTAaTOYHO
MaJblx & okasupaercs T;<T) H JJ9 OLEHKH TepHOoAa ABHKEHHS MOXKHO
BOCNOB30BaTLCS GopMyaor (1). Sta dopmyna obGrafaerT acHMNTOTHUe-
cKoil TouHocTbio. Ee OTHOCHTenbHas oOMWHOKAa CTPEMHTCA K HYJAIO, Kak
In~le, npu €+ 0. Ho ¢ Toil xe snorapudMuuecKol TOUHOCTBIO MOXHO
saMeHHTb B (1) 8 Ha L B onycTuTh MHOXHTeAb 2 MO 3HaKOM Jorapugma;

o kL3
T=2]/—k— In—-. P

Ecan U”(a) =0, U =—K==0, 10

T=1 9_,,,_,.,“” TS (A e
=1(ex) | e = 1o (i)
0

npHYeM OTHOCHTEeNbHAs OWMGKa CTPEMHTCA K HyJwo, Kak &%, mpn e—»0,
6) Ecan waGaionato 3a ABHXKeHHMeM YaCTHUW B TeueHHe BpemeHH,
GosbuIOro no CpaBHeHHIO ¢ NepuofoM 7, TO BePOATHOCTb OGHAPYKHTb
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4acTHLY Ha y4acTKe OT X A0 X+dx

ar __ Vemdx
T "TVE=U®

w(x)ydx =2

1/2_/;1 dx

rae 2d{ — ppems HaXO0MAeHHS YAaCTHUB HA yyacTke dX 3a nepuoj. 3asli-

CHMOCTH MJIOTHOCTH BePOATHOCTH
KOODAMHATH W OT X MpeAcTabJje-
Ha Ha puc. 71.

PaccmaTtpuBaeMoll BepOsATHO-
¢t w(x)dx cooTBeTCTBYeT 3a-
WTpHXOBaHHAA mJowans (BCs
nJotaas NoA KpHBOH paBHA elH-
nune). [pu gocTaTouno madnbix e
OCHOBHOM BKJI2A B MJIOUIAAb MO
KPHBOH Jaer nJowianb Mo LeHT-
pajibHbIM MAaKCHMYMOM, paBHas
TYT. Xora w(x) —» o0 mpH

w

Ty TTHr  a &y
Puc. 71.

X —» X),2, BKJlad Y4acTKOB BOGJAM3H TOUYEK OCTAHOBKH OTHOCHTEJbHO Mall.

- 1 dt
B) W(p)dp=—f§ ey

| dp
dp:-T
k

au (x,) |’
dx

2
rae X, =x;(p) — pasinyHble KOPHH ypaBHeHHﬂQE"T+U(x)=E.

Ipadux @(p) n3obpamen wa puc. 72, py=1) 2m(E—U_),

pa= V2m(E = U ()], Py =V2em{E=U{(8)].
lu\)l
[/ ' 1 1 ] j
! I | i 1 |
! 1 | |
I I 1 | 1 |
t I 1 i | I
I | 1 ! i i
1 I 1 i | !
! ) 1 I
N L
“Ps ~Pp  hy B P PP
Puc. 72.

r) Jluunn E(x, p)=const (¢asoBble TPACKTOPHH YACTHUH) NPUBE-
IeHH Ha pHC. 73, rae KpHBble NPOHYMEPOBAaHW B NOpsAKe BO3paCTaHHA



78 OTBETHl ¥ PEHIEHHSA 1.8

stepruy. [Ipu U(c) <E<<U,. ¢azopas Tpaektopna 2 nsycssizua. Ctpen-
KH YKa3blBalOT HalpapJeHHe [IBHKEHHS TOYKH, H306pakKalolleldl coCTOstHHe
YaCTHLH.

1.6. 3a Hayano oTcueTa MOTERUHAJALHOH 3HEPrHH NPHHHMAEM HHXK-
Hio10 Touky. [Ipy E=2mgl umeem

q>(t)=-—n-[—4arctg(e

(p — yroa1 OTK/IOHEHHS MasiTHHKZ OT HHXKHEro MofaoxeHHd). 3HaK B mo-

Vgl 90+ n
tg

7 KazarteJe coBnajaer co 3nakom ¢ (0).
\ MaATHUK aCHMNTOTHYECKM npHUOJIA-
KaeTcds K BePXHEMY IOJIOXKEHHI,

Tlpu 0<< E — 2mgl<2mgl masr-
HHK BpallaeTcsl, MeAJIEHHO <mepeBa-
JHBasi» uyepe3 BepXHee IOJOXKeHHe.
[Tepuon o6paiieHnsi MOXKHO OUEHHTD,
HCTOJBb3Yst pe3yabTar (2) mpeabiay-
mef 3apaun: -

T=']/ I" —2mgl’

Puc. 73. 8y = 4n’mgl,

1.7. Yros OTK/IOHEHMs MafATHHKA OTCYHTBIBAEM OT HHIKHEro 1oJoe-
1 .
HHA. DHeprus F — 5 mi2q? +mgl(l — cos ¢). IlycTe B MoMeHT £ yron

@ (fo) =0 u nas onpenenentocTH ('p(to) >0. Beens k="VE/2mgi, Hmeen

2 ¢ SV ]/kz - 51n2—-— e N

Tipr k<<l MaaTHMK KoNMeBieTCsi B nNpelefax —@n<Q<@m H

P 1
k= sin %’2 Honcranoskoit sin §=7 sin "%)'HHTe[‘paJI (1) mpusomuTt-

T
cfl K BUAY *) = ]/_"é‘ F (& k) +1o.,

dt
*) Oyuxuusit F (§, &) = S. W_Tax Ha3blBaeMHA He-
0

NOJHBIA JIMITHYCCKHA HHTerpas nepsoro poaa. Ecam w=F(%, &),
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Orciona

¢ = 2 arcsin [£sn (u, k)], u=(t—ty) V%

VT ( ‘Pm)
T=14 EK sin -~ .

B npenesnbHbix ciyuasx (cp. ¢ 3amaved 1.4)

‘/T o,
T=2n r I""IT npu q)m<<1,

IT 8
T=4Y _Elnn—q)m mpn n—g <.

[Nepnon kosneGauuit

[ps £>1 maaTeuk He KoaeGjgeTcs, a spamaetca. Ms (1) noaysaeM
1 V T (o 1
= T .E F (_2—’ 'k—) + tO’
: ! 3
@ =2 Arcsin sn \% 7)), u= k(t —tg) T

[Tepuoa o6panieHns
21/ 1 1
=+ Vx (T)

B yactHocry, npu E — 2mgl&2mgl nonyuaem

T __ By
T= ]/ In E — 2mgl

To B Bhipamaerca uepe3 OJHY H3 3QJHNTHYeCKHX GYHKUHA Axkobu —
sqaHOTHUECKHE cumyc: sin E=sn(u, £). [lonHnM  3AnUNTHYIECKHM

b4
HHTErPajoM [epBOro poja HasuiBaerca ¢yHkiuus K(k)=F(—2', k).

Tlpusenem Takxe GOpMyan AJs ABYX HPeleNbHEIX CAyuaes:
4 k2
K(k)=-§(l+z) npu kg,

1 16
K(k)y= 5 Iny—m npn 1—-kl.

Tabapubl 1 GopMyan 9THX (YHKUHA MOMKHO Ha{iTH, HampHMep, B {10].
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rie =32 mgl. dtoT pe3yabTaT OTIHYAETCH OT AOBOJbHO rpy6oil oueH-
KH, Clef1aHHOR B Npeabiaylled 3aaaue, 3HaYeHHeM NOCTOSTHHOH Eo, T. €. HA
qHcno, He 3aBucsllee ot £ — 2 mgl.

1.8. 3akon ppmkenust B none U(x)+6U(x) onpemensercs pa-

BEHCTBOM
. x
m dx
tzl/TSyE—U(x)_aU(x) )
a

(x=a npu f=0). Paanzraa nogpiHTerpanoHoe Bbpa:keHue B (l) mo
crenensam 86U (x), nonygaem

t=ty(x) +8¢(x), @
rae
i dx ’
to (x) = 1/—’;‘— _Y VE—0@" ®)
8¢ (1) = 1/ m SU _ U xde dx (4)

JIE—U (E—U@P?

ITycte 3akoH gBHikeHHs B otcytcTBHe mompaBku OU(x), ompelens-
eMBil U3 ypaBHeHMs f==#,(x), ecTb Xx=uxp(¢). Torma uz (2) Haxoaum

x=xo(t —8t(x)), (6)

npHueM B MaJsiofi nompaBke 8f(X) MOXHO MOJNOXKHTb Xx==x,(f), a TaKxke
rpoBecT# pasioxenne (5) no 8¢ OKoHUaTebHO

x =g (£) = x, (£) 8 (xo (1)), (6)

BGau3y TOYKH OCTAHOBKH x=yx; paanoxenne (2) cTaHOBHTCH He-
RPHMEHHMbIM, TaK Kak nonpaska 8f(x) — oo npu x — x,.
3ameuaTenbHO, OfiHAKO, 4TO ¢opmyna (6) oka3biBaeTcs CIpaBeA/uBa
BIIOTb A0 TOYKH OCTAHOBKH, eCH .
80" () [ K|F|, F=—U"(x). (M

DTOT (aKT CBA3aH C TeM, 9TO XOTs C NPUG/HIKEHHEM K TOYKE OCTAHOBKH
6t Boapacraer, 3aBucuMOCTb x(f) BOGIH3H 3KCTPeMyMa OKasbiBaeTc
c1a6oH.

OueBuano, 4To BGAH3H X| HEBO3MYILEHHOe JBH¥EHHE HMeeT BHA

F
X (H)=1x+ m (t — 82 (8)

Ho6asnenne &/ cMemaer TOuKy OCTaHOBKH Ha 6Xj, COTVIACHO YpaBHEHHIQ
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U +8x) +8U (x,+8x)) =E. Orciona 0x, = GUF(,xl)' C yderom BO3MY-
mwenns U ananoruuno (8) umeem
F
X(t) =% + 8x; + 5 (1 — 1, — 81,2 (9)

(8 cuny (7) nonpaskofi k F npeneGperaem). ¥Geanmcs, 9to pacyer no
dopmyae (6) npusoaut K (9).

OGnacTe uHTerpuposanus s (4) pasobbeM Ha ABe 9acTH: oT @ A0 b
n ot b g0 x, rae b nexut s6ausw x,. Bo sTopofi o6nactn MoXHO moJo-
KUt §U=0U(x\) n U(x) =E — (x — x,)F. Torga

Vm 8U ( _Vm8U (x;)
CVIF (x — 1)

___VE 8U (x) dx Vm8U (x,)
I ZS(E—U)3/2'VF3TE‘?—7I>’
b

Moacrasasa (10) w (8) B (6) m npenefperas 6t§, nonyaum (9) ¢
8t, =01

1.9. a) Bocnoan3yeMcsa pesynbrataMu npennifymeft 3agagd. Hesos-
MylUIeHHOe ABHXKEHHe

8t = + 6t,, (10)

1
x, (£) = a sin 0¢, E = ) mwia®,

[pu stom {SU/U | e = g§< [. Monpaska

5t = VT_Q .__a.z_.__ 92
(‘x)"‘3(03 a—x+Va2_x2—ai
1
ot (x, (8)) = 3% (cos of 4+ —— s ot 2)
g, cornacHo ¢opmysne (6), npexniayined 3agaun

€
x ({) = asin of — —3‘3 (cos? @f 4+ 1 —2cos wf),

C TOYHOCTLIO [0 4JICHOB NEPBOro NOpAAKA 10 € BKAYHTENbHO

) 2 ] [
x(t)=asm(mt—|——3'e)—-2—a—T a cos 2w¢

(cp. c sanauefi 8.16),
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6) IeficTBys Tak e, KaKk H B NMpelbAYyILeM MyHKTe, NMOJyYaeM

3 7 !
x (t) = asin 0t + ae (—2— ot cos 0f — —= sin 0f — 5 sin Bmt),
M

fa?
3='4_mz<<l-

DTOT pesyJbTaT HMeeT OTHOCHTENbHYIO TOYHOCTb ~ g2 B TeyeHHe ONHOro
nepxoaa, a yepes e~! nmepHonor ¢bopmyaa (1) cTaHOBHTCA MOJMHOCTBIO He-
MpHMeHHMa, YUHTbIBAs NePHOLHUYECKHIt XapaKTep ABHIKEHHS, MOXKHO pac-
npoctpaHuTe pesyabTaTt (1) Ha GOnbwHE npomexxkyTok BpeMeHH. C TOU-
HOCTbIO 10 WIEHOB MOPsJKA & BKJAOYHTENLHO dopmynaa (1) npeobpasyerca
K BHO NepPHOAHYECKOMY BHIY

AW 3 e . 3
x(t)=a(l -3 e)sm [m(l-{- 5 e) t]—— 5 sm[3m (1 + 78) t]. (03]

He yurennble Hamu B (1) nompaBKH NpPHBOAAT K H3MEHEHHIO YaCTOTHI
nopsajka e%w, Tak yTo (2) COXpaHAeT OTHOCHTE/JBHYIO TOYHOCTb ~ € B Te-
yeHHe e~! nepronos (cp. ¢ 3anaueii 8.1a).

1.10. Hckomoe H3MeHeHHe NMepHoaa

x3+0x; d X2 d
—- X 51
6T=w’"[ S VE—U(x)—GU(x)—SVE_—_UTx)]' M
x;+6x, X1

PasaaraTe nopsterpansioe Buipaxkende (1) no 8U(x) Weabss: yciosue
NPHMEHHMOCTH TeopeMbl O JIH¢pdepeHUHPOBAHHH HeCOGCTBEHHOrO HHTe-
rpaja no napaMeTpy HapyweHo, TaKk Kak NOJY4YeHHHIl NpH AnddepeHiHu-
POBaHHH HHTerpas pacxoiHuTcs. PasnoxenHne moJbIHTErpasbHOrO BhIpaxe-
HuA no §U(x) no JMHelHHOro ujeHa BKJIOUHTENLHO MOXKHO NpOBECTH,
ecau npeacrasuth 8T B BHAe

9 xz+8x
6T=2V2mﬁ[ j VE=U®x) =8U () dx —
x1t+6xs

- j VE—U(x)'dx]. )
L7

Orciona
9 6U(nde 3
6T=—V2m¢ﬁf7.e?‘_ug—)=—ﬁ<r<w>). 3)
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rne
i T
BUy = T Y 68U [x (¢)] dt )
0
- cpeHee Mo BpeMeHH 3HaueHHe SU.

Bpema psuxeHus BOGAN3WM TOYEK OCTAHOBKH COCT4BJAsET Manulfi
BKJAf B NMepuoj (pasymeercs, ec-

au U’ (x1, 2) %0); no sTomy noso- /4
Ay cm. 3agasy 13. Wmenno mo-
sTomy dopmyna (3) Moxer nga- \ ”‘*51_//
BaTh Xopollee NMpUGAHKeHIlE, \\ /[/
B HekoTophIX cayudasx paxe A U/n /
Masaasi jpo6aska OU(x) moxer \ //
CYLIECTBEHHO M3MEHUTb XapakTep \\ /
IBHXKEHH 4YacTHUBl (CM. HampH- £ /
mep, 3aaauy l.116, B). 7 z
He#icTByss aHAJOTHUHO, MOXK-
HO TNOAYUHTbL CAelyloltHe UJeHH Puc. 74.
pasnoxends 8T no 8U:
00 x2
Jpp— (__ I)n " * [GU ()C)]n dx_ (5)
= mE al 65"5 VE=U @)
= -

dopmanbHoe BHpaxeHHe (D) MOXET OKa3aTbCAd AaCHMIITOTHYECKHM
HJH Jaxke CXOASUUMCA PALOM.

1.11. a) Tlonpapka K nepuoay 27/w, nodyuesHas no ¢opmyae (5)
npexuayumed 3agauy, pasia —3nPE/2mwS ¥ Mana npy mOCTaTOUHO Ma-
Jaux E.

6) Tpadukn norenunansHolt sHepruu U(x) u U(x) +6U(x) usoGpa-
XeHnl Ha puc. 74. Buaxo, uto npu E>U, =mw%/6a? no6aska penaer
JABHXeHHe HHOUHHUTHLIM. [IpH 3nauennsix E, 6anskux K U, nepuoa koJe-
Ganuii HeorpanuuelHo BoapacraeT (xak [In(Um — E)|; cum. 3apauy 1.4);
NO3TOMY HeJb3fl PaccUdTHiBaTh, 4TO B STOM CJydae OH ONpegessercs
HeOosbIIMM YHCAOM usleHoB paga (5) 3agaun 1.10. Ecan xe E<€Un, T0
nonpaska K nepuody 8T =5xE/18wUm.

B) 8T = -Bi"z.[T._ ']/ ; dopmyna npumenuma, ecan|E|ID|IU, | ~
I L} 9 '
= V8V (EL0),
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oo

IRV
= %‘— v x_avo nE'—Uo'

1/2 l/@
rne v = wE— U@x), vy= m  (cp. ¢ pewenHem sa-

paun 1.16).

§ 2. JlpuxKeHue yacThl B NOAAX

2.1, Ina nccaeloBanus ABMKEHHA HYaCTHUB HCIONB3YeM 3aKOHH CO-
XpaHeHWR SHePrHH M MOMEHTA HMIyabCa:

mr?
- +UN=E (1
mrr] = M. )
CornacHo (2) TPaekTOpHS fBANETCS TMJIOCKOA Kpwmoil, Beens B ee nao-

CKOCTH NONRPHEIE KOOPAMHATH (pHC. 75), noanyuaem

mr2  mrg?

<+ tUWN=E )

mrip = M. @
Hermouan 43 (3) q;c noMotbio (4), HAXOAHM

- m .‘z
P Uy =& @)
rae

r M2
? - Uapp (1) =U () + 3573-

g Takum 06pa3oM, pafHaabHOe ABHKe-
Puc. 75. e MOXKHO paccMaTpPHBATh KaK OAHO-

meproe asuxenne B note Uspa(r).
Jlnf KauyeCTBeHHOrO HCC/IeJOBaHHA XapaKTepa [ABHIKeHHR HCNOALe
syeM rpagQuKn
a ¥ M2
Uspp N == 7 — 73 T 373 ®

npu pasanyHbiX 3Havenuax M (puc, 76),
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Ecan 12aym?<<M* 1o U,p¢ HMeeT 1NBa 3KCcTpeMyMa (npR 7y, 9=
M2 T Y ME = T2aym?
= 2ma,
nonoxuteabHo npn Mi>16aym? (pnc. 76,4) M OTpHUATENbHO MpH
12aym? << M*<C 16arym? (puc. 76,6); B oGoux arux cayuasx U,pge(r2) =
=Upin<<0.

MakcumanbHoe 3Havenne Usge (r1) =Umax

Uspp

Yspp

e
h]

a) 4 8
Puc. 76,

Ecnn xe M4<<12aym?, 1o dyukuns Usqy (r) MoHOTORHA (pHC. 76, 8).
Paccmotpum noipo6uee cayuait a). Ecan E>Umax, TO 4YacTHua,
JeTAmias ¥3 GeCKOHEYHOCTH, MajaeT B LeHTp noad, [Ipu sToM BeamyuHa

@, cornacio (4), pospacraer. ITHX cOoBpaKeHHA JOCTATOYHO AAs TOrO,
4T06H TpyB60 H306pa3uTh TPAaeKTOPHIO YacTunu (pue. 77,a).

v

o
Ha Gonpumx paccrosHusx, TaKHX, 4TO -=-& —, [JaBHYIO pOJb
r r

’

a
B U(r) urpaer uren — —~ H TPAaeKTOPHA MaJIo OTJHYAETCA OT rHNEPGOIILL

(O Buae TpaekTopuu npu r —-0 cM.
3ajauy 2.8.)
Ecau sueprus E 6auska K Unax,

TO HMHTepBaJ 3HAYeHHH r, GIH3KHX
K 71, Y4CTHLLA TPOXOAHT OUeHb MeJLJIeH-

Ho. Bpamenne xe paanyca-BeKkTopa
NpPoOfOJKAETCH CBOHM HYEDEAOM CO a) 5)

M
CKOpOCTbIO ¢ = 7z, TaK 4TO HacTH- Puc. 77,
1

12 MOXeT CACAaTh MHOrO 06OpOTOB BOKPYT HEHTPA, npexfe YeMm npoifer
sToT HHTepBaa (puc. 77, 6). Eciu E=Umax, TO 4acTHUA B CBOeM
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pagHaJbHOM ABHXKEHHH acHMIITOTHYeCKH npHOJHMKAaeTea U3 GecKoHeu-
HOCTH K TouKe r==r; (Cp. ¢ 3anauefi 1.3). TpaekTopua e npeactasaser
cofofi cnupass, NPHOMHAKAIONULYIOCT K OKPYKHOCTH DaaHyca ry ¢ UeHTpoM
B O (puc. 78, kpuBas a). Ecau uacTHna ¢ Takoil sHeprieil yaanaserca OT
HeHTpa B 06jacTd r<r;, TO ee TPAEKTOPHs TaK-
Xe NPHOAHKAETCH K 3TOH OKPYXHOCTH, HO H3HYT-
pu (puc. 78, kpubas b). Hakonen, npy E=Umazx
BO3MOMXHO [BHXeHHe TNO OKPYXKHOCTH r==ry,

JlioGoe namenenne Besnund E nan M nepeso-
ZUT 4acTHLY Ha TPAEKTOPHIO, YAAJSIOMLYIOCS OT
STOf OKPYIKHOCTH, T.e€. [ABHMXeHHe C r==r| Heyc-
TOHYHBO.

Ecin 0<<E<<Umagy, TO 4acCTHIA, NETEBLIAS H3
6GeCKOHEYHOCTH, OTPaXaeTCH OT [OTEHUHANLHO-
ro Gapoepa U,gg(r) M BHOBb yraasercs Ha Ge-
CKOHEUHOCTb. [IpHMepHbift BHJ TPaeKTOpPHH B 3TOM

Puc. 78. cayyae nokasadH Ha puc. 79 (xpHBble a u b).
Ecnn sueprusi 6amska k Uwmax, To vacTHUA clenaeT Mmuoro oGopoTos

BOKpYr HeHTPa, mpexjie YeM PajualnbHas CKOPOCTb f H3IMEHHT 3HAK. Uem
GaHKe SHeprus K Hyamo (npH GHKcHpobanHom M 3To cooTBercTByer
yBeJHueHHIo NPHIEJNBHOrO NapameTpa), TeM MeHee HCKPHBJIEHA TPaeKTo-
pusi yactHubl. [1pn E<<Umax BO3MOXHO TaKiKe NafeHHe B LEHTP noxs
YaCTHIIBl, KOTOPas ABHXKeTCsl B 06JjacTd r<<a. TpaekTOopHA B 3TOM C/yuae
naobpamena Ha puc. 80.

Mpu Umin<<E<C0 uacTHIa MOXeT TaKke COBepIUaTh pajualjibHble
Kone6aHus B o6nacti c<<r<<d (puc. 81). Ecnn sHeprua 64H3Ka K Hy.o,

Q

4
Puc. 79. Puc. 80. Puc. 81.

TO pa3Max pajHaMbHHX KOJeGaHHX BeJqHK, NMEPHOA HX TOXe MOXeT
crath Goabiium. IlpH sHeprud, Ouu3Koft K Umin, TpaekTopHa GJH3Ka
K OKDYMHOCTH pajiiyca rg, NpHueM YToJ NOBOPOTA PajHyca-BeKTopa 3a
nepHoj PafHaAbHOrO KOJeGaHHs SaBHCHT OT BesHuuH 4, Y, M (cp. ¢ 3a-
naueft 5.4), TIpu £ ==Uni, vacTuna ABHIKETCS NO YKA3aHHOM OKPYXKHOCTH,



2.1] § 2. ABU)KEHHE YACTHIL B MOJISAX 85

[Tono6HbiM e 06pa3soM MOXKHO HCCIELOBATh NBHIKEHHE 9aCTHIb
B OCTAJBHBIX CJydasx.

Kakumn ocofennocTaMu Mmoxer o6.nanath TpaeHtopus, ecan M=
=120y m??

3aKOH /IBUKEHHA H yDaBHEHHe TPAeKTOPUH MOMHO HalTH, HCHOMb-
3y ypasHeHus (4), (5). M3 (5) nmoayuaem

’ 2
r=+ VF [E - anJqJ (r)], )
OTKyZa
. +e. ®
S VE —Upugg ) UBM (n
Hckmouns df w3 (7) c nomompblo (4), HaitleM ypaBHeHHe TDPaeKTOPIH
M dr

=1 = —— . ©
VamJ r2YVE— Uppp (r)
Paccmotpum cayuait M*>>12aym? Ecau yacTiua ABHKETCS K UeHTPY,
10 B (7) (a 3suauut, u B (8)) crenyer BHOpaTh 3HAK «MuHyc». [lyers
r==rq npu {==0, Torga (8) MOXHO NepenucaTb B BUAE

i~V 7 XVE = (10)

add (f)

Pagsenctro (10) onpenensier B HesiBHOM BWIE 3aBHCHMOCTb £ OT Bpe-
MeHH. ECH TpaeKTOPUA NPOXOAHT yepe3 TOUKy r=ry, §==@g, TO ypaBHe-
HHe TPaeKTOPHH (c yyeroM BhIGpaHHOro 3HakKa) MpHoGpeTaeT BHA

(1n

(P—"MSerp

|P.]=V2m[E—Uypy (N].

B gacTHOCTH, [/ WaCTHUH, CKOPOCTb KOTOPOH Ha GeCKOHEuHOCTH CO-
CTABJASET ¢ OChO X Yroa P, HYXKHO NONOKUTD ro==00, Po==3 — 1.

Ecmn E>Umax, 10 ypaBienus (10) u (11) momnocTsio onpenesstor
82KOH JBMKEHHS ¥ TPACKTOPHIO YaCTHIHL

Ecnn ke 0<<E<<Umax, TO 9TH ypaBHEHHS OTBEYAIOT TOJBKO yuacTky
AB tpackropun (pHc.79, xpHBas a). B Touke B pasuanbuas KOMNOHEHTa
cKopocTd # ofpailaercs B Hy/b, a 8aTeM MeHAeT 3HaK, [103TOMy yuacTox
Tpaextropun BC onucuBaerca ypasHenueM (9) co 3HAKOM «MIioC»s, NPHYEM

rae
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NOCTOAHHYIO HYXHO ONpelelsTh 3aHOBO. Y100HO 3anucath (9) B BuRe

r
M s ic (12)
¢ = 2 .
P
Tmin
Huxuufi npegen WHTErpaja Mbl MOTIM BbIGpaTh NPOM3BOJbBHU, NOKA He
onpenenena nocrosuuas C’. Cornacto (12) umeem

=¢(rmm)- (13)

Onpenenss @{rmin) #3 (11), monydaeM ypaBHeHHe yuYacTKa TPaekTO-

puu BC:
r fmin Md
(PZ( 5‘ - 5‘ ),2“,:\‘]“?0- (14)

min To

TTofoGHLIM Ke 06pasoM ompesensieM 3aKOH IBHMeHHA Ha yuactke BC

(ST

"min
Ecan Unin<<E<<0, a<<ro<<b, #(0)<<0, ¢|i=o==Q0, TO ypaBHeHHE
(11) onucwiBaer yuactok tpaektropun AB (puc. 81). Yuacrok BC onucsl-
BaeTcA ypaBHEHHEM

. dr
=M\ 57—+ opn {16)
e, |

e Yrom @; MOXKHO MOAY4HTb, MoAoKHB B (1) r==a. Ypasuenue ydacrt-
ka CD

CP—'_MSraIp l+q321 {17)

rae @ onpeneaserca 3 (16) npu r...b u T. A. Hoxacrasaaa B (16) u (17)
3HAYEHHA @) U g, NPEICTaBUM yPaBHeHHA Y4acTKOB TPAGKTOPHH B BUIE

q>=M(j—- f)ﬁ%‘l’ + @0, (18)

Yo /

r b a
- (—X—HX— y>ﬂ%’:—l+%. (19)
e
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HetpynHo yGeauTbcs, 4TO ypaBHeHHe y4aCTKa TPaeKTOPHH, OTBeua-
IOIEro n-My pagnanbHoMy KoneGannio (cuntas yuactok AB nepsuim),
HMeeT BHA *)

f+2(n—nf j ,2|p‘+%- (20)

B npuBenenublx ¢opMysnax npeanosaraercs, 4To yroa @ HiMeHsercs
HEenpepuiBHO, orpanuyenus 0= @< 2m He BBOAHTCA. JlaHHOMY 3HAYEHHIO &
COOTBETCTBYeT GeCKOHeYHO MHOro 3HaYeHHil ¢ (MpH pasjHUHBIX 1 U 3HA-
kax B dopmyae (20)); @ ecTb MHOrosHaunaa ¢yuxuus r. Haoboport, 3a-
BHCHMOCTb 7 (®) OMHO3HAYHA.

AHaNorH4HO MOXKHO BbLIPAa3HTb 3aKOHLI ABHXKEHHA W yDaBHeHHA Tpa-
€KTOPHU M B APYrHX clydasx.

2.2. Bue cdepw pagnyca R uacTnua KBHXKeTCA CO CKOPOCTLIO ) 2E/m,
§ BHYTPH — €0 CKOpOCTbIO )/ 2(E + V)/m. B 33aBHCHMOCTH OT COOTHOIIEHHA
E » M nonyvaiorca pasiuyHHe BHAH TPaeKTOPHM,

m? M?
MpH gt — VLEL grm qacTHUA GO ABHXKETCA BHYTPH Cde-

pHl, HCIBITEHIBAA OTPAMEHHA HA TpaHHUe (pHC. 82, a), nubo (ecnn, Kpome

*) VpaBHeHHe TpaekTopHH (20) MOXHO NPEACTABHTL B BHAE

dr

.
cosy (@)= YMS e |

rae _—MS,zlp C MS,zlpl—%-
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troro, E>0) Moxer pBHratbca H BHe chepw (TpaeKTopHs TpaMas,
M2

ue. 82,6). Ilpn —— HMeeT MeCTO Tpe/OMJeHHe TpPaeKTOPHH

p ). Hp smiE <E p p p

(puc. 82,6).
Mz
Kak Boirnaaut tpaektopus npu E = mpe Ve

2.3. las onpefeneHHs ypaBHeHHS TPAeKTOPHH HCTOAb3yeM GOpMYaH

— Mdr U =U( _i_ﬁ_ (1)
TRV IM(E Uy % ") T gmrt-

B peaysibTare BhiuHCAEHHA *) moayuaem

?

14
Tecosy(p—¢) — 1" @
roe
2 M2 4E M2
p=;(ﬁ+2—m), e=l/1+a;(ﬁ+27n), (3)

2mp
v= L+ 5@ E>O, 1 — NPOH3BOJbLHAS TOCTOSAHHASL.

&

44

!
|
|
!
Tm
Puc. 83. Puc. 84.

Tpaexktopus npefcrasaser coGoil KPHBYIO, NONYYaeMyl0 M3 runep6o-
JIBl C TIOMOLUBI0 YMEHbIIEHHA NMOAAPHLIX YIaoB B | pa3 (puc. 83). [Tocro-
fHHas P oupene/seT OPHEHTALHIO TPACKTOPHH,

*) Hurerpad, sanucauuuil B Bufe
_/'z o= Mdr
M 2V om (E — M2/2mr® — a/r) '

rie M?=M?4-2mB, cBOAKTCA K COOTBETCTBYIOLIEMY HHTerpany B 3afade
Kenaepa (cm. [1], § 15).
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Hanpapnenue acuMntoT onpegefiseTcs yCJAOBHEM r—>co, WIH
ecos(@i, g— P) ==1. CKopocTb OTKJIOHSETCS HA yroa

2 1 2 /4E M?
T — (P1—Py) = 7t~ El arccos —= =1t — Tarctg l/ et (B + ﬁ)

2.4. Tlonesno npexie BCEro HCCJENOBATb XapakTep ABUXKEHHS ¢ Mo-
moulbio rpaduka Usge (r). dast cayuas B<<M?2/2m stoT rpadHk H3o6pa-
eH Ha puc. 84, B atoM cayyae BO3MOMXHO TOJIbKO HH(HHUTHOE [BHKe-
HHe B 00JacTH rZ==rp,, npuieM E£E>>0. YpaBHeHHe TPaeKTOpPHH TaKoe ke,

Uspp

A Yoz ===

0 Ja & r
Puc. 85. Puc. 86.

Kak B 3aflaue 2.3 (ypasrenHe (2)), a B paBeHcTBaX (3) HYXHO 3aMEHHTH
p na —p. OcHoBHOe oT/MuYNE OT TPAaeKTODHMH, HaiiieHHOH B 3azauve 2.3,
BO3HHKaET BCJEACTBHe TOro, 4to Y< 1. [lpuMepHHIfi BUA TpaekTOpWUH mo-
Ka3an Ha pHc. 85. (Touka mepernGa A onpenenstercs ycaosuem dU/dr=0,
T. € r=2B/a.)
Hasa cayuas >M?/2m rpaduk U.gq (r) npusesen ua puc. 86.
a2
Ecmn ES>Up,. = T(B = Me2my
HEYHOCTH, Majaer B LEHTP 510JA. YpaBHEHHe TPAeKTOPHH H B 3TOM CJyuae
MOKHO MOJYYHTb H3 ypaBHeHus 3ajgadun 2.3. Hnd 3TOro, KpoMe 3aMeHp
p ma —P, nyxHo 3amennTb P Ha P+7/2Y, a 3areM BOCIO/b30BATLCH
dpopmynamu

TO YacTHUA, JeTAlas u3 6ecko-

sin{x = ish x, V=x=iV=
B pesysbTaTe moayunM

'4

FHY G- 9T 1 M
2 M2 , 4E M2
P'=;(K3—2—m). e =l/;§(ﬁ—§;)—l.

B
Y = V%—l. )

r =
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Tpaektopua ana 3TOro cayuas H3oGpakeHa Ha puc. 87,a. 3ameTuM, 9To
npu r — 0 oka3nBaeTca ¢ — ©o. 3TO 3HAUMT, YTO 4acCTHUA, N1a1asd B LEHTP
noJs, fesaet BOKPYr Hero GeCKOHeuHOe 4YHC/I0 06OpPOTOB.

Ecan E<<Umax, TO, cornacHo puc. 86, BO3MOXHO ABHXKeHHe JHOO
B o6jacth b<{r<Coo (paccesiuue), ando B obnactu 0<<r<Ca (nagedne

a)

Puc. 87.

Ha UeHTP). YpaBHeHHe TDAEKTOPHH N0JAYy4aeM, HCNOAb3YA PAaBEHCTBO
cosix==ch x (a Bo BTOpoM Cayuae eule H 3ameHy § sa P+a/y):

4 ” [ M
r=l$e”ChY,((P—'lp)' e’ = [—a2<ﬂ—§'”—1) (3)

B cayuae E==Unax Bocnonssosateca Gopmyaoh (2) 3anaunm 2.3
Heab3s (TdK KaK OPH ee BEIBOJE lpeanonaranock e7=0) H HyXHO BHOBb
6patb uHterpan (1). [Nonyuaem

’

p
TE T cep (—voy
p/
r= "
I texp[— v (e—¥I
B 33aBHCHMOCTH OT HauanbHOro 3Hauenua r. Tpaexktopus npeacrasaser
co6ofl 1160 CrMpasb, HauHHAOLLYl0Cs HAa GECKOHEYHOCTH HAM BO/IH3W OT
LeHTPa M ACHMNTOTHYECKH NPHOIMKAIOILYIOCA K OKPYXKHOCTH panmuyca
r=p', an60 caMy 3Ty OKpyxHocTh (puc. 87,6).
Haxouen, B cayuae f=M?/2m takke npoile BHOBb B3NTb HHTErpal.
B sToM cayuae NPOMCXOJHT paccesiHne, a ypaBHeHHe TPAaeKTODHH
a/E
r=1T—""ma® (g — §)2/2M2E"
Bpemsa najeHus YacTHUE B LUEHTP 00Jd onpefledseM € MOMOLIbIO
dopmyin

wimm r=p’

T
mj‘ dr
{ = T\
5 VE- Uspp
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HanpuMep, ans ciyuas, Korla TPaeKTOpHA HMeeT BHA (2), BpeMs mage-
HHSl C PACCTOAHMA F

t=F V’;(VEr"—ar—B—M“/?m—Vﬂ—-M"‘/2M)+

a1/ m(  26r/a—1 1
+2E oF \arcsin T —arcsin 7 L

2.5. YpaBHeHHe TPaeKTOPHH

p
TE T ecosy(o—9)

(p, e, y onpenenent B 3afave 2.3). Ilpy E<C0 nBuxeHHe duHuTHOE *)

_ maVm
TIENYE
TpaeKkTopusi 3aMKHyTas, eCclH Y — pallHOHalb-
noe uHcno. Ha puc. 88 nsobpasxena tpaektopus
aaa Y= 5.
2.6. Tpu p<<M?/2m

~

- P
1—ecos7(p—1)’

- oM N
P =_a_(§r—n —_ ﬂ)‘ Puc. 88.

-_ l/- 2mp — 4F (M2
Y= l-—w, e= 1-}-&_2(2_,‘""‘6),

ecnn E<CO, 1o Acp=2n/7y~, T¢=7T, (T. To e, uto B 3ajaue 2.5).
[pu p>M?2m (B oGosHauennax sapauu 2.4)

Ap =?. To=1T,.

r

r

- 14
T eshy (p—y)—1"

’

r ecmn E>Uyar,

p
r== 2'ch Y/ ((P — ’lp) —1 ecnd E<<Uyax.

*) Iepuon 10T *e, uto ¥ B mone Uy=—a/r. Ona onpepenenns T-
NOCTATOUHO 3aMEeTHTh, 9T0 AoGasienHe K nomo Uy noGaeku B/r? ckaawl-
BaeTcq Ha pPajnajLHOM HBHXKeHHH TaK Xe, KaK ypeauuehne M. Ilepuon
#e T B KyAoHoBcKOM noae Uy ot M He 3aBHCHT.
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2.7. a) dunuTHOE MBHXKEHHE BO3MOXKHO, echH GYHRUHA Usp¢(r)
HMeeT MHHHMYM. YpaBHeHHe Uacb (r) =0 npusomurca X BHAYy [(x)=
= M2 fam, rae f(x)=x(x+1)e~=, x=xr. C nomomrw rpaduxa f(x)
N€TKo YOeAHTbCS, 9TO 3TO YPaBHEHHE HMeeT KOPHH TOJbKO NMpPH YCJIOBHH,
uto xM?/am MeHbuwle MakcHMaabHoro (mpu x>>0) 3uaueHHs f(x).

Mocnexnee pasio (2 -+ ¥V 5exp (— H——T]/é>
HOe [BHKEHHe BO3MOXHO, ecan M2<Z0.84am/x.
6) dunHTHOE ABHXKeHHe BO3MOXHO, npH M2<8mV/e?x?
2.8. B ypasHeHnn TpaektopHH (cM. ¢opmyay (1) 3amaum 2.3) npu
Mankix r MoxeM npeHeOpeub BeanunHo#t E (npw n=2), a npn n>2—
Takxe W ujgeHom M?22mr%  [lonyuaem

~ 0,84. Urak, ¢uuur-

(puc. 89)
{o% Min(r/ry)
2/ e — =2,
P Y T — A +@ mu n
n=l n>2 omr—1+m/2

Q:ﬁ—,n_m-i—c np n>2,

Puc. €9. Yucno o6opoToB OKaswpiBaeTcsl GecKo-
HEUHBIM TOJILKO MpH n=2,
BpeMs najgeHus B LEHTP KOHEYHO, MOCKOJAbKY PamHalbHas CKOPOCTDb
NpH NpHGAHXKEHHH K LEHTPY BO3pacTaer.
2.9. Ynesao o6opoToB yacTHUL BOKPYT LeHTPa GeCKOHeYHO TOJAbKO
B cayuae 6) npn E=0, n=2.
2.10. Bpems nanenHs paBHO gV mR3/8a.
2.11. OTHOCHTeNbHOE ABHXKEHHE XapakTepusyetcs MoMenToM M=
. mo? mymy
=mup W 3HeprHe £ = 35—, rae m = Ty +
Hckomoe pacctosHue omnpefensercs ycaoBHEM an)ni» ("min) = E-Tlpocroit
OTBeT MOKeT OHTb MOJyueH npu n = 1,2, 4,
2,12, TpaeKTOpHH HYacCTHI(

— MpHBEAEHHAa Macca.

rae
_ _mym, e — I/ 2EM?
m_ml—i—mZ’ p_ma’ = I+ maz’

E u M — nonHele SHEPrHR M MOMEHT cucTeMbl. YacTHLL! ABHXKYTCA TO
NoA0GHBIM KOHHYECKHM CEYeHHAM ¢ OOmHM (OKYCcOM, NMpHYEM pagHyCh-
BEKTOpPH 1aCTHL B M0G0HR MOMEHT HanpasaeHu NPOTUBONONOXKHO (pHC. 90).
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2.13. Kak Jnerko sufets Ha puc. 91,

OS=p(ctg @o— ctg 2¢p).

3necs
o0
. dr
Po=p XrZVI—U(r)/E—pz/ﬂ‘
Tmin
Ipu p—>0
¢ dar a ¢ 4
_ r __993E3/2 . &
(PO-P TZVI— QPE aE r4vm+..-

Tmin Tmin
(cp. ¢ 3anauet 2.23), Tak uto

P =1
— — 2
0sS .S‘rﬂ/l U/E +0(Y...
Tmin

Touka S — MHUMBIHE ¢GOKYC Tydka pacCefHHBIX YAacTHI, TaK Kak
¢ TOYHOCTBIO O 1EPBOr0 MOPALKA MO P BKJIOUHTENLHO 00JI0KEHHEe TOUKH
nepeceueHusl aCHMNTOTH TPAEKTOPHH C OCLIO TydKa He 3aBHCHT OT .

Puc. 90, Puc. 91.

2.14. YpaBHeHHe TpaeKTOPHH

£ —ecos@—p0) — 1,

rie p = m_a' e _V .|_ ——=i"» @ (o Onpeflensercs u3 ycnosus o—>0
npu r — o0 : cos Qg==1/e. O6nacTb, HELOCTHKHAMAA AJs YACTHYE, OTpaHHYe-
Ha orubaouiel ceMefiCTBA TPaeKTOPHH,
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HOas onpepenenns ee npoinddepeHuHpyeM ypaBHeHHe TPAEKTOPHH

e M/
mar T1—cosp—- m sing =10 (N
no napametpy M:
M/
mr - m s”lq)_ ’ (2)

¥ uckaounm M ua (1) u (2):
2a/Er =1 -+ cos @,
27
Hrak, HeflocTHXHMAR A8 YacTHL obaacts £ < E (1 cos g) Orpaus-

yeHa napa6onouaoM BpaueHHs (puc. 92).
2a6 mav?
2.15. p< =8 — (=0 s g’ rie § =5, OAd=a.

2.16. YMHOXHM PaBeHCTBO

or
LA [VM]——=A
—
,/’ cKkanspHo Ha r. O603HAYHB Uepe3 @ yroJi Mexay
r u A, noayuaeM
——-‘—'—O——-
2

g M
P\\\ e ar= Arcos ¢
~
NN o 2y M, 1A
N X BAH =1+ €cosQ, rae P=ng ¢="a-

Puc 92 OtMeTHM, UYTO BeKTOp A HampaBJjieH OT
’ WeHTPA NMOMA K TOUKE F=="mim.

061
2,17, 5T=—a_?§: rie

8U (r) dr

Te
8/ =T dU> =2 /—_”l XW__:___—
% V 3 VE— Uy
™
(cp. ¢ sapaueit 1.10). TMonoOHbiM xe 06pasoM H3MeHeHHe YIJIOBOrO

PacCTOAKHA MEXAY MOCAe[OBATE/bHBIMA NPOXOKJCHHAMH TOUEK 7 =
081
= rmin MOXHO NpeAcTaBHTb B BHie OAQ = 577 (cp. [1], § 15

sanaua 3; § 49).
2.18. B o6nactu r < D none U(r) mano oTAnHYaeTcs OT KyJIOHOB-

ckoro Ug(r) = — a/r. TlosToMy TpaekTOpus (QHHHTHOTO ABHXKEHHA 6su3-
Ka K 3JUIMNCY, apaMeTp p H 3KCLEHTPUCHTET € KOTOPOro, olpelelseMble
nocTosuHuME E # M, COXpaHAIOTCS, 3 OPHEHTALHs H3MeHseTcH. CKOPOCTh
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NOBOPOTA 3/JHNCAa Q ONpeae/seTcs CMEILEHHEM NePHTe/us 33 MepHOA
Q = 8A@/T,, rae OA@ BHuHCAsieM no ¢OpMysde npeAwayulefl 3ajnauH

o ar
c 6U=—D———§B§, a To— nepuod B KYJOHOBCKOM roJse *). B peayib-

TaTe BLYHc/eHHs noaydaeM Q = M/2mD? YpasHenue TPaeKTOPRH MOX-
HO [PeACTaBHTL B BHAE
L =1 +ecosvo, y=1—%§‘1. (

OTtkJaoHeHHe KpuBoft (1) OT HCTHHHOH TPaeKTOPHH — MEPBOro NOpHLKA
manoctd no SU, T. e. B Teuehne OAHOTO nepHoaa ypasHeiHe (1) onuckl-
BaeT TPAEKTOPHIO ¢ TaKOH Xe TOYHOCTHIO, KAK YPaBHeHHe HelOABHMKHOTO
saannca. OaHako ypaBHeHue (1) coxpaHsieT Ty e TOUHOCTb B TCUeHHe
MHOFMX MNepuonoB, T10STOMY HMEHHO 3TO ypaBHeHHe MOXHO Ha3BaTb
«[IPABHNLHLIM HYJEBLIM MPHOIHXKEHHEMY,

Hnaue rosops, B ypasHesun () yuTeHb TOIbKO HAKANIMBAIOUIHECH
athdekThl MepBOro NOpsaKa.

2.19. [Mone U(r) = — a/r'** Mag0 oTIHYaEeTCA OT KYJOHOBCKOTO,
no3TOMY OpGHTa YacTHUL B 3TOM noJe NpelcTapaser co6oil MeaneHHO
npetteccupylownii saaunc. Pasaaras U(r) no e, NPeACTABUM €ro B BHAS

a EQ ~
U(r) = Uo()+8U, rze U () = — =, tU ="Fln4, &=aR",
R — noCTOfHNAA, paBHAA XapaKTepHOMY pasMepy OpOHTLL
T

CMellieHHe nepure/us 3a nepxHos 6A®=5QMS 8U dt (cm. sanauy 2.17)

0
Bhl‘iHC.'lﬂeM,‘E}leJlaB 3aMeuy
=2 . T . SEN?
r= Q—E(l—ecos;), t=5- (E—esinf), e= ‘/l +-rr7é2_'

T = “EVQ_SE_P (em. {11, § 15). [Tonyuaem

2n

SAp ea d o (1 — ecos &)
0
an —
_ e|E| e (* costdt o1 1 — YT — e
=" de l—ecost = T 22
b

*) Yamo6Ho nepefity Kk HHTerpupoBaHuio no §, npuuem (cM. [1], § 15)

xX
r= ﬁl (I —ecos§).
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Tpu €>>0 HanpaBjeHHe MpeleccHH OPOGHTH COBNAfaer ¢ HampaBieHHeM

ABHAKEHHA HacTHUH IO opéme a npy €<C0 — [POTHBONOJOXKHO €eMY.
B at+? M

2.20. == T mo a'bl |M|
2.21. Myctb pacctosinus oT 3eman # Jlyan o CosaHua paBHBEI ry

H ry a 10 UX LEHTPa Macc — COOTBETCTBEHHO @y M @y (puc. 93).
IloTenunajibHas >Heprus

me
U= — Ymymy Yoty
L6 ry ry ?
7 rie 4y — rpaBHTallMOHHAs TMOCTOsHHAA, Mg,

my M, My — Macch Coanna, 3eman u Jly-
Hbl, TIpHYEM M4 =Myds.  lloAcraBass

ry riZ“V-Z"“’* F 2ra; ycosY (P —yron
MeXLy HanpaBJIeHMﬂMH OT IleHTpa MacC Ha
Coanile M 3eMJio) U pasjaras flo MajbiM na-

aq,2
paMeTpaM T_v l'lOJIy‘lHM
o 2B
mg Ui, )y=———70 cos? p—1),
Puc. 93.

42

roe o = ymg (my - my) = Ymomy,
1_ 2 2) Aa— 2
B=—7 vmo (mlai + m2a2) R Vmpmaa
Tlpn ycpednenun 3a Mecsiu cos? 3aMeHsieTcs Ha !/ m moTenuuan

[PHHHMAaeT BUJ, YKa3aHHLIA B yCJIOBHH.
CMelnenne nepurenns 3a rog (cM. [1], sagaua 3 x § 15)

CwMeluenue nepureansa 3a cToJeTHe

10089 =7,7".
CienyeT 3aMeTuTb, 4TO [OJMHOe CMellleHHe Nepurenus 3eM/ad 3a cToje-
THe 11587 o06ycioBaeHO raaBHHIM o6GpasoM BausinHeM lOnutepa u
Benepbl.
I/Imepecx-xoé UTO OLleHKA peJATHBHCTCKOR MONPAaBKM [aeT BEJIHYHHY
~ 10025 (%) ~17, va30 xujcex (cM. [2], § 39 1 § 101).

2.22. Anajornuno sagaue 2.18 umeeMm

de
Q#aMQSU}— > aM[(‘iU’(a) —GU”(a)]=

a_ M
= — ]/,;“O; [au' (a) 4 5 SU” (a)] it



2.24] § 2. IBM)KEHHE YACTHIL B NOJIAX 97

Yuer caenytomux wieHop pasioxenua OU no (r —a) macr B Q BRaag

=< X2,
2.23. CMenleHHe NepHresHs 3a NEPHOL MOMHO NpeACTABUTb B BHAE
ra+08ry
Ap = i Vé_ _—_az 33
v=—73 VomsoE (E = Uppgp— 8U) " ar.
r1+0ry

C tounocTbio D0 BTOpPOro nopanka no U umeem
Ap =21+ 6,9 + 8,9,
d
6,9 =T 573; <6U>,

52
8,9 = — sa313F [T KU)B,

rae {f>— cpennee 3nauemne GyHkuuH f(r) 3a nepuon T Hepo3MyuleH-
HOTO ABH3KeHHs (cp. ¢ 3amadeil 2.17). CxkopocTb mpeleccut

g0 t8e 69 Sy 6,987
=Tr¥eér - T T %
0
8T = — 3E (T <8U>).
2.24, [IpeactapuM ypasHeHue TpackTopuu

Mdr

@—5 ) (1)
l/?m E — 2mr2 + %)

pasjaras nozlbm'rerpanbnoe Bolpaxenue no 68U = y/r? B BHIe

@ = go(r)+ b¢(r), (2
roe
Mdr
Py 1) = S e = 3)
r2 l/ 2m (E —omrt + 7)

vMdr
. ©)]

0-)- as
]/2m 2mr2 + 7) )

[Tpene6peras B (2) nonpaskoit 8¢ (r), noayyuM, pasymeercs, ypanHeHHe
TPaeKTOPHH B KyJOHOBcKOM noje (cm. [1], § 15),

-g-zl—}-ecostp, {5)



08 OTBF ThI ¥ PEIUEHHS [2.24

M2 2EM? .
rie p=—, e= VI + YunTniBag xe B (2) nonpasky 8g(r),
nosy4uM BMmecto (5)

L =1+ ecos (@ — 89 (). ®)

B npapofi wactn (6) MOMXKHO MpOBECTH pasJjoxende no O@(r), a Takxe
noncrasuth B 8p(r) 3aBUCUMOCTb 7 =T (@), onpenensemyo, coriacho (5),

L — 14 ecosq+ edp (o (9)) sin g, ()
Boaneasna *) unterpan (4), HaxonHM

m2ay 2%+ 1
09 (ro (9)) = 373 {- 39—

sin @ —

14 ecosq
~Fsng [2¢ + (% 4- 1) cos qa]}. (8)
miay
[oacrapass (8) B (7), ¢ TOUHOCTbIO A0 NEPBOTO MOPsAKa NO (,____W-.
noJyuaem
2% + 1
-g—=1—|—ec05[(1+3(,)cp]—|—(, sin? ¢p —
1 4 ecos
C—————q)[Qe + (e 4+ 1)cos ] (9a)
*) ¥YnobHo npenactasuTh (4) B BHAE
5 Vamydr
v= 0/” . ]/ M o
r 2mr3 T
 MepefiTH K HHTErPHPOBAHUIO MO ¢ cOriacHo (5):
0 m* Y
80 = g7 1> S (1 + ¢ cos ) dg=
3m y a de m*ya 8
= — Msmcp+ i3 aM(I—|—ecos¢)
(89

Haxonsa us (5)
2M e dp . de e2—1
malr T oM S P T eoa S8 P GA = TeM
u noAcrasaas B (8'), nosyyaem (8),
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HJH
’

Br-= 1 4 ¢" cos A -+ f cos 29,

A=1+ 38,

, e3 — 22 4 Be — 1
p=pr (1 + C % )a
. et — 203 — o2 2

=e I + Q 292 )
€34+ 2e2 e 1
s C e .

B6ansu ¢ = 0, m pasnoxeHHe (2) CTaHOBHTCS HENPHMEHUMBIM, TaK
kak 0@ HeorpamHueHHO BozpacraeT. OfHAKO ypaBHeHHe TpaeKTOpHH (9)
CNpaBenJJHBO H B 5THX obaactax (cp. ¢ samauefi (1.8)).

B cayuae wuHpumHTHOrO nBHxKeHHa (E = 0) ypaBuenne (9) pe-
waer 3agauy. Ecaw xe E << 0, To (9) ecTb ypaBHeHHe TpPaeKTOPHH
JUuulb Ha HeCKOJbKHX o6oporax *), moka ocraercsi 3Lp < 1. Coxpauss
B (8) ToabKo HaKamaHBaromyrocs uacte 6@ = — 3L@, nosyvaem ypas-
HeHHA

(%)

—f—-:l—l—ecos?«p, A=1+43F, {10

ONHCHIBAIOUIHE TPAeKTOPHIO HAa GOJBbHIOM YuacTKe («NpaBUibHOE», B OT-
anune ot (5), HyJeBoe mpHOaHXKeHHe; cp. ¢ 3anauedl 2.18). Herpynno
TaKXe BHAOU3MeHHTb ypaBHerHe (9) Tak, uToOn OHO ONMHCHIBAJO TpaeK-
TOpHIO Ha GOJIBUIOM YyyacTKe € TOYHOCTHIO A0 NEPBOrO MOPSAAKA BKJIO-
YHTEJBHO:
r , o
7 =1+4¢ coshp+f cos 2Ap. (In

2.25. locraTouHo yGeAHTBCHA, YTO BHpaXKeHHas depes KOOPAHHATH
myty 4 mr
nentpa macc R =-—ﬁ—ml-2- A OTHOCHTEILHOTO ABHXKEHHA [ =
1
== r;—f; QyHKOuR JlarpaHxka paz6uBaerca Ha ABe YacTH:

L=L;(R,R)+L,(r, 1),

Ly (R, R) = ™ + PLET2R 4 (o5 + e0) ER,

Lﬂr,r’):%r'z_%wn( Fa )g,.

*) B uwacTHOCTH, pajHyc-BEKTOp r HOJMKeH GHTb NepPHOAHYECKOH
QyHRuueR Q.
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Gyukuus Li(R, R) onpesensieT ABHX<eHHe lieHTPa Macc, NPOHCXOAsiiee
TaK e, KaK JBH3KeHHe YacTHUH C Maccoit my - mp U 3apaioM €+ &
B opuoponHoM nohe. OTHOCHTE/BHOE ABHXKEHHe, onmpepensemoe Lo(r, 1),
mymg

NPOHCXOOMT TaK Ke, Kak ABHXKeHHe YacTHUH € Maccofi m =
my + my

(npuBeleuHass Macca) B KYJOHOBCKOM H OJHOPOJAHOM MNOJfAX.
Taroil ke pe3ysbTaT MOXKHO HOMYYHTb, KOHEUHO, H HCXOAA H3 ypas-
HeHUH ABUXKEHHS YacTHLL.

mrj—l-m r0

2,26, L = 5 + LA(ry) r1+ L AL, )rz. DyHkuna
Jlarpana pa3GuBaeTCs Ha NBe 4acTH, cojep:aulie Troabko R, Rur, r
e
(oGosnavenns sapauy 2.25), ecnn —L — -6—2.;

my~ my

+
L="’1;"’2 R2 4 +€2A(R)R+ T +W—£—m—m)§—/\(r)r

N
! : : :
2.27. T=5 2 ok P=lpEy, M= E LR
n=1 n=1

1 1 1 _ L N

IT= n +mn+1 (n=1,..., N—=1), ”N::ka
ZI m h=1
Py R

2.28. O6o3naynM KOODAHHATL JeTeBIlell M MOKONBUIGHCS BHayaje
nacTull 4epes X; M Xo. [IycTb B HauaJbHLIT MOMEHT x| == — R, X3 =

R vl
Llentp macc cecTempl ABHXKeTCs mo 3akony X = — 5 + 7 Otnocu-

TeJbHOe [BHXKeHHe C KOOPAHHATOR X == Xz — X NPOHCKOMNT 10 3akony
x
‘/_ m j dx
4 mo® o
R

3aKo:1 ABHMEHHS NePBOil YacTHILL

R
1 dx X

X
! 2 2 J V1= damoex

Paccrosinne MeXAy YacTHIAMH YyMeHbwaercd [0 BEJIHUHHB xmm=

mo2\1/n
=(—Ex‘) . @ 3aTeM BHOBb BoO3pacTaeT. Korga oHO BHOBb CraHer
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paBHO R, nepBda 4acTH A OKaXKeTCs B TOYKe

R/xpip
""“"’l——_' Iid 1 I
%17 = *min , V:'F - z2—11. (0

Touka OCTAHOBKM RaJjieTeBUlell UacTHIB €CTh Mpefea x;; OpH R — oo,
Ecnn n<Cl, 10 x;y—> 00 npy R—> oo, T.e. ofie YacTHUH mOCIe
CTOJIKHOBEHHA YXOAAT Ha GeCKOHEUHOCTb.
2.30. YpaBHeHUe ABHKEHHSA

mv =~ {vr] (1

HMeeT MHuTerpalibl

mo?
5 = £, (@)
miv]—- £ 5 =1, @

Ymuoxus (1) ckansapno Ha r, noayuaem v =0 _‘%r_ — 02 =0,
OTKyna
r2=rZ b o (t— t)2. o)

YwMuoxuB (3) ckaaspHo ua r/r, nojyyaem

—?g:JcosG, (5)

rie O — monspHbifi yros B cepuueckoft clcTeme KOODAHHAT € OCBIO 2,
napaagenbHoit Bektopy J. [Tpoeknusa (3) na ocsk 2

mr?rﬁ sin?@ — fcg cosf =J
coBMecTHO ¢ (D) naet
. J
Q=3 (6)
Tlpu f = £, umMeeM U = ro'cp sin® u us (6) caemyer: J =5;:_0(§,'
i ¢ yuerom (5)
mryvc
eg
ro0
sin 0-r2 (¢) °

vt
=0+ 55 sno arctg-L————). )]

tgd =— . ()

Hurerpupys ypasHeHne (I,___ noaydaeM
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TakuM 006pa3oM, dgacTyia RABHKETCA C MOCTOSHHOE CKOPOCTLIO U
o nopepxHOCTH KOHYyca @ = const. Beeas
Y = (¢ —@qsin @, ©
nepennwem (8) B Blde

t— t,
tgp =00, (10)

PaBenctBa (4), (9) ® (10) MOXHO HHTepNpeTHPOBATH CAEAYIOLLHM 06-
pasoM: ABMKeHHe TOYKM MO Pa3BePTKe KOHYCa OKA3blBAETCS PaBHOMEP-
HLIM H NPSMOJHHERHLIM, fIDHYEM 7 H Y — NOJAPHBIE KOOPAHHATH B MJO-

CKOCTH Pa3sBepTKH.
231, IBuXeHHe 3apAKCHHOH 4acTHLH B 3JEKTPOMArHHTHOM [oje
onpejensercs GyHKnHell Jlarpanxka
mv? e
L="5"—ep+ VA M)

rie ¢ 1 A — cKanspHE H BeKTOpHLIA moTenNuaaw (cm. [2], § 16, 17),
Hcrnoasaya UHAHHADHYECKHE KOODAHHATEI, HMeEEM

m . 2 _e______mﬂ(;)
L= 5 (r? + rig? + 22 + PRI (2)

Hs ypaBHenus ABHXKERHA I 2

mz—ké—c———r—zO (3)

BHJHO, YTO NpH 2 = 0 KOMNOHEHTA CIIb, mapajuicibHas ocH 2, obpaina-
ercst B HyJab. [loatomy, ecaum 2(0) == 2(0) =0, To TpaeKTOPHH UaACTHIb
NeXAT B NAOCKOCTH 2 = 0. Tax kak @ aBafeTcq UHKJIHYECKON KOOPAH-
HaTOH, HMeeM

aL + o em
-a?', = mr2@ 4- -~ = p,= const, 4

OTciola BHAHO, YTO Py B cjydae HHGHHUTHOTO IABHMKEHHS €CThb 3Haue-
nue M; npu r — oo, KpoMe TOro, BHINONHAETCA 3aKOH COXPAHEHHS 3HEp-
run (Tak Kak dL/0f = 0):

m . L 4

7 (et = E. (5)

Hckmouas u3 (5) @ ¢ nomomsio (4), Haxoaum

T 7 Uggy (1) = Ey (6)
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rae
1 en\?
UBN = 2mrt? (pg - &—) * 0

Taxum o6pa3oM, ABHKEHHe BLOJb pajHyca NMPOHCXOLUT TaK ke, Kak
oxHoMepHoe B none Usgg(r).

Tpadukn Usge(r) mna cayuaeB pp <0 u py > 0 H306paxkeHH
Ha pHC. 94, @ H 6 COOTBETCTBEHHO,

Vg

Vg

al)
Puc. 94.
B cayuae p, << 0 nas moGofi sneprun E > 0 nBuxenne uaduHATHO.

Jlns toro 4TOGH KauecTBeHHO U306pa3uThb TPAeKTOPHIO, MOJe3HO BH-
pasute u3 (4),

W 23 em
=" "y T mer ®

CKOpOCTb noBOpOTa paiuyca-BeKTOpa YacTHULI HMeeT BC€ BpeMf OJHO
H TO e HanpasJcHHE H BO3pacTaer ¢ npHOAHKEHHEM K AHIOJIO,

3

i a r\\ \ \\
0 i
\ b !
\, /
/
Puc. 95. Puc. 96.

TlpuMepHEI BHA TPaeKTOPHH MoKasaH Ha puc. 95 (kpmpaa [), Tpaex-
TODHA CHMMETPHYHA OTHOCHTE/]BHO NPAMOM, COEAHHAIOUWEH LEHTP NOAA ¢
TOYKOli r == rmig.
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B cnyuae py > 0 BO3MOXHO paccesiHe YacTHL Jio6oA 3HEPruHH
capé
E> 0, a npu E<Um=m(E=El ua puc. 94, 6) Bo3-
MOXHO TaKXe GHHHTHOe nBHXeHue. M3 paBencTsa

. Py em
P=1mrr = merd

. em .

crenyer, wto ¢ > 0 npu r>ry = st nQ<<0opur<r. lpur=r,
Py

YacTHILA HMeeT «TOUKH OCTAHOBKH» 1O .

Yacrnua ¢ sueprueit E > Up (E = Ej) na puc. 94, 6 paccensaetcs,
npHueM B IBYX TOUKax r == rj e CKOPOCTh mMapajjienbia pajHycy-Bex-
Topy (puc. 95, kpusas 2).

Mipn E < Um BO3MOXHO paccesaHHe Ge3 ToueK OCTaHOBKH 1O @
(puc. 95, kpuBas 3) HaH (QUHEHTHOe ABHXKeHHE B KOJble a<r<b
(puc. 96). B mocaenneM ciydae yacTHma B TedeHHe mepuHoia coBepllaeT
Kak mpaMoe (yuactok AB), Tak W «monatHoe» (yuacrok BC) npHiKe-
HHe MO .

232, a) YnoGHO 1cTI0.Ib30BaTh UMJINHAPHYECKHE KOOPAIHATH, a BeK:

1
TopHBIl MOTeHUHAN BHOpaTh B Buie A, = 5 1, A, = A, = 0. Isu-

KeHHe B HaNpaBAeHHH OCH Z PaBHOMEPHOE, & B NIOCKOCTH, NEPHEHAMKY-
AspHOil K OCH 2z,— duuuTHOe. TIpoexuust TPaeKTOPHUH HA 3TY MJIOCKOCTEH
usoGpaxena #a puc. 97. TpaekTopuH 4, 0, 8 0TBeUAIOT ycA0sIIO Py = 07)

1 coorpercteenno Uy < Ey < U E; = Uy U <TEi tne E = F—

2
mug ~ Ang, e ——  Jlpn
-5 Uy = (Q —Q)p(p,U2=§§, Q=35 >, Q= VQr .

Po << O TpaekTOpH# NpuBeleHa Ha puc. 97, e, aas pp = 0 — Ha puc. 97, 4.
3aKoH NBMIKEHHS YacTHUR B 3ITOH [JIOCKOCTH JETKO HAliTH, 3Has

ABHXEeHUe CBOGOTHOTO W3OTPOMHOrO OCLHMJIATOPA C 4acTOTOH & (cM.
[11, § 23, sanaua 3)

— — b - L)
72 = g? cos? {F + b2 sin® OF, (p=—~Ql+Arctg(—a—tg Qt) ).

3nech MHHHMaabHHE (6) M MakcHMajbHBIR (@) paauychl OnMpeAesioTcs

*) Ilna omnpenesennocTd cuutaeM o8 > 0, pg — OGOOUIEHHBIA HM-
nyJbC, COOTBETCTBYIOINE KOOPAHHATE @.

**) Bersu Arctg (_Z_ tg §t) HY)XHO BHIGUPATb TAK, 4TOGH Yroj @ Obui

HenpepHBHOA QyHKLHel f,
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sHeprueft E = ng (@®+ 5% — p R H  HUMNOYABCOM  pp = mQab,

a Hauana orcueta { H ¢ BuOpanw Tax, uto @(0)==0, r(0)= a. Hure-

PecHO, 4TO Nepuoj pajHaJbHHX Kojebanuit T = n/Q me sasucur or E

H pe. Yros MOBOPOTa pajMyca-BekTOpa 3a 3TOT nepuol A = m(k 1 -—

-—-Q/ﬁ) 13 pe=0 u Ap = — /8 mas Po = 0 ne 3aBucutr ot E*).
Kak HaMeHHTCS ABHMEHHE qacTHI, ecaH A << 0?

Puc. 97.

HHTepeCHO CONOCTABHTbL ABHXEHHe YacTHUH B 3TOR 3ajave ¢
NBUXeHHeM B CKpelUeHHbIX 3JIeKTPHYEeCKOM H MAarHHTHOM HOJAX (CM.

[3]. § 22).

2,33. YpaBHeHHe TPAeKTOPHH

fp—]/: (m )dr ¢))

V E— Uy )

rje Q=2_mc’

a  mr? Pe \
V)=~ 2+ (0 - 75).

*) pyroit crioco6 pemeHHs npuBedeH B 3afaue 6 36.
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KauecTBeHHO XapaKTep NBMMKEHHS MOXKHO HCCAeOBaTh, HCIOAB3YA rpa-
¢ukn Uygg (7). Tpn sToM HyxHO OfpauiaTh BHHMaHHe Ha TO, 9TO @ Me-
Py
mQ*
TaTe NOAYYaeM TPAeKTOPHH, NpHBeleHHHe Ha puc. 97, a — 3 *). Pasauu-
Hble TPAaeKTOPUH HA PUCYHKaXx COOTBETCTBYIOT CJAERYIOIHM YCIOBHAM:

a) pp >0, Unin < E < Up rie Unin — MEHHEMAJNBHOE 3HaYeHHE
Usoo(r), Us = Usp g (ro);

6) pe >0, E = Uy

8) po >0, £ > Uy

2) pe<O;

0) pe = 0. B nocsieatem ciyyae wacTHlla nafaer B IeHTP Ha nep-
BOM e BHTKe.

PaccmoTtpim nospoGree ABa npefebHbIX CJaydas.

Ypasuenue (1) mpenacrasum B BHIE

HfeT 3HaK, KOTKa r NPOXOAHT 4Yepe3 3HAUEHHUE Ty = B pesyJib-

dr

i ]/2m S p(% mQ?r?
E—I-pq)Q + ——2/1”2 2

TakuMm o6Gpa3oM, MOXKHO CYHTaTb, YTO BJIHAHHE MAaTHHUTHOTO TOJS CBO<
IATCA K 3aMeHe 3Heprin Ha E' = E + pgQ, no6aBjeHHH K MOJIO

mQ?r?

T

— a
Ue=— - noGaekH  §U = (koTOpasi NPHBOAHT K NpeleccHH

op6uTH) M K po6GaBouHoOl mpenecchd ¢ yraosolt ckopoctsio — Q. Ilpu
AOCTATOYHO MAJIBIX 3HAUEHHSIX MATHWUTHOrO nojs o6 node 86U moxer

2
okazaTbcs Majoii poGaskoll Kk Uy = 2%1"_ —_ i. Ans sToro xocra-
r r
TOYHO, 4TOOb BO Beell 06/1aCTH [BHXXEHHS YACTHIB BHIOJHANOCH YCAOBHE
8U(r) < |Us(r) . (3)
CKOPOCTb [pelecCHH, BLI3BAHHOM cSU, MOXKHO ONpeJeluTh KaKk
SAp 1
4 s e e T ———
= T =7 a (T <8U)), 4

*) Kauectsennuli XapaKTep HCCJAENORAHHS € NMOMOIBIO TIpadHKOB
NO3BOJISIET BOCNOJbL3OBATLCH TeM )Ke NPHOAHXEHHHM H300paKkeHHeM Tpa-

eKTOpH#, uTo H B 3anade 2.32. PasyMeeTcs, TOYHLIe TPAEKTOPHH YacCTHIL
B o6enx 3ajilavax pasjIHyHLL,
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rae ycpenwenue 86U npoussoAuTcs no ABHKeHHIO udacTHiw B nonae U,
¢ sHepriefl E’ u MOMEHTOM pg, a T — nepHOA 9TOro ABHXKeHU#H (CP. €
3apavamn 2.17, 2.18). Buluucsienve *) npuBOAHT K 3HaYenuIo

302

21E" )

npuueM SU meficTBUTENLHO MOXKHO CYHTAThb MaJofi monpaBKo#, eciaH Kpo-
Me (3) BeinoaHeHo Takxke ycioBHe OAQ < 2m, T. e.

Qp oY m|E <1, (6)

Pasymeercs, U Henbsst cuMTaTh Majod nonpaBKoH, eciH E’>=0, TaK Kag
B 3TOM cayuae yaanenHe §U KauecTBeHHO MeHSieT XapakTep ABHKeHHS.
Beauyrna Q' MoXeT OKa3aThCi KaK MaJjoi 110 CpaBHeHMIO ¢ 2, Tak
1 Gosbliof. 3HaK Q' MPOTHBONOJNOXEH 3HAKY po, T. €. HaANpasjeHHe TOU
CKOPOCTH [POTHBOINOJNONKHO HANPABAEHUIO ABUXEHHS YacTHUH Mo opOuTe,
Hanpagaenue ke ckopoctd Q onpeieisfieTcss MAarHHTHLIM fOJIEM,

Urak, Tpaekropus npeacTabiseT cobOfl 3JJHIC, NpellecCHPYOUIHT
¢ YIJ10BOH CKOPOCTBIO -

Qup = —Q + Q', (7)
TOYHee I'OBOPA, NOCKOJbKY MoOKeT okasaTbes Q7 S 1, B cucTeMe oTcuera,
Bpamaiouiefics ¢ yraoBofl cKOpocTbio Qpp, TPaeKTOpHA NpeacTaBiser
c06OH HEnoABHXKHBLIA 3JIUIC,

HHTepecHO COMOCTABHThH NOJYUEHHBlEe Pe3yJbTaThl ¢ Teopemofi Jlap-
mopa (cM. {3], § 45, cM. Takxe 3anauy 9.23).

Bo3sMoxeH sy cayuadl, Korga 8U MOXHO cuuTaTbh Majiofi Monpaexoil,
ec/iH 3HeprHA 4acTHusl £ MOMOXKHTeabHa?

[anee paccMOTpHM caydall, KOrga MaJjiodl NonpaBKOA MOMHO CUUTATHL
none U = — a/r. [Ipuxenne Ge3 yuetra U NpOHCXOANT N0 OKPYXKHOCTH.
Ee paavyc @ M paccTosiHHe b OT ee LeHTpPa A0 LeHTPa MOAA MOXHO
BLIPA3HTb UYepe3 MAKCHMajlbHOE H MUHUMAaJbHOE PAacCTOAHHS 4YacTHLbI
OT LEHTpPa NoJjs

s E+pQ +V(E+2,9E )
2= mQ? . @)

Bo3MoKHBl ABa BapHaHTa DPacnooXeHHs OKPYIKHOCTH, H306paKeH-
uble Ha puc. 98. Ecmw pyQ << 0, TOo ocyulecTBasercs cayuall a), ecau
PeR > 0, TO ocymecTBazeTcs caydail 6). B obonx cayuasx

E+ QPWQ E
b=—grgr . @ =gm- 9

*) Has Beruncnenns <OUD yno6HO HCNO/BL3OBATH MepeMeHHble, NPH-
MeHeHHBle B 3afauax 2.18, 2,19, Tak xak nepuoa B moae U, He 3aBHCHT
OT Pg, B (4) MOM(HO BHIBeCTH T U3-NMOA 3HaKa INPOH3BOLHOH,
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Yuer noas U npHBOAWT K CHCTEMaTHYECKOMY CMeLULEHHI0 3TOR OKPYXK-
HocTH (HasmBaeMOMy Apefipom), npuyeM ee paaHyc H pacCTofHHE OT
LeHTpa noJs, olnpeaeaseMbe MOCTOSIHHBIMH 4 H b, He H3IMEHAWTCH, T. €.
LLleHTp ec MepeMellaeTcst N0 OKPYXHOCTH paanyca b. YraoBas CKOpOCTb
CMeLleHHsl LLeHTPa OKPYIKHOCTH

ap W,
rne ycpeanenne U npouspopuTcs 110 PaBHOMEPHOMY ABHXKCHHIO MO
oKpyxHuocTH. OrpaHWYHMCsl cay4yaeM, Kor-
na a < b. B sToM cayyae MOKHO CYUHTATh

pocTo
4 a .
. o
1 Wy=—3 (10)
4
J a
d TaK 4yTo \7:m,3amemm, 4YTO B 3TOM
@ j) cjyuae JauHefiHas cKopocTh Apefiba paBua
. c& |7, rne e& = o/b? —cnna, nedcTsyio-
Pite. 93.

luas Ha yacTully Ha pacctosHuu b (cp. [3],
§ 22).

2.34. 3agaua o ABHXCHHU [ABYX OJMHAKOBAIX 3apAKEHHLIX YacTHL
B OJHODPOAHOM MAarHHTHOM TlOJie CBOJMTCS K 3ajayaM O ABHXKEHHH UEHTpa
Mace H 06 OTHOCHTeJbHOM ABHXKeHHH (cM. 3ajauy 2.26).

KoopauHaTth LeHTpa Macc -

X = R cos wf, ) 1
= — R sin w!, } ()
rae o =es/me.

OTHOCHTEeNbHOE ABHNEHHE COBMAafaet C ABHKEHHEM uacTHUH C Mac-
cofl m/2 u 3apsafom /2 B none U=e%r v B OLHOPOJHOM MAarHHTHOM I[O-
fe J8. DTo ABHNKEHHe NMOJOGHO PACCMOTPEHHOMY B Mpeiblaylued 3anade,
TOMbKO B (OPMYAAX CAENyeT 3aMeHHTb m Ha m/2, e Ha e/2 u o Ha —e2.
OrpaunvunMcsi clyuaeM, KOrfa paguyc OpOHTH @ Maj IO CPaBHEHHIO
¢ paccTOsHHEM [0 uUeHTpa noas (cM. puc. 98, 6). UactoTy paanaibHbIX
kogeBanuii ¢ O6ablledl, YeM B npenbmyl.ueﬁ 3ajaue, TOYHOCTbIO JErkKo

Pq, m 1
ONpefesHTh, pasaarad Uysqg (r) = T + — pp + m2rz ~ 5 Py®B pan
BOsu3n r==>5 (cm. [1], § 21). K3 ycaonus Uacbcb (b) =0 HaxoauM

m? T m ® 2¢?
P, = Vlsmb 2esz_2ab2(7_y), V= @
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Orciona ans ® _____v Wonp &) nosyuaeM OKOHUATENbHO mr=ﬁ)——;-,
r m
a paccTosiHHe MeXAY YacTHUAMH
r=b+acos(w.f+a). (3)

Jlna HaxoxaeHHs @(f) BOCDOJb3yeMcsl COXpaHeHneM OGOGUICNHOTO HM-

nyasca pg = -'-2n- r2 (q; + -(;—).) C yuerom (2), (3) noryuaem

(p(t)-_—_yt——lbl-sin(mrt-l-a)—{—q)o. €]

Bocnoabzosapuines (3) M (4), MOXHO NPeJICTABATE KOOPAMHATLI OT-
HOCHTEJbHOTO ABHXKEHHA B BHIE

ot
x=r cos @=>b cos (y{ — @g)+ a cos (mt + lé- + ﬁ),

y=r5inqa=_bsin(vt-—%)—asin(mt—i—lg—{-ﬁ), (6)

f=0o— q.

3mech MepBble Caaraemble OTBEYAIOT ABHXKEHHIO UEHTPa OKPYNKHOCTH C
npeiihOBORA CKOPOCTbIO bY, a BTOpPLIe — ABUKEHHIO 110 3TOH OKPYKHOCTH

¢ yraoBofl CKOpoOCThio © -+ %

Koopaunatul nacTuy, Xy g = X + _‘;_, Y1,=Y & ._Z_ yLo6Ho npes-

CTaBHThL B BHAE

-

b
Xy o= T 5 cos (Y/ — o) -+ Py o C0s (Of + Py »),
. (©)
Y10 = F 5 Sin(V/ — o) — Py 5 sin (Of + Py »),
rae

a?

t
p"zzl/Rz—l- 1 iaRcoS(%—l—ﬁ),

—_!-asin(%t—{—ﬁ)

tgy = vt .
2R 4+ acos (—2—+B)

Utak, yeHTPHl OKPYXHOCTeH, MO KOTOPBIM JABHKYTCA HaCTUUHI, Bpa-
UIAIOTCS BOKPYT HAYaja KOOPAMHAT € YT/opoii ckopocTbio Y (ApeAdyior
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co cxopocThio b7Y/2), a palHyCHl 3THX OKPYMKHOCTed MYJbCHPYIOT ¢ 4a-
crotoft 7/2 (puc. 99).

MexaHu3M <nepeKaykn» SHEPrHH MPOIie BCero NMOHATh B APYroM mpe-
AeJbHOM caydae: a>b (paccTosHHe MeXAy UEHTPaMH OpSHT 4acTHU Ma-
JI0 MO CpaBHeHHIO ¢ paaMycamd opGut (puc. 100)). OueBuaHo, pabora,

—_——
~
N
//
/ /
Ve
7 Y
, Z
7 ]
/
—— 3

/

[

'
/
/
/
4

/
/

//

S

Puc. 99. Puc. 100.

coBeplliagMasi CHJIAMH B3auMOMEACTBUsS, Haf BTOpofi yacruuefi nmonoKH-
TEJNBHA, 4 HAJ NEePBOR — OTPHI[ATEJIbHA B TeUYeHHE MHOTHX MEePHOMOB.

2.35. YGenuThea B NOCTOSIHCTBE JAHHON BEJHYHHH HECJOMKHO, HC-
nonb3ys ypaBHeHMs ABuxeHus (cp. [1], § 15), mpuyem ynoGHO mpend-

craBaaTh ee B Bune AF - -é_ [Fr]?2, rme A=[vM] — aTr. {Ipn Maanix

3HaueHusx F Tpaektopus GJH3Ka K 9JJHNCY, COJbIIAA MOJYyOCh KOTOPO-
o HampaBJeHa NoO BeKTopy A, a skcueHTpucHTeT e = |Al/et. B atoM cary-
yae AF = const, umu e cos P = const, rae P — yroa Mexny A v F.

2.36. IlosBienne Majofl AOGaBKM K TMOTEHLUHaNbHOA 3Hepriu SU(r)
NPHUBOJUT K U3MEHEHHIO BEJHYHMH, XapPaKTEPH3YIOMHX IBHKEHHE YACTHLbI
(MOMEHT, MOJIOXeHHe NMepHreJHs H T.A.), IPpHYeM 32 HeGOJbIION mpoMe-
KYTOK BPeMeHH (HECKOJbKO NMEPHOXOB HEBO3MYIIEHHOrO ABHIKHHA) OHH
Takxe H3MeHAwTcs Mano, OZHaKO 3a MJIHTeNbHOe BPeMs H3MEHEHHA Ha-
KamIUBaIOTCs, TaK UTO HEKOTOpHle BeJHYHHH MOTYT H3MEHHTHCA BO MHOIO
pas.

B yacTHOCTH, OpGHTA B TEYEHHE MaJOro NMPOMEXYTKa BPEMEHH OCTa-

a
erca sanuncoM. Boapmas NMOJYyOCh STOTO 3JJHIICA @ = 3 l EI onpeneaa-

eTcA sHeereﬁ H He H3MeHAeTCHA 3a AJHTCJLHOE BpeMi. BKCHEHTPHCHTET

M2
Ke ¢ == Vl - m H OpHeHTAalHd NOABCPKCHB HAaKaNJHBAIOIIHMCH

H3MEHEHHAM.
a) H3MeHenne mMoMeNTA ONpENeJsercss ypaBHEHHeM

M = [tF]. (
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Yepeaitnm 910 ypaBHeHue 1O nepHony

(M>=[<rF], 2
rge
1 T
(r) = K Y r({)dt. 3)

Ins ycpepHeHHs HCIONb3yeM CHCTEMY KOOPAHHAT C OCbiO Oz, napanjienb-
Hoii M, u ochio Ox, mapainenuoit A

(puc. 101). (3necs A = [vM] —-_Oir': —_

NOTOJIHUTEIbHEN  MHTETpajd B 3ajaue
Ken/iepa; HamoMuuM, 9TO BeKTOp A Ha-
TnpaBJen OT LEHTPa NOAS K MEPHTJHIO, )

4

a |A| = ae.) Ouesunuo, uro —<r)
napasnenen Ox. [loacraBasa x= /
_ _T . z
= a(cos £ —e), t= 2—-ﬂ—(§—esm§), g
nonysaem Puc. 101,
2n 3
a ae
(x>=-2—T-ES(cosg—e)(l—cosg)d?;:——?. 4)
0
Takum oGpasom,
3ace A _ __3a
(r):—Tm'— 2aA. )

6) Ecan cuna F nepnenfiukynapia x M, To u3 coofpaxeHuil cuM-
MeTpUH $ICHO, 4TO OPGHTA — NJIOCKAA KPUBAS, a BEKTOP M coxpansieT cBoe
HanpapJeHne (C TOYHOCTBIO A0 snaka), [lepennwem (2), (5), omyckasa
3HaK ycpefiHeHUs, B BHIE

. 3ae
M == Fsin, ©)
rae P — yroa Mexay A u F. Yuutwpas, uto
e cos Pp==g==const (7

(cm. sanauy 2.35), H HCKAIOUAs H3 (6) e u P, HaxoAUM
. 3aF ‘/_ M2
M=— 1 — e — (8

Hurerpupys ypasnenue (8), nosyuaem
M=M,cos(Q{+8), 9)



112 OTBETH U PEINIEHUI 236

rae
3F1/7a —_—
Q=5 VY 7=, My=Vmaa{l — ey,

8 TaKxe

e=VT1— (I — €% cos? (Qf + B).
Hrag, TpaekTopHs mNpeicTaBAfeT COGOH 3JJHIC, NMOKAYHBAIOLHICH
OKOJIO HampaBiaeHHs F H MeHsIOWHA B TakT
MOKAYHBAHKAM  3KCUEHTpHCHTeT (puc. 102).
HanpasJienne ABHMKEHHA YaCTHUBI N0 3ATHNCY
TaKXe H3MeHserca (BMecre co 3uakoM M),
Ilepuon koneGanus sammnca 2m/Q ropasso
F Gosblie mepHoga OGpAalUeHHS WACTHUEL MO 5J-
auncy T,
B) B ofuwem cayuae paccMaTpHBaeM Tak-
JKe u3MeHeHHe BekTopa A. HMcnosesys ypasue-
HHA [BHXKEHHSA, JErKO NOJYYHTh

3 I
Puc. 102. A= 7 [FM] + [v [rF]]. (10)
Jaa ycpennenns (10) ucno.ap3ayeM paBeHCTBa
NV E AN )
= g3/ =0
VN

<y§>=\3 5,/ =0
. . sd N\ f (1n
sy o =\g ¥,/ =0

. . M
Gy = yx =7 |
[Tonyuaem

. 3 oY
(A> = 5~ [FM]. (12)
Hrak, nas M n A, ycpelHeHHBIX MO NepHOAY (3HAK ycpenHeHHa nagee
olnycKaeM), HMEEM CHCTEMY YPaBHEHHH

. 3
A= g (FM],
- (13
. a
M= 5% [FA].

KoMmnoHenTs: 3THX BeKTOpOB, mapansenashwnie F, coxpansiorcs:
MF = const, AF=const (14)
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— Pe3yJbYaT, KOTOpPHA JIerko MoJAy4YHTb H M3 APYyrux coobpamenunt. as
nonepe4Hol KoMnoHeHTH M

F (MF)
My=M—-—pF" (15)
u3 (13) monyyaeM ypasHeHHe
My + QM = 0. (16)

Ero pemenne samuuiem, Begsi cucteMy koopauxat OX X2Xs ¢ ocbo Xa,
napaaaensHoit F:

M, = By cos Qf + C, sin Qt,} (7
M, = B, cos Qf | C, sin Q¢,

Tenepp u3 (13) naxoznm

3F
Al = — m (32 sin Qf — C2 cos Qt),
3F (18)
A, = om0 (By sin Qf — C; cos Qf),

Mocrosinubie By, Ci,; ONpefesioTcs, KaKk M CJAENOBaN0  OXHAATH,
Haya/bHBIMHM 3HaYeHHAMH BekTopoB M u A,

Koteu Bektopa M onuchiBaer 3J/HIC ¢ LEHTPOM HA OCH X3 B MJIOCKO-
cTH u, napamiensHoit OX X, (puc. 103). Kownew Bektopa A Takxe onu-
ChIBaeT 3JUJIMIC C LEHTPoM Ha ocH X3 B
IJIOCKOCTH O, TNapaJfenbHOA W, NOAOGHBIH
nepBOMY H noBepHyThHl Ha m/2. Flpu atom
A Bce BpeMs neprnengukyasped kK M.
TTnocKkocTh TpaeKTOpPHH nepneHAHKyAsApHa
K M, BekTop A omnpeflensier HanpasJeHHe
Ha nepHreJuit OpOUTHI,

Hrak, njaockocTe TpaekTOpHH mo-
BOpayHBaeTcs («MpeLecCHPyeT») BOKPYT
F. Yroa, cocraBasieMbiii MJ0CKOCTbIO OPGUTHL
p ¢ F, KoneGsierca npu aToM OKOMO HeKo-
Toporo cpeftHero 3HaueHus. Koae6morcs
OKOJIO CPefHero 3HayeHHs 3KCLEHTPHCHTET
H yron Mexay npoekuuefi F na nnockocts
0 H HanpaBJieHHeM Ha mepHreanii. Bce Puc. 103.
3TH JBHXEHHA MPOHCXOAAT C YacToToH Q.

Hanomuum, 4T0 MBl npexe6perajy nonpasKaMHd NepBOro MOPAAKA MO
F, ecn OHH He NPHBOAHJH K HAKanJMBamowuMcs sddexram. Peienue
CnpaBej/IHBO [/18 OTPe3Ka BpeMeHH MOPAAKA HECKONbKHX MepHOL08
npeueccud OpOHTHI.

X
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He npupefieT nu yueT c/AeRyIOUIHX TNPHGIWMKEHHA K KavecTBEHHOMY
H3MeHeHHIO XapaKTepa fApumenns (HANPAMEDP, R yXOLY 4acTHUL na Gecko-
Heunoctb) ? TouHoe pemteHwe 3ajaunm O JIBHXKEHHH 4YacTuils! B noJje

a
U = — 2. —Pr, po3aM0oxKHOe B napaboJn4ecknx KOOpAHHaTax (cM. 3aia-
r

wy 12.126), noka3uiBaeT, 4TO NpH 3afaHHOM E <0 ¢ 10CTAaTOYHO MaJhIX F
noAoGHuX 3¢ deKTOR He BO3HUKAET.

IMonuepkHeM, 4TO ROABJeHHEe HAKAILIHBAIOWIKXCS H3MEHeHAA OpOHTH
NOA AefCTBHEM CKOJIb YFrOAHO Majoro BO3MYILEHHS CBSI3aHO C Bblpoxie-
HHEM HEeBO3MYIIEHHOIO AEHIKeHHS.

B [5], § 7.3 MoxHO HaliTH peuleHHe 3TOfl 3aJauH C HCNOJL30BAHNEM
KaHOHHYECKOIl TEOPUA BO3MYILEHHH,

2.37. Coraacuo teopeme Jlapmopa (cM. [2], § 45) opGuta aacTHub
B OJHOPOAHOM MaruuTHOM noje J Bpatuaercs BOKPYr HEHTPA KYyAOHOB-

93

CKOTO NoJd ¢ yraosofk CKOPOCTBIO @ = — g TAe 4 -— 3apAj YaCTHILE,
m

g
ITpu 3toM BekTopsl M H A H3MEHAIOTCA CO CKOPOCTIMH

M, =[Q M], A=[QAlL ')

VepennenHbie 32 NepHo CKOPOCTH H3Mehenus sextopos M u A mog

BJAHsHHeM nocToaHHOM cuawt F = ¢§ onpelenenn B npeanAyliedl 3anave
(cm. dopmyay (13)):
. 3a . 3
M, = 5% [FA}, A, = om [FM]. (2
VcpelHeHHble CKOPOCTH H3MeHeHHA BektopoB M H A moa pausiHEeM
o6oux noJjeil paBHHl
M=M-+M, A=A +A, &)
a) HanpasaM ocCb X MO 3/MEKTPHYECKOMY, @ OChb 4 N0 MArHHTHOMY
nomo. Torga ypaeHennsa (3) MpHHAUMAIOT BRI

. . 3F +  3aF
Ax=—QAy, Ayngx——Z—m‘M, M=-27;Ay.
PeletiHe 3TOf CHCTEMBbL:
Q
A, =— " Bceos (ol + ) +C,

A, =B s sin(ot-+p),
3aF . 2mQ
M = 5= Bsin (0! +B) + 5F C

rie ¢=yQ¥9aF2/4ma, a nocroauuvie B, B, C onperenfioTcs Hauasbe
nuiMH 3nadednaMd A B M,
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Hrax, xoHen sexkTopa A ABHIKETCA MO SJIHNCY € OCAMH, Hapajjelb-
HHIMH ocAM ¥ M y (puc. 104) m uentpoM Ha ocH x. Op6HTa npu stom
noxayupaercs. (uau Bpamaercs npu QB>wC), mpuieM nepHOAHYECKH

4

0 ] z

Puc. 104.

naMeHsietcs aKcuedatpucuter. Ipn 9aF2B>4maQeC sanuntryeckas op-
6HTa mepHOLHYECKH BLITATHBAEGTCA B OTPE30K,

¥F1/ a ma
6) OGosnauns Qg =7 Vr'ral_a’ N=A V—a—-, sanumeM (3)

B sHze M = [@M] + [Q#N], N= [@N] + [QFM]. CknaguBas H Bh-
uyTas 5TH ypPaBHERHs, HAXOLHM

1,2 =[91,334,5]s
rae '.'1’2= l/g(MiN)y m1'2=QiQF.
Takum 06pa3om, BeKTOPE! Jj,3 BPAIAIOTCH € MOCTOSHHHIMH YIVIOBHIMH
CKODOCTAMH @),2:
Ji,2 (1) = Ji,2 (0) cos (01,21 +
o1, . Jio (0o 5
-+ [-—mi . Iy s (0)} sin @, of + 0y, —_——“’21 2 (1 — cos 04 5f),

a
7 Bektopy M =J; 4 J,, A= V,—n—& (J; — J,) NOAHOCTBIO Ompese-

JISTIOTCST Yepe3 CBOH HadalbHble 3HAYEHH.
Mu He GyzeM nogpo6HO &HAAH3MPOBATH STOT OTBET. 3aMeTHM
TOJBKO, 4TO ©;==@3 eClH 3JeKTDPHYeCKOe H MAarHuTHOe NOJA B3aHMHO
TepIeH AHKY 5 PHHL
2.38. INycTp wacTHHA [ABHXKETCS B MJOCKOCTH X2 YpaBHEHHA 1.1
sektopa A (cMm. dopmyay (10) u3 3amaun 2.36) MOKHO NDHBECTH K BUAY
. . . 6p d
o — 2y — — 3
A, = 2P (5xzz — 2x2%) = ;- 2M 2ﬂdt x28,
. [ * 4 d
A, = 2B (4xxz— 25%) == -,-nExM + 2B 37 x2%,
rae M=m(z% — xi) — MEJJICHHO MEHAWIAaACA QYHKUHS BPEMEHH,
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Tlocne ycpegHenHs 9THX ypaBHeHHA nosydaeM

A, ——6[3M<z>_—-9ﬂa AM,

—4[3M<x)__—6Ea—A M,

riae a — Goabluas nonyoch aanunca. Orcoa

A, 34,
Az 2Ax'

T.€., B OT/HuMe OT 3apaun 2.360, Kouel, BekTopa A KoJjeGietcs He BAOML
npsaMoi, a BaoAb runepGonl
3
2 _ 2 424
A= P AZ -+ const.
3apHcuMOCTh A OT BpeMEHH MOXKHO HARTH H3 yPaBHEHHA

dA
{=—ga= \ w1
9a J MA)
B KoTopoM M H A, NOMKEH GHTb BEpaKeHH Kak ¢ynkuyH Asx.

HanpuMep, 448 ciyuas, Koraa B HavaubHelii moment A,(0) =0,
A.(0) =0ey (eg— HavanbHOe 3HAYEHHE IKCUEHTPHCUTETA), HMeeM

5 .

A,=—a V?(ﬁ—‘%)' M=]/—-Z— maa (2 — x2),
_ _ 1/ 3*%

x== c= -

C TeueHHeM BpeMenu opHTa MCAJIEHHO TMOBOPAYHBAETCS B MJOCKOCTH X2
1 NpeBPANIAETCA B OTPE3OK, COCTABMAIILHA € OCLIO X yFroa

YTy
| —_— k k p— e
P arctg 3 & 3+ 280,

3a BpeMs

1= 3ﬁ 10‘13 SV(xZ—ez) (c?— x3)

Bxoaamuil ciofa HHTErpajl NPHBORHTCA K MNOJHOMY INNHNTHIECKOMY
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HHTerpajsy nepsoro pojpa {cM. npuMeuaHne K 3agate 1.7 u [10],
crtp. 96—97)
- T
" 6x )V 10c Pa?

rie T — nepHoJ HeBO3MYIIEHHOrO JBHIKEHHS.
2.39. ®yrkung Jlarpanxa CHCTeMbl (g ~— 3apsiA YacTHLK)

K (k),

m? o« g [mr)
L=+7+7cT7 v

JiHIb 0003HaYEeHHs MU OTJHuaercss oT paccmorpennolr B [2] (3amawa 2
K § 105). YpaBHenns ABHIKeHHH

,,w,.wm I

Sg(Mm)

A= mcr3 (AR ]+ —Tsgs m2ers

NnpH YCPEOHEHHH [0 fepHO.Ly T HEBO3MYIIEHHOro OBHMXKEHHS 1aIloT ypab-
HCHUA, ONUCBHIBAIOLIIHE CHCTEMATHYECKOE H3MEHCHWE BEKTOPOB MuA:

(Mr]

qm

M) = [Q'M), Q’=—m. (1)
. Q'M
Ay=[0Al, @= oM @

rae a H e — 60/blias MOJYOCh H 3KCLUEHTPHCHTET HEBO3IMYUIEHHOW Op-
6uThl. YpapHeHue (1) MOXKHO mepenHcaTh TaKXKe B BHAe

<M>=[QM], (3)

TaK Kak Bektop Q — Q' napaanenen M.

W3 (2) u (3) BHAHO, Y4TO 3JIHMIIC, IO KOTOPOMY ABHXKETCS 4acTHUA,
npeleccHpyeT «KaK uenoe» ¢ yrosoi uactoroit Q. Jlpyraa uatepnperauus
MoxXetr ObITh JaHa Ha ocHoBe ypaBHenuit (1) H (2): B cucteme Koopah-
HaT, Bpauaiolleiics ¢ yacrotod Q’, Bektop M, a ¢ HHM H NJIOCKOCTL JBH-
JKeHHs] YaCTHIb!, HEMOABHKEH, BEKTOD ke A, a ¢ HHM H nepuresuii op6u-
Thi, Bpailaercs ¢ NOCTOSHHOM wacToToR Q — Q' BOKpyr HampaBjeHHst M.

YraxeM elle, 4TO ycpefHeHHe BeauunH 1/r3 u r/rS ynoGHo npoBoauT,
nepeiiisl oT nepeMeHHoH # K yray @:

T an
JIN_ 1 (4 __m_ Ao
- T
0

N3/ 7O o= TMpS (1 -Fecosp)dp = TMp
0
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i

VAN
&/ =B
1 (A T 2
At = m cos @ nme
B=FTS 7 =71 | Ale) 0= TMp
0 G

2.40, TIpn ycpenHenun ypaphenui (cM. dopmyny (10) sapaun 2.36)

. I
A= — [FM]+ [v[rF]]
yureM, uto {F}==0 @ 40, COr1aCHO ypaBHEHUAM HEBO3MYLUIEHHOro IBH-

KEeHHs,
w d d ( r) av  3ar (rv)
—_—a = S

mw=gr™ = [N e 5

1o paer (cM. NpenBIAYHLYIO 3ajaqy)

. aP s[vM] af /A ar 3nap
== (=R G E D = i A

OTciofla BHIHO, YTO CKOPOCTb H3MeHEHHs BeKTopa A HamnpasleHa
B CTOPOMY, TPOTHBONOJOKHYIO caMoMy BeKTOpy A. Kak H3BeCTHO, BEKTOD
A Hanpassen K nepHresuio OpOuTH M N0 Benuunne pasen A = ae. Takum
06pa3oM, 106aBoOUHAS CHAA He BEISHBAET NPELeCcCHIo OPOHTH, a8 NPHBOAAT
K yMeHbIIEHHIO SKCIeHTPHCHTETA

MoxHo TakKe nokasatb (cm. [2], § 75, 3amaua 1), uto BCJeACTBHE
TOTepH SHEPFUH M MOMEHTZ YaCTHILA 33 KOHEuHOe BPeMst YNajleT Ha UEHTp.

§ 3. CeueHne paccesHHs B 3a/laHHOM rnoJe.
CTONKHOBEHHE YaCTHIL

3.1. a) Kax zerko Bufiers Ha puc. 105, yroa OTKIOHEHHS 9acTHUL 0
paBeH YNBOGHHOMY YINy HAKJIOHa KacaTeJbHOM K IIOBEDXHOCTH B TOUKe
croakHosenHs. [losTomy

6 dp
ey =g =7 g
Orciona
pZ_bZ_aZth__.
7
0 do ado
do:n[de[=na2tg—2-cosz(e/2) = o

4
4 cos D)
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BO3MOXHO OTKNOHENHE 9acTHUL Ha YIJel oT HyJesoro (mpu p —b) no

b
0,=2 arctg7 (npr p—0),

4
Puc. 105,
Hraxk, a%do mE 0<0< 0,
dg = { 4 cos? 7
0 npu Gm <£0.
2
6) do = Am (n ctg %).:i_"". do 0

(1 — n) sin O cos? 7
Tlpn n— 1 npuBenenHoe ceyeHHe paBHO
do 0 nmpu 0>0,=2arctg 4,
do ={oo npu 0< 0.
3Atot peayabrar omnGoueH. [Touemy?

b 0 do
T("‘/tg?—”)—. N
sxn2—2- sin @

B) do = b\2
npH 0<6<6m=2arctg(—a—),

0 npu 6m<0.

3.2. [MapaGonoun Bpamenus p? = %. .

C6anxaiTes au TPaeKTOPHH 4YacCTHII, PacCesHHHIX B IOJIe H Ha mapa-

Gostonsie npu r—» co?
8.3. Tlpn E>V

8 8
it n cos 2—1 n—cos 5 9

a
D RN
dg = 4cos—2- (l+n2—2ncos—i)—)

opu 00 <L em,
0 npu 0 =2arccos n <0< 7,
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rae
=V1—V/E.

UeM BHI3BAHO OTJIHYHE 3TOTO CEUEHHS OT CEUEHHs paccefiHHs Ha MO-
renuuansHoi ame (cm. [1], § 19, saxaua 2)? .
3.4. a)

B_ = o
n|F—ip) "™ E>gg
"o E<
npH -

{ 4p

Kax #3MeHHTCS ceveHHe NpH H3MeHeHHH 3HaKa o.?

¥ B p2
n(2 V-E—f) npH E>4—Y-,
0 E B>
npH < - et
3.5. a) PaccMoTpum ABHXeHHe TydKa YacTHUW B nose U(r) =

6) 0 =

% Ef % npn pa3iMUHEIX 3HAYEHHS
=— ;71 [padukn U‘am,(r)= T~ pn P bl X

NpHIebHOTO NapaMeTpa O MNPHBEAEHH HA PHC. 106.

[pu Gonbluux 3HaueHuax o (Kpi-
”-Wﬁ Bag [) uacTHLA pacceHBaercd, MpH-
6aMXKafch K UeHTPY NOJA Ha paccrosuue

rmin(p),  ONpeneiseMOe  YCJOBHEM
Usgpg(rmin) =E. Tlpn y™eHblUeHHH p
£ | YMEHBWAETCS H Fmin BILUIOTb [0 3HAYEHHH
| ro, HOCTHIAeMOTO NpH p==po (KpHBas 2).
N - [Mpu elle MeHbWHX p 4yacTHUa MajaeT

e f',,;u; B uentp (kpHBas 3).
BenununHu rp U Qo ONpeleNsIOTCS

HAMH
23 YCJIOBHS
’
Puc. 106. Ua(bda (ro) =E, Ua(bq) (ro)=0
H paBlbl

2\1/n T [(n=2a ]/
ro=(/1—2)”"(g) ’ Po=l/,',‘:’2[——75—— .

Ecin R>rg, TO Ha WapuK MajaoT 4YacTHUb C rmin<< R, M ceuenue
nafieHus

0 = np? (T pyp = R) = aR? (1 + ElRZ)
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Ecnn R<<ro, TO Ha WapHK NalaloT YacTHUB, KOTODHE ynaan O6nl
B UEHTP, H CeYeHHe NajeHHs

O=my=p"2| 2E

2 nn [(n —2a ]2/1:

6) o=:r:(2 V%—_%) ecau 2Vﬁ> B, ER* < 1.

Ecan ke xoTs 6bi OAHO H3 3THX HEPaBeHCTB HE BbiONHAETCH, TO

0=nR2(l+g§7—Eﬁﬁz).
2
3.6. a) do= _i_ﬁﬂ)_dg_? rae
4(l+lsin2~2—) ’

4RE (RE + )

A= =z

Kak o6bacuuTh peay/bTat, nosyyaemulii npu a-+2RE==0?

6) B N.10CKOCTH TPAaGKTOPHH HAaCTHUBI BBElEM [JEKapTOBH KOODIAH-
HaTbl ¢ OCbIO X, HampapJeHHOH BAOJb OCH IyuKa, H OCbI0 Y — BAOAL HpH-
ueabHOro napamerpa. JIBHXKeHHe YacTHUR B o06aacTh r<<R ecTh
rapMOHHYeckoe KoJle6GaHHe MO KaXXAOH U3 KOODAHHAT, MPHYEM B HAYaJb-

ALl MOMEHT 3Toro Kojebauus (npy ¢ =0) yo=p, Yo=="0, Xo=

=~V RI= 0%, xo =0, TaK uto
 —— v
x=~]R2—p2cosmt+B—sinmt, y =p cos 0f, ()

MoMeHT BBIXO1a YaCTHIH M3 06:1aCTH AeliCTBHA CHJ ONpelesieTcs Y-
JI0BHEM

xryr=R?, (2)
a yroa 0 MEXJY CKOPOCTbIO 9aCTHURN B 3TOT MOMEHT H OCbI0O X — YCJ1O-
BHEM

. Y
sinf = s

®

=2 sin ©f. 3)
v

Moacrasus (1) u (3) B (2), norysaeM ypasnenne

p* — p*R* (I + Asin? 0) 4 -i— R%(1 +A)%sin20 =0,



199 OTBETHl U PEWIEHHS B

U’
rie A= Regt Ortciona

3
pf'z = 52- (1--Asin?0 T Y cos? 6 — A2 sin2 0 cos? 0),

H ceyeHHe
R2(1 -+ A2 cos 20) d
do = (| dof | + | o] ) = mat (o7 — 08) = 5 e

Ecau A > 1, TO BO3MOXKHO paccefiHHe TOJLKO Ha YIJIB, MEHbILHe
Rﬁmﬁ
0, = arcsin 73—,
er. Takas 0coGeHHOCTb CeueHHA Has3blBaeTcAd padyXHoiM DACCesHHEM
{cM. [11], ra. 5, § 5). Ioxo6roro THia 0COGEHROCTb CeYeHHA NPHBOAHT
K 06pa3oBaHHi0 Pajfyrd NPH PACCeSHHH CBETA KAIMMH BOJHL
TlpuMepn panymKHOro paccesiHMss CM., Takke B 3ajgavax 3.8, 3.10,
8.7, a)

g
a npu 8 — Om cevenne 7= HeorpaHHYEHHO BO3pACTa-

a2, (6, — 0) 14
b _| was, o 0<O, =1
0 mpr 82>86,.

6) Ilpn Buuncnenun yraa paccesanmusa (cM. [1], § 20)
00 —_—
60— SFydx V pVR: pt

00
yuTteM, 4TO CHJa

2Vy  2Vp — _
R U G

0 npr x>V RF—pt,

Orciofla HaXOLHM Piz,z =‘;" REILF VW) rae Om=VJ/E, no.
stony  do =z (|dp?|+|dpt |)=nd (pf—03). OKORYATE5HO
R2do
0

mpu 626, .

CpaBuuTe STOT OTBET ¢ OTBeTOM 8ajaun 3.66, B KoTopoft paccMart-
PHBA/ICA MOTEHIHAJ, OTJHYAOIHACA 3HAKOM OT AAHHOrO,
3.8, Yron OTK/IOHEHHS YaCTHUH

3nd ma

O=|1Ep — 352

"
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JIErKO BRIUHC/seTcss N0 ofwed dopmyde *). 3asracumocts 0(p?) n3obpa-
xena Ha puc. 107. U3 (1) naxoanm

no?
rae Om = [2EB " Ceuenne
do = s ( |dp} |+ [dpf| +|dp3| ) = nd (— o} + 0] —p3) =

an [ 1-+0/20 2—0/0_
= g | e——— — | | do. (2
8E6’<V1+e/em+1/l—ﬁ/em L)do. @

Jns enpasefJIHBOCTH MOJYYEHHOTO Pe3yanTaTa A0CTaTOYHO, YTOOB Kaxk-
foe caaraemoe B (1) Gblio MHOTO Menblle elRHHub. OueHKa MOKa3LHBAET,

, @©
ﬁ do |
|
8 |
m |
|

N

!

7,7
Puc. 107. Puc. 108.

4TO /15 3TOrO IOCTATOYHO BHIMOAHeHHs yciaosus 0« 1. Bolpaxenne (2)
noayueHo 4aa 0 <0n. Ecun 0, <1, To asist 0, <O K1 ceuenne

1-}-0/20
- oy G T T m
do—nldpil_SEea(Vm—l>do.

3aBHCHMOCTD j—g ot 0 uzobparxkena ua puc, 108. [Ipn 0 - 0 w mpu

do
0 —+0,, ceuenne T HeorpaHHueHHO Bo3pacTaeT. CedeHHe paccedgHus
o

*) [pouwe Bcero B3aTh 06a caaraemuix (1) #3 sagaum 2 x § 20 pa-
Gorw [1],
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B MHTEPBaJa yraoB, npuaeraiouttii k 0 = 0, GeckOHedHO, Tak Kak paccesi-
HHe Ha MaJjbie YN OTHeqalol GONbLIHM NpHUENbHHM (apaMerpas.
Ceuenue paccesnnnn B HHTepBaa yraos 0,—8<<0<0,,

0
" do an2d'/s
2n 7o 6do = —
0 2FE8 2
0,i—8 "

KOHEWHO H CTPEMHTCH K HyJ0 npu & — 0.
KaK 32BHCHT KOJHYECTBO PacCesiHHBIX 4ACTHIL, TMOMNABIINX HA CUETHHK,

OT pasMepoB CueT4HKa, €CJH OH pacloJoXeH nol yriaom Bm?

4x
]
PA0H) |
| Tz
¥ 4 T <
A4 £
a
Puc. 109,

3.9. CKOpOCTb 44CTHIL MNOC/Ae paccesiing TO CPaBHEHHIO € [epBoua-
9a/JbHBIM Hanpas/JeHHeM OKa3biBaeTCsl NMOBePHYTOH Ha yrod

Y. J—
- ]/1 —az/p“"'

CueTuHK paCCesHHBIX YaCTHIl PErHCTPHPYeT BMeCTe € WaCTHUAMH, OTKJO-
HeHHbIMH Ha yroa |0] <C s, Takxke M wacTHUB, cAeadBlINe (peABAPHTE/]b-
HO HeCKOJbKO 0060poToB BOKpYr uLenTpa {puc. 109,a). Habmonaewmuii
yroJ OTKJOHEHHA Y JeXHT B npenenax 0<{y << 7 u ceaA3aH ¢ @ cooTHO-
LIeHHeM

@ = =, (1)
E

—0=2xl+y, (2

raje BepXxHeMy SHaKy cootBetrcTByeT [ =0, 1,..., a HmXHeMy —
l=12,... (puc. 109,6). M3 (1) u (2) nmeem

na? 1 1
P* (1. 1y i)=a’+_2"(2nz:t 1 2l f ot x)'
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Ceuenne
o0 [--]
do=n 3 [dp*(x, L +) |+ = ) 1 dp (x, 1, =) .
=0 =1
do? (- s l, dp? ’[, —_
YautnBag, uTo p ('fix +) <0, i ()‘(17. ) >0, HaxoxHM

do=ad|— (. LPH+ o l—)|=
=0 =1
nzazd( 1 1 ) _ ma® (2n® — 2ny 4 y?)

PRV Iy (2n — y)2sin g

do,

do
Ceuenne I o6paiaercss B GeckoHeuHOCTb npu 0 — . B paunom

cjayvyae 3TO NPHBOAHT K TOMY, UTO CeYe€HHE pacCesHHA B MaJuii KOHe4-

k1
HbIfl TeJECHHI IO Ao = J‘ 2n sin y dy, = ”Z% pasuo
T—Xo
n ——
a® do_ ., VAO
AG:Q—J_I ‘Y —x—axg—a w
T—7%o

[MosiBienne ocoGenHocTh JAH$depenunanbHoro cedeHHst 06YCJ0BJIEHO
TeM, 4TO YroJ OTKJIOHEHHS, PaBHHA I, AOCTHraeTCs NpPH 3HAYEHHAX MPH-
uesbdoro napaMerpa p(m, I, =), OTIHUHBIX OT HyAd. B TeaecHnlfi yroa
Ao, nponopuHOHAJbHEIA KBaApaTy Masof BeJHYHHH Ay==Y,, Nonajaior
YacTHUbL, JeTeBlUHe A0 PACCeSIHHS Yepe3 MUIOWAAKH 2npAp, NJAOUIALH KO-
TOPBIX NPOMNOPIHOHAAbHA NMEPBOH cTefleHH AP oo Yo. TaKyio 0COGEHHOCTL
paccesiHus HasbiBaloT cusxuem (cMm. [11], ra. 5, § 5).

Takas e 0coGeHHOCTb eCTb H B paccessHHH Ha yroda ¥ =0, HO B JlaH-
HOM CJyyae OHa MacCKHpyeTcst OeCKOHeYHbIM CeYeHHeM H3-3a pacCesiHHst
YaCTHIL CO CKOJIb YroJHO GO/BIUHMH NPHHENbHBIMH napamerpamu. Cusiuue
MpH paccestHHH BNepel MOIMO Gbl NMPOABHTLCA, HampHMep, NpH OrpaHIi-
ueHHH JHaMeTpa HaJeTaiollero Ha LEeHTp NYYKa YacTHU.

3.10. a) Ycrosre E> V npHBOAHT, Kak JIerko BHAETb, K MaJOCTH yr-
Jla OTKJIOHEHHS YacTHIbl NPH paccesiHHH. 3MeHeHHe HMNyJbca

o -
9 AV .

Ap=-—~(% ‘Y U(lp+vtl)dt=—7—xe x,

—00
rae x=xp.
Yroa orkiaoneHus
Ap VV¥nm s

g=-"L= }3/ e, n

2
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Pa3pemwuTh 3T0 ypaBHEHHe OTHOCHTENBLHO X B anaJHTHUYecKOR dopMe He
yaaercs. Odako, HCnomb3ysa rpaduk ¢ysxunn xe—** (puc. 110), BuanM,

4TO NpH @ <em = % /% ypabuenne (1) mMeeT ABa KOpHA.

a9
ao

|

|

|

|

!

l

|

£

|
g ¢

Puc. 110. Puc. 111.

HCHOJIbByﬂ COOTHOILUCHHe

V—E—Vn (1 = 2x2) e~ *'dy

n yyutoiBan (1), npeacrasum ceuenne

do =

2
do=n(|dpd[+[dp2[) =5 (xydr, — xydx;)

do = -0 %3 + x?
TR 1 T 1= 2 |

Ilpn 0 K 0m oxasuiBaerca x, <1, x2>1, B

B BHAE

do
do = W

Mpa Om — 0 « Om Moxuo paspemnts (1), pasmoxus xe—* B pan
BOJIM3KW MakcHMyMa. [loayuaem

1F)Y1T—0/,, P do
x1,2 - V‘E ) g = 2‘;{261211 V___l = @/Um .

Ppadux da/do naobpamen na puc. 111, Ocobennocts mpr 0 = Om —
HHTerpHpyeMasn (cp. ¢ safadedt 3.8). (1)
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CsA3aHO JIA nosABJeHHe 0coGeHHOCTH ceueHHA npH 0=0, ¢ npuban-
KeHbLIM MCTOJOM DellleHHs 3a]ayH?

do (xf-l-x% X + xg)

6) do=lep\T—zx, T on, =1
rae
¥ 2E0\?
(TFr) ™ (‘V‘) .
[Mpu

b
e<<0m=bl/35’ d(’:&?_Eeé'

[Mpnr 0, —0<kK0m
¥V 3do
2V§u262 V' T—9/8,,
3.11. a) [lpH cTONKHOBEHHH uacTHUa, HMEBIUAA CKOPOCTb V, OpHOG-

peTaeT CKopocTb Vv =v—2n(nv), rae n-— eJHHAYHLIA BEKTOpP HOPMaJH K
noBepxHOCTH 3Janncouaa. foacrasaan

' /x g 2z\"
v=v(0,0,1), "='1V(E?’T;?’F R

noJaysaem

, 2xz 2yz 222
vV =0 '—Ngazcay _N2b202v 11— N2ct ) (l)

4

BBexeM nmoaspuue YUV, onpefeifiolilHe HanmpaBileRHe v/, V =
== v(sin 0 cos @, sin 0 sin @, cos 0), Cpasunsaa ¢ (1), saxonum

aty 222 22 X2 y?
tg ¢ =1z, cosO—l-eNz 5, sin?0 = Vi (az—i-ﬁ). (2)
Ceuenne

da—dxdy—la < q))‘ded

rle 3aBHCHMOCTS X, ¥ OT O, @ onpenensercs ¥3 (2) B ypaBHeHUR SAAHO-
conpa. [lna BHuUHCACHHN AKOGHAHA OKA3HBAETCH yJOGHHM BEECTH npoMe-
HKYTOYHYIO NepeMEeHHYIO ¥ Takylo, uTo

x==a%u cos @, y=>blusinq.

¥) Kak 43BeCTHO H3 nacpcpepeuuuanbuoﬁ reoMeTpHH
nc\ograd( +b2+ 02 - )s

N oupejensierca ycnosuem n’=1,
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H3 (2) nonyuaem
. 2zu 222 6
§inf =777, 1—cosb=17zm3, tg35 =7

H M3 ypaBHeHUs 3JJHOCOHJA HaXOAHM

42 = qa? cos? ¢ + b2 sin? @ | c? tg? %
Jadnee,
(x,y) (x40 (4 @) a’h%du?
0(0,9) o, 906, 9 — 2 00"

OKoHYaTeAbHO
a?b?c? do

¢ 6\
4 cost 5 (a2 cos? @ + b%sin? g 4 c? tg? —2—)

do =

C noMolpi0 KaKoro NpelenbHOro NMepexofia MOXKHO MOJYYHTb M3 3TO-
IO pe3yabTaTa CedeHHe paccesHHs Ha mapaGoJouie?
a?b?c? do .
6) do = 557p (a®cos® @ + b2sin? @ - ¢c? tg2 0)2’
cos Ba?b%c? do
b) do =G (a® cos? ¢ I b2 sin® @ + 2 ctg? 0)2°
3.12, a) l3menenne HMnysabca npu paccesitud

U (r (¥))
po =~ fa by 0

[pn paccesHHW HAa MaJbie YIVIH B NpaBYK 4acTh (1) MOXHO MOACTABHTL
r(¢t) =p-+vi,rnepLv:

00

d
Ap:'_é_f) U@p-+v)dt=

—00

lé] apn *)
—& o - @

Ilycte ock 2 mapasnenbHa v, och y fepnenauky.aspna x a. Torna

2
na_ p; Ta, PP,
bp=— G Bpy= 5w @

HanpaB.neHHe CKOpPOCTH [OC/ie pacceAllda XapaxkTepusyem YyrjaMu B

*) 3amena B (2) auddepeHuupoBanus no r AHGpQepeHUHPOBAHHCM
no p (npd ycioBu# P L Vo) NPHBOAHT K TOMY, YTO moayudeHuas Qopmyna
onpejeaseT TOJABKO KOMHOHCHTH Ap, NepueHAMKYJSpHbIE K Ve,
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ccepHyeckoll cHcTeMe KOOPAHHAT
t 0=—. 4
eP=7x; » 4

U3 (3) sacHo, uTO paccessiHHe NPOHMCXOAHT TOJbBKO B HHTepBa/ YIVOB

T 3n
T <<%
Uz (3) u (4) Haxoanum

Ta, sin @ cos ¢ _ 7a, cos?
Pe=tgr— g + PTTIE 5 - ®)

Ceuenne
0(p, Py) na \? cos?
do:Edpxdpy::E S0 | 0de=\F) 7m 1o, (®)
(CymmupoBauiie B (6) npoBOAHTCS! MO JIBYyM BO3MOXHEIM, corvacHo (5),

3HaYeHHAM P.)

a, {do
6) do = ELBIJ , a, — KOMNOHEHTa a, NePNeHMKYIAPHAA K Veo.

CeyeHHe OKa3bIBaeTCl CHMMETPUYHBIM OTHOCHTEJBLHO Ve (XOTA NOJE OT-
HIO/b HE CHMMETPUYKO OTHOCUTEJBHO 3TOrO HampaBieRHsd).
3.13. HMsmenenne yrJa OTKJAOHeHHs 4acTHUbl (cp. ¢ 3afaued 2.17)

1 0 oU (r)d
() =~ F 3 X - ’U(r). )

E

Tmin
Us ypapuenns 0=00(p)+60(p) maxoanm

dp, ()
P == 0, (8) — 86 (0 (8) —j5—
(cp. ¢ aanadeir 1.8). 3aecp 3aBHcHMOcT O (p) coorBeTcTBRHHO Po(0), On-
peneasiercst npr 86U (r) =0. OTclona ceyelne

dpi (0) o 0

d dp?
g ¢ 4(9) dd 20, (0) 86 (py (0) —35— | =

g ="|ag ="

doy _ dog
=20 +d9[69(po( !

3uax nepen d/d0 npotHpononoxen 3uaky dpo(0)/d0.

5d0 ﬂﬁin 0+ 2cos 0/2.
009 = F 40 sin 0 ;
do 2y d (n—0)2

®) 840 = 2 VPE B Vo n =0
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3.14. TIpuoGpeTaeMasn yacTHLeH 3Heprud

_p+ap?  p?
—
“om T om~ vAp
onpenenﬂe'rc;{ B TIepBOM nopﬂ;u(e JUIIIb HW3MEHEeHHEeM l'lpO,‘lOJleOﬁ KOM-
IIOHEHTH HMNOYJbCA. Tax KaK OTK.JIOHEHHEe 4YacCTHUB! MOXXHO CuNlTaTb Ma-

JbIM, B BRIPDAXKCHHH 1J7 CHJLI

U (r, £)

F=—"%

neficTByloniefl Ha YacTHNY, MOMOXKHM (nocite IH(depeRNHPOBAHHA) =

= p + v({—71). 31ech p — npuLeJLHLI TADAMETP, 4 T — MOMEHT BpeMe-
HH, B KOTODHIH YaCTHUA HAaXOJAHTCA HAa MHHHMA&JIbHOM pPACCTORHHU OT

nenrpa. Torpa

(o]
e=v (' F([)dt:_emg—%zp’cosq),
oo
(02
[122
—Vﬂszd ”v, ¢ = @,

a ceueHHe paccefHMs AN YACTHI € JAaHHLIM T TpH cos >0 (cos ¢<<0)
ecThb

n
‘.ji’: el mpr 0 <{e<e, cosq (O>a>smcoscp),
0 npr |el>e, |cos@l.

B nanparonieM nyuke ecTb YaCTHUBI C Pa3JHYHRIMH T. YCpedlss ce-
ucHHe Mo ¢a3e @ (Hanpumep, pasa e>0 no ¢opmyse

[¢4
do 1 dy e
/—\z* S 7o 4%, o= arccos ~—

\de/ 2n de w/)’
—a
HOJIYYHM

dcr\ —5 7 arcces I—E—J npu Jej<e_,
\d = ;a[ e m
npr |lel> €,

ggs, 4N _ _ Arsin0a0 Vi —op

TN T eost0 VI —A2tgre T 21y !

< 0 < arctg A!, ecan V < v,

(n—arctg |A] 7)Y KOS, ecan V<<ug.
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dv 6 (Tmax - T) (T - Tmin)
3.16, — = : T, T TLT
N (Tmax - Tmin)d ! min < T'<

max?

n )2 m e
Tin =3 (o = V% Tuay="g (@ + VP
mo?2
3.17. tg61=ctge2=-b%’ EzTU’
Epov . au
v = Vet r Bt v, = ——————-V e
3.18, = €0 opp m < my,

2
It
6=-2- npy  my = My}

n
5 npH my > my.,

)
AN
@
AN

3.19. B cucTeme ueHTpa Macc B pe3yqabTaTe CTOJKHOBEHHS COCTaBAS-
oumas CKOPOCTH, HOpPMaJdbHas K MOBEPXHOCTH WapHKOB B TOYKe CONpH-
KOCHOBEHHUS, OOpaTHTCA B HY./Ib, a TaH-
reHuHa bHAas v(; coxpanutca (puc. 112),
Ceuennie paccesinnsf, BBpa)eHioe ue-
pe3 yron % OTKJ/JOHEHHS YACTHLBI 8 CH-
CTeMe LEHTPA Macc,

do = n|dp?| =

= 4a?n{d cos? 3| = 4a? cos ydo.

Has nepexona k naGopaTopHofl cHcTeMe
H3 paBeHCTBa Puc. 112,

vy sin x sin y cos ¥
vbcosx—i—vo ~ 1+ cos?y

tg0=

HaXxOlHM
cos? ¥4 o =—3—cos’56 -1+ -%' cos 8 Y9 cos? 0 — 8.
VunThiBast 0o6e BO3MOMKHbBE CBA3H ) ¢ 0, moayuaem
do = 4nqa® (| dcos? y;| + | dcos? g, |) = 4na?d (cos? y, — cos? y;) =
— 4g 5—9 sin? 6
} [=9sin? o 40

1
npuueM 0 < 8 < arcsin 3
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Ecau naneraiomue HWIapHKH TOXKJECTBEHHBI ¢ NepBOHavYaJJbHO [TOKOHB-
UIHMCs, TakK 4YTO He HMeeT CMbICAA Pa3nnHuaTh HX I0CJe paccesHus, TO
K NMOJNYY€HHOMY CeYeHHIO CleayeT A06aBHTHL cedeHHe BLIIeTa nepsoHavyasnb-
HO ITOKOUBUIHNXCSA IUAPDUKOB B TeNeCHbI’ yroan do:

dg’ = 4a’cos0do (0 < 0 < n/2).
3.20. /(x) = /{0)e~no=,
3.21. dN=Uﬂ[ﬂ2IV1—V2ldth,

3.22.

n
8) Fpp = 2nmo?n [ f(8) (I — cos ) sin 0d6 *);
0

m\? b
6) <02y = 2n (M‘) nl [ [ (8) sin® 0 d6;
0

zpeck [ — nyThb, npofifeHHblil yacTHUel Macesl M, v — ee cKOpoOCTb, a 11 —
KOHLEHTPAIHA Jerkux YacTHLL.

§ 4. YpaBHeHus ABHKenns. 3aKOHbl COXpaHeHHs

4.1. Tlonaras x=0 npu {=0, naxopum C=0, a 43 ycnoBUs x==a

npy =1 maxoauMm B = 8 — At. Hcnonwsys pymxumio z () = A2+
T

a
+(_1:—_ AT) £, BBIYMCJ/ISIEM HEHCTBHe

[l

T T
S=SL(x,£)dt=§(—g—z}c2+Fx)dt=
0

mA2t®  ma? FAv®  Fag
=76 Tw "6 TT-

0S
Hs ycaoBus 34 =0, ofpeNesiAONIEro MHHHMYM JGHCTBUSI, HAXOAHM

F
A = -—. SICHO, 4TO 33KOH ABHKEHHUS
2m
Ft2 a Fr
*)=gm {7 ~2m)!

do
*} Beanunna S a5 (1 — cos ) do Ha3BIBACTCA TPAHCUIOPTHBIM CEHEHH-

do
oM (B OTJ/IHUHE OT I0JIHOrO CeyeHHs g o do).
J
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B JAaHHOM cJlyyae OKa3blBaeTCsi TOYHDLIM. Oanako [IPUBEICHHOE pelleHHe
3a4a4yd [03BOJIAET TOJMLKO YTBEPXKIAdTb, YTO 3TOT 3aKOH ABJAETCHA B Oll-

peleseHHOM CMEICNe HAUNYUIIMM CPeJH BCeX MLICAHMLIX 3aKOHOB fpeano-
»KeHHOro BHJA.

Yro6pt y6eanTbes, YTO HaMNeHHbLIH 3AKOH ABHXKEHHsl JdaeT 3Have-
Hie S MeHblllee, ueM M0Gofl Apyroit 3akoH x(I),T.e. IBASETCH HCTHHHLIM,
HYXHO (POBEPHTb, YTO OH YNOBJETBOPAeT ypaBHenHwo Jlarpanxa.

v t—a opu 0Lt L ¢y,
2 —
1 * ) { vi—-ZU/m(t—t)—i—a mprn <t LT,

y(1) = al/t,

rae vz = (2aU/mt)s, th = a/v,.
4.3. 13 cooTHoulesus

— . ® . / aq . aq
L(QQ,0y=L(q(Q 1, 9(Q Q1) t)=L\q, a—QQ+57, ¢
Haxo4auM
4oL _ogdoL oL 4o
dt 20 0Q ‘”a % dt 0Q’
aL oL aq oL aq
QR

YuuThiBad, 4To g?) = di gg nonyvaeM
iaL oL aq d oL aL) -
dt 6Q Q= ~ 0g
doL oL
Takum 06pa3oM, cnpaBelJIHBOCTb YpasHelHs [70_.—% =0 apn-
q
BOAHT K CNPaBEJJIRBOCTH aHAJNOTRYHOrO ypaBHEHHS
d gL oL
di 6Q oQ ‘

B cnyuae meckombyux crenened cpoGonw BMecto (1) uouayunm

a ol 14 ol
dtd aQ, ZOQ <———'0_q;)'

- dQ dq df
4.4. L (Q, P r) =L(q. arr {) n
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3nechb
dg dgdt
9=9 Q). F=gFar
dg_09dQ 0g dt_otdq ot
#i=dQat Tov & 0Qdxr T
- .2 . . dx
4.5. L=%‘ F (14U W), X =
14+ Ax

~ T 7dg)\E
4.6.L=-—-‘/1—-(d—z>.

TMpeanoxennas 3agaua nocrasneHa uncTo $opmannto. OAHAKO, KAK
nauxas ¢yukuusa Jlarpanxka, Tak M paccMarpupaemoe mpeobpa3oBaHHe

{(«ucnpaB/eHHLIe» BReJEHHEM pa3MepHEIX MHOXHTeJell) HMEWT MPOCTOH
(H3HUECKH/l cMbicn B TeopHH oOTHocuTesabHocTH (eM. [3], § 4, 8),

oL

4.7, na Pt =—-, E’ =Z PIQI — [, HaxoAHM
9Q, l
of, o,
P, = 6_lek‘ E =E~2pk7.
k k

4.8. Ucnonp3ysa dopMyabl npeAblayiiel 3ajauy, noJaydyaem

a) py=mr'=p_, p,= mr’* (@7 + Q) = Py E =E—Qpg;
6) P, = p,cos Qt —p, sin Qe
(L)
4 .

Py = p, sin Qf 4- py cos Qf,
N3 (1) caeayer p’=p, a caMH 5TH paBeHCTBa npefcraBasor cobof 3a-
KOH Npeo6pa30BaHHs KOMIOHEHT BEeKTOpa MPH Mepexofe K CHCTeMe KO-
opaHHaT, noBepHyTOH Ha yrom Qf Iloguepkuem, uto p'stmv’ (cp. [1],
§ 39).

4.9. a) E'=E—Vp, p'=p;
2

mV ,
2 p =p—mvo

6) E'=FE—Vp--

JIBa Brlpa)KeHHA SHeprHH OTJIHUAOTCA Ha TOCTOSIHHYW. O6LUHO HC-
noJb3yeTcss BTOpOe BhIDajKeHHe, TAK KaK HMEHHO OHO corjacyercsi € Of-
pe/leJleHHeM HEPrHH B TEOPHH OTHOCHTEJ]bHOCTH.

4.10. Tlyets g.=[.(¢) ONHCHIBaeT ABHXKEHHe CHCTEMH (TpaeKTOpHS
AB na puc. 113). Tak Kak BHA LeHCTBHA He H3MeHSeTCH NpH Nepexofe

r r
K mepeMeHHHM ¢;, ', paBeHcTBa ¢; = f‘.(t')rame OMHCBLIBAIOT JeHCTBH-
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Te/bHOe NBHMKEHHE CHCTeMbl. BbipaskeHHbie B MepeMeRHHX gi, ¢ ¢ TO4-
HOCTBIO 10 nepBOrO ﬂOpﬂﬂKa no &, 3TH paBeHCTBa HMEIOT BHIO

q:(t—06t) =[:(t)—b44,

rae
Sgi=e¥i(f() ),  Bt=eX(f(2), 1)

(tpaekTopust A’B’ Ha puc. 113).

Manble M3MeHEHHS KOODPAHHAT M BPEMEHH Hauana H KOHLUA ABHKE-
HHA NpH 0epexoje OT TPaeKTOpHH
AB & Tpaektopun A’B’ mpuBoaAT K 7
H3MEHEeHHIO NeHCTBHUS:

a8
Sarp—San =[a‘; (— 6t +

aS
+ 2, o]

3necy (em. [1], §1 43)

as aL
at i
9q,
-a_k—g-_ ai'_ Puc. 113.
B= = p 0.
i aqi

C npyroii CTOpOHH!, CONAacHO YCIOBHIO 3aiadH, S,p = Sg.p., TaK 410
E(ty)eX (94 ta)— Zpl (ta) e¥; (9ar 84) =

=E(tg)eX (95 tp) — Zp (tg) e¥; (9p+ tp)

HIH
- EX—3p:¥i=const.

JlokasaHHast TeopeMa npelcTasiseT coGofl, B CYUIHOCTH, eAMHBI
BHIBOJ PA3NHUHBIX 3aKOHOB COXpaHeHHdA. BaXuocTb ee BO3pacTaeT B CBA-
34 ¢ TeM, 4TO MOAoOHas 3Ke TeOpeMa HMCET MeCTO H B TEOpHH no.s
(reopema Herep, cm. [12, 13]).

oL -
4.11. 25‘].— (,X — ¥,) — LX — [ = const,
i i

4.12. a) Umnyasc;
6) MOMEHT HMIyJbCa;
B) SHepIHﬂ

r) M, _|_ 7P = const, A — war suuta;



136 OTBETHl ¥ PEWEHHS 4.13

B) Ex — p.t = const — unterpan ABHKeH!s UeHTPA HHePUIH CHCTe-
Mel (cm. [2], § 14).

4.13. a) [lorenuuanvnas sueprua U(r)=—Fr, a ¢ ucii BMecTe H
neficTBHE, HE H3MEHSIOTCA MPH CABHraX B HalpaB/AeHHH, NepUeHIHKY.IAp-
HoM K F, ¥ npd nOBOpPOTax OTHOCHTEJbHO OCH, mapaJaeastofi F. ITosTo-
MY HHTerpaJaMi JABHXKEHHA ABJAITC KOMIOHEHTH MMIY/bCa, NepneHau-

Kyaspaele K F, 1 KOMnoHenTa MOMeHTa HMmynabca, napaanenbuas F. Tag
KaK QyHKuus Jlarpanma He 3aBHCHT OT BPEMEHM, HHTEPAJIOM ABHIKEHHH

ABJASIETCA 3HEpTHA.

YTBepKenHe, 4TO pa3jaHuHble TOYKH B HekOTOPON O6JacTH «PaBHO-
upaBHbi», 03Ha4aeT, YTO BO BCeX 3THX TOYKAX pPaBHbl 3HAYEHHA OOTEH-

uHaJbHOH 3HeprHu (a He CH.IbI!).

6) [IpcoGpasoBanye n0AO6HS I'==qr MOXKET COXpaHATb B AelicT-
BHfl, €C1H O, 1HOBpeMeHHO mpeobpasyercss Bpems f'=ff{. Bknaa B aefict-
BHE KHHETIYeCKOH 5HepFHH

mo’” , a mo?
S'—Q—dt —-—B‘j‘—dl‘

ocTaeTcs HEH3MeHHbIM 0pH f=a? a BKJaA NOTEHUHAJBHON 3HeprHH

——.fU (r')dt = — a"ﬁ.fU (r) dt = — a"+2.fU (r)di apu n=-—2.
Yro6el Bocnosb3oBaThbes  TeopeMmoi, chopMysaspoBaHHOH B 3aaaue

4.10, 3anuceiBaeM GeCKoHeuno MaJjoe npeofipasoBaHHe MOROOHA, MOJ0KHB

oau=1-t¢, e~ 0:
r'=(l-+teg)r, 1= (14+2e)t,

tak ut0 W =r, X = 2/ W uuTepBas ABHKeHHA

oL
g WX — W) —LX =mvr —2Et =C. (1)
1 dr’
M3 (1) moxHO HaliTH 7 (¢), yuuTmBas, 4TO fV == TR
2 2E,
r?=— 124 Ct +Cy. )

Ecan £<C0, To wacTHua mafaet Ha uedtp (IpH 3TOM r - o). Ecan
£>0, yno6ree Beectn Bmecto C, C; ApyrHe KOHCTAHTH T, B u 3anucatn
(2) B BHIE

2F
2 & 2
r p- (t—1v2 4B,
Ilpn B>0 3sasucuMocTb 7(f) Takas e, KaK A/ CBOGOKHOTO JBHIKEHHS

4acTHUBl CO CKOPOCTBK gy =}/ 9F/m M TNpPUlle]bHBIM  NapaMeTpoM
p =V B, llpn B<(0 uyactuna namaer Ha ueHTp,
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Toss, AAs KOTCPHIX BHIMOJNHSAETCH YCJIOBHE 3TOA 3ajauH, NpHBENEHbI,
HanpuMmep, B 3afauax 12.6, 12.7 u cM. [1, samaua Kk § 15].
B) E—Vp=const;

r) rp—2Ef=const, rpe p=mv+ z— A, ecnn A(ar)=a-1A(r);

1) E—pyQ=const.

4.14. mr—pt==const (cp. ¢ 3anaueii 4.12 1).

sIBnsieTca JM STOT HHTErpaj ABHXKeHHS JAs 3aMKHYTOH CHCTeMHul
EOCbMbIM He3aBMCHMbIM HHTerpajoM (xpome E, M, p)?

4.15, a) Ilycrs ocb 2z napanieibna J,. CABHr BRoJb OCH 2 H MOBO-
POT BOKPYr Hee He H3MEHSIOT Bula A, a CJe/0BATeNbHO, W BHAA AehcCT-

oL .
Bus. [TosToMy HHTerpalaMH HBHIKEHHA ABAAOTCA P, =~ =Mmz X
0z

. . e
M,=xp,—yp==m(xy—yx) + -g? (x? - y?). Kpome Toro, uHTerpajiom

m - . .
NBUXKEHHS ABjsercd sneprua E = 5 (x2 - y2 + 22).
m - . . , . e , .
6) E=5 (x*+ 42 -+2%, p, =my-+——#x, p,=mzc 3anavei 10.7).

Coo6paxeHHs CHMMETPHH MO3BOJISIOT ONPEAeNATh pasjHuHble HHTe-
rpajbl IBHXKEHHs B 3aBHCHMOCTH OT Bbl6Opa BeKTOPHOTO NOTeHUHala
, ,
nannoro noas . Ho Bce senmunne: E, p,=p,. M, py— ABAAIOTCA
HHTETpanaMy ABHIKEHHs| HE3ABHCHMO oT BhiGopa A.

m . . . . em
= 3 4 2 = — —_—
4.16. a) E =5 (x® - y° + 2%), M, =mxy yX)+0Vm

(amech och z BHGpana napaanencuoii exropy m). Cp. ¢ sajauedr 231
6) M3 cBoiicTs cuMMeTPHH JAHHOTO NOJA MOXHO MNMOJYYHTH CJedy-
IOLlHe HHTErpaJbl ABHXKEHHA:
. [VI 2. p“, m iﬁ 2-2 + |2
= = = -— = — (r 2°).
p, = mz, =p,=mip-+—, E=—5(*+r¢ )

z

Onnako ABHXEHHe B 3TOM «IOJe» ecTh CBo6OAHOe ABHkeHHe. [leficTsu-

Te.1bHO, ¢yHKUHA Jlarpanka
mu?  ep o
=5+ 0
otauuaaTea oT ¢yukuuu Jlarpanxa cBOGOJHOA YaCTHUL TOJBKO HA MoJ-
e
HYl0 TPOH3BOJHYIO 10 BpeMeHH (YHKUMH eny (pasymeercs, B 3TOM
¢

cnyaae J{=rot A=0).
3aMeTHM, 4TO B Ciydae, KOTHA W ecTh QYHKUHA BpeMeHH, p, u M.
OCTAIOTCA HHTErpanaMH JBHXKeHHH,
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4.17. a) i+x=0. Taroe e ypaBHehHe MoXKeT OHITL NONy4EHO H3
dyurunu Jlarpauxa L, (x, #) =2% — x2. Kak H3BeCTHO, ec/n ABe QYHKIHH
Jlarpanxka oT/HuapTCA Ha MOJHYI0 NPOM3BOAHYI0 (YHKUHM KOOpAUHAT
H BDEMEHH, TO OHHM MNPUBOAAT K OJHHAKOBEIM ypaBHeHMsM Jlarpanxa,
OGpatHoe yTBepKIeHUe HEBEPHO.

6) itai+ wix=0.

4.18. a) Vpapueuus Jlarpauxka mas sactuunl B none U B cheprye-
CKHX KOGDAMHATax

“ e . oUu
m(r —r?sin? @ == rf%) +5- =0,

3 .t t o U
m (r20 + 2rr 6 — r2q¢2sin 6 cos 0) + 55 =0

U
m (r2cp sin2 0 + 2rr (p sin?2 9 + 2r26(p sin 0 cos 0) O—W =0
JIErKo [IPHBECTH K BHAY

mv) ;= (F)s,
rje KOMIQOHeHTH! CHJIbl eCTh KOMIIOQOHEHTHI — grad U:
ou 1 1 3
P "o A ¢~ T rsin0og”

Orciona
(\'/),=F — r(i32 sin?  — r0?,
(.v)9=r‘6'+2r'6‘— rg? cos 0 sin 0,
(V)e=r@ sin 6—{-2r'q; sin @ +2rfg cos 6.

oo l(da _ oyas
© W) =gn, | ;> ~aq,|dr =
i a9 9,
3
oh h, oh,

o N EERATE

—hiqi_i' (quqh 99, qh 11 04 )
4.19. a) ®ynkuna Jlarpanxa

m
L= 3 v g,hq qh U (94, 935 93),

rae

gih=2ﬁ5[7; (xlax,x,Ey,xgEz).



4.20] § 4 YPABHEHNS IOBHXEHHA 139

OpHBOAMT K ypaBHEHHAM

3 3
.- g . . ou
mYggpdytm 2T =—>5 =0L23, O
R=1 R,i=1 E)
rae
T _l_ agsh agls aghl
LN B .

09, 99, dq,
6) Bpeas oGo3znadenne gq(x, !) = £, MOXeM COXPaHHTb BCe BBHIKJIAL-
3 4
KM H GopMyJbl MpeblIyulero NyHKTa, JHLIb 3aMeHHB 2‘ Ha 2
: 1

1
Kakofi cmbics umetor B ypasHenusx (1) usensl, comepxauine I'jpy

(B=1,2,3,4), ecin g — DexapToBH KOOPAHHATH BO Bpaulawliefics cu-
creme orcuera (cM. sajauy 4.8)?
4.20. Tak Kak npepnoxennas QyHkIHs JlarpanXa TOAbKO ClaraeMum

€ . o
L,==— A @cos@ OTauuaercs ot Qymruun Jlarpanxa cBoGoAHOR va-
c

CTHIbBI, TO KOMMNOHEHTH CHJH B Ctepiueckoll cHCTeMe KOOPAHHAT (CM,
sanauy 4.18a) umeioT BHI

F, =0,

F =L6_L_f=eg<;)sm6

0 r a9 .’

o= — et o =
o9

R geficTBHTeNBHO COBMAAAIOT C KOMIOHEHTAaMH CUJb Jlopenua
e eg
— VK] = = Ivr
- (V3 = 5 [vrl.

mo?
nOCKOﬂbe g—f= HHTErpaJioM ABHIKEHHA fABJSETCA 3HeerﬂE=.3v_

Pa36epemca, KaKHM 06p830M BO3HHKAET HHTerpaga ABHXEHHA

egr
J=m[rv]—§7.

®ynkuns Jlarpatka He H3MEHSeTCA IpDH MOBOPOTAX BOKPYT OCH 2, Mo-
STOMY HHTETPaoM JABHKEHHA ABASETCH

. . eg
pp="mripsin? 0 — T~cos@=1J .

JIpyrue e MOBOPOTH CHCTEMB NPHBOAAT K H3MeHenuio dyHkuun Jlarpan-
#a Ha MOJHYIO NPOM3BOAHYIO GYHKUHH KOOPAHHAT (O BPEMEHH, KOTOpas
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mukKeT 6biTh oTGpolueHa *). [TosToMy HHTerpanoM ABHXKeHHs fBJARETCR
# npoekuua J,, Ha 1106yi0 APYrylo ocb, a 3HAYUT, H BekTop J.

HeiicTBue, cooTBercrByioulee AaHHoi ¢yHKuun Jlarpawka, He H3Me-
HA€TCR npu npeobpasoBaHui nopobud. [losToMy uHTerpasoM ABHXKEHHR
sBJderTcs

prt — 2E{ =mir — 2E¢

(cp. ¢ 3anauen 4.136).
4.21. YpaBHeHUA ABHIKEHHR

. q
—ZI=094— % =05 P4

Bynem cuuTaTh, 4To HCTOUHHK HanpsKeHHsi NpeiacTaBisieT cofoll KoHIeH-
catop oueHb Goapwoll emkoctH Co, a 3apsAa ero B MOMeHT, Korpa q,=0,
ecTb Q. DHeprua CHCTeMbl, BKJIOYAloNedl HCTOUYHHK W HHAYKTHBHOCTD,

Q+q)? #

Eo= =, +5 qz Cmeman Hauano OTCYeTa 3HEPruH H paccMaTpH-

Bas npegen Co—> o0, a Q/CO—U, nonyuaem

Qz 3’42
E=Eq;— C =Ug + —5— 5 -

HmMenHo K TakoMy 3HAueHHIO 3HeprHH NPHBOAHT NMpeAsoXKeHHas (GYHKIHS
Jlarpauxa.
[Togo6HO 3ToMY 3HeprHa 4YacTHUH /M B OAHOPOAHOM [OJe CHJbI
3
mx
—F (#) ectv 5~ + Fx.

K Takofi e ¢yHkuun Jlarpaska MOKHO npuﬂm ot ¢pysakuuu Jla-
rpaHa 3JeKTPOMArHHTHOrO NOJsl H B3aHMOLEHCTBMS MOAA C 3apAgaMH
(em. 3], §§ 27, 28):

L=— (&2 — H2) ay 4 — SAJdV—-XWpdV n

(B rayccoBoil cHCTeMe eHHHL).

Boo6uie roeops, 3/71eKTPOMarHHTHOe MoJe ecTb CHCTeMAa ¢ GeCKoHed-
HBIM YHCJOM cTeneHelt cBoGoabt. Ho noas B KoHjeHcaTope u B coseHouue
onpelensioTcs 3apanoM gs H TOKoM §y. Mcnmoabaya ypasnenus

c rot H=4nj, div§=4np

(M yuWTHIBas, YTO MOJIR COCPelOTOYeHbl B OrpasHYeHHOM OGbeMe),

*) Hanpumep, npu ﬂOBOpOTe BOKPYr OCH X Ha Maablfl yroa §a x L

no6asagerca 6L = ba & ¢ a7 (ctgucos g).
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fnojyuaem

1
SqapdV:;l—n—S‘(pdivg dv =

=4—’n—j div (g 8)dv—$g & grad (pdV:;—nngdv,
II aHaJIOrH4yHO
—i— SAj dv = a—%f 624V,
TAaK 4TO .
ng%j (#2— &) dV.
Mostomy ¢yHKuHa JlarpaHxka moxeT Obllb BblpaX{CHa dYepe3 3SHEPrHH

2
1 g5
9/eKTPHYECKOro MOJsA B KOHJeHcaTope g— &V = 5C W MaruuTHO-

1 1 .
ro— B HHLYKTHBHOCTH g— S H2dV = -5 £q% (e [3], § 2. 32).

[Npy HaauuHH BHEIUHETO M0J5 3., cosnasaemoro Toxamu je, crepyer
samenuts 8 (1) 30, A, j na H04-30., A+A., j+j.. Jobaska k QyHKuuu
Jlarpamxa (1) ¢ yuyetom ypaBHewHa ¢ rot ¢=41j, METKO NPHBOAHTCA
K BHLY

1 2 1 ;
= S a62dv + Tf"e’ av,

Or6pacsiBas cJaraeMule, 3aBHCAIIAE JHIUb OT BHEITHEro NOJS, W YUHTEI-
Bas, u9To a3 TOHKoro nposopa jdV=g¢,dl, rae dl— snemMeHT QMUHBL
NpoBoaa, noaydyaeM

1 ‘.]1 ‘}1 ‘7.1'
—C—SAe]dl/:—c-SAedl = —C—SrotAedS=—C-SJ'CedS.

[pu Hanuuuy¥ BHELWHEro 3JEKTPUUeCKOro mnojs &. (wm croponsux
noseft) noJjydacm

— [ @p dV = — 24,9,

(ga ¥ Qae—3apaA H NOTeHIHAJ BO BHEIIHEM noje a-ro MPOBOJHHKA).

BapbHpOBEHHIO 1,2 COOTBETCTBYeT, TAKHM o6pa3oM, NpPOU3BOJIBHOE

BaprPOBaHHe 3apanoB 1 TOKOB, conpoaomﬂaeMoe onpejaejeHHbIM Bapby-

poBaHHeM MOTEeHIHAaJO0B. Jlerko BUAETb, YTO NIPH TAaKOM BaprpOBaHHH
oJ5KeH GbITb ClpaBeAJaHB [PHHIUI HAaHMEHbIIEro NeACTBHA.

i 4 2z

422 8) L=——55+U@—q; O =73 —72C

2 2
1y L vy 91 93 (q1+99)°
B) L= 29it 5 %9 —5, 73, 2 °
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mio? g e
4.23. a) L= 2(P + ——2q -+ mgl cos ¢ — m);
md ZXG ke g
0 L=——+""5 —— 7 +tmer—rp

4.24. Tyctb @ — yroa nesopora pamkn Bokpyr ocn AB, orcuntbiBa-
eMBIl OT HAanpaBACHHS MArHUTHOro MoJisd, §— TOK B paMke (441 HEro
NONOMUTENbHLIM CuHTaeTcs Hanpapaedne ot A k D), ®ynxuus Jlarpan-
’Ka CHCTEMH

1 . 1 . .
L= - ma?q? - Fq? + Fa’q sin @.
HHrerpansl I1BHXEHH] — SHEPrus
1 . I .
E=—5 ma’q* + 5 Zq* (1
M HMOYJbC, COMPAMEHHBLIA UUK/IHYECKOR KOOPAHHATE ¢ H HMEOUHA
CMbICJ NOJNHOrO MArHHTHOTO MOTOKA Yepe3 PAMKY,
L . :
.‘2_.=$q+%a2 sin ¢ = @,
09
[To3sToMy TOK B paMKe OJHO3HAUHO ONPElEeNseTC ee NOJOMEHHEM
§ = (0y — Ha?sin @) /L.

Ionacrapasia 310 3navenue § B (1), nonyuaem

E= £-ma@ 4 Uy @) Unyy (@) = (@ — Ha?sin 922, (2)

Takum o6pa3oM, 3a1aua O ABHKEHHH CHCTEMBl CBORHTCA K OJAHOMepHOfl
PaccmoTtpum noppoGhee cayualt 0<< ®p<<dfa? Tpadux Uspe (@)

ANs 3Toro cayuas npuBeleH Ha puc. 114. Buano, uto nmpr E>Upax==
= (Qp+6a%)?/2F nBuxKeHHe PaMKH TpPeACTaBAfNET coGofl BpalieHHe,

npHYeM @ fBJAETCA MNEPHOAHYECKOH
tdyHKIMell BpeMeHH ¢ [EepHOAOM

_____ . T[/.2 4
= P

T=V)2 ———————

/ Vma 5 T

1

j

i
pe ilfg b4 —/2

‘ an Umux>E>((D0—%a2)2/29=
Puc. 114 =Um paMKka copepliaeT nepHoAHYe-

)

I

i

!

4
-&

2

cKkHe KosneGaHUA B HHTepBaie YyrMoB @ << Q@ <<I{— @y, Tle
®,— V2PE
Hpad

g =arcsin , IpHYeM npH E — Upax nepuon ABHXEHHA BO3-
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pactaer no GeckoHeuHocTH (cM. 3agauy 1.5). NMgu 0<<E << U, BOIMOXKHB

konebannsa JHGO B HHTepBaje @ < @ << ¢, 60 B HHTEpBaJe
T— @ << @ < u— @y, TAe

®, + V27E

Kak u3MeHHTCS NO CPAaBHEHHIO ¢ ONHCAHHHM XapakTep NBHKEHHA
paMkH, ecld oHa oCaafaeT MaJblM CONPOTHBJEHHEM?

4.25. a) YpaBHeHHs| IBHXKEHHSI CHCTEMEl MOXHO MOJYYHTb H3 (QyHK-
uun Jlarpasxka ¢ 1006aBKol, yuntrBatolefi cesase (cM. [4], § 2.4)

¢,=4arcsin

m . .
L* = -5 (x2 + 22) — mgy + A (z — ax?),

rie A —3aBucAmHA OT BPeMeHH MHOMXHUTeab Jlarpawxka. YpaBHeHHS
JBUNEHHA

mi=—9\ax, (1)

mé—mg=» 2)

BMECTe C yPaBHeHHeM CBS3M Z=ax? NOJHOCTbIO ONPefelsOT NBHMKEHHE
yacTyubl. B npaBofi cropone ypasHenuit (1), (2) cTOAT KOMIOHEHTH

CHJLI PEAKUHH N0 COOTBETCTBYIOUIHM ocsiM Rx=—2lax u R,=A. Boc-
NOJIL30BABUINCE YPABHEHHeM CBfA3M, Jerko BHPa3HTb HX 4Yepe3 KOOpAHHa-

TY H CKODPOCTb YAaCTHIIRI:

(Qa;fa - mg) m
Ry=—2axR, Ry="pfiagas -

mr — mg cos ¢ — mrg? = A,
6) mrig —|—2mr}('p + mgrsing =0,
r=1[.
CuJjla peakldfd HanpaBJjeHA BIOJb [ ¥ paBHa
=—mg cos ¢ — ml(i)’.
4.26.

L* = - (r24* + %) 4 mgr cos @ + A (9 — Q1)

A=2mrrQ-+mgr sin Qf — o6o6uleHHas cuJa, OTBEYAOULero KOOpAHHATE @
(MOMEHT CHJBI).

8
_ oL .
4.27, a) E= —a—t- —|—‘zi q‘R‘-
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6) 3akoH npeoOpa3esaHHA JeBHX uacTel ypaBHeHHH ABHXKEHHA MpH-
Befled B 3ajaue 4.3:
¢ ol _ L _§On(ddk o
dt 0Q, aQ, - aQ, | dt o, aq, )’

TakuM e LOMKEH ObiTb H 3aKOH nPeoGpa3oBaHHUA NPaBbiX HacTed:

D (yﬁ R
R;= - aQi e 1

Ecau B 3aKoH npeo6pa3oBaHns KOOPJAHHAT He BXOJAHMT SIBHO BpeMs, TO
CKOPOCTH NPeo0pa3yloTca No 3aKoHy

aq. .
qi = — th
R 0

obpatHomy (1).
Muaue ropopsi, KOMIOHEHTH CHJIbl Ry 06pa3yloT KOBapHaHTHbIA BeK-

TOp, B TO BPeMsi KaK KOMIOHEHTHl CKOPOCTH — KOHTPAaBapPHAHTHHIA Bek-
TOp B S-MepHoM npocrpaHctBe (cM. [2], § 83).

TakuM 00pa3oM, 3Has CHJILI PeaKUHH cBA3eH M TPeHHs B JEKAPTOBBIX
KOOP/JHMHATAX, MOXKHO ONpelesHTb CHIB R; B M00bIX 000CUIEHHBIX KOOP-
NMHaTax. B 4acTHOCTH, ec/JH CHJbl TpPeHHS BbIpAXKAIOTCH uyepe3 auccuna-

THBHYIO QyHKuHiO R, =— —, TO npeoSpasosanue F cBoanTCS K 3aMeHe
i aqi
nepeMeRHbIX.
4.28. YxasaHHEle B YCJAOBUH YDaBHEHHs MOJydaeM, HCKalouaf Ag U3

ypaBHeRui

4oL oL, -
dt 6275 aqﬁ-— B =4 3 Ty
d dL oL <
-7 T R = — Ab R n:/.l_],_..,s’
dt o, aqn [; B"Bn
H YUHTHIBaf, 4TO
r
oL _ oL aLb
B 5 Bn?
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Takum o6pa3soM, ypaBHeHHs ABHXKEHHSI CHCTEMBl ¢ HETOJOHOMHBIMH
CBA3AMH OTHIOAb He COBNAaJaloT ¢ ypaBHeHHsiMu JlarpaH:Ka, XoTa ypas-
HeHHA CBfI3H B MO3BOJSIIOT HCKIIOUHTb M3 ¢(yHKuMW JlarpaHxa HeKo-
TOphIe KOOPJHHATH H CKOPOCTH.

4.29. a) YuutblBas, 4TO §n BXOAHT B L, u L, ), nonyuaem ypasue-

Hust Jlarpauxa
d oL, oL, aL, oL, 44

AT, 0q, Ta(A) " I(Ae,,) (ATl d) D
IMpn a >0

Uy 02 19, oz
9y, 0(0g/00) @ 9g, " 3’
L[ % iy o oz
a | 9(Ag,) T (Ad,1y) | T T 9% 9 (0g/om)

TaK 4To ypaBHeHHst (1) mepeXoAsT B ypaBHeHHE

0 194 d 07 o7

37 5(09/00) T 9% 5 (9g/0%) — 0g" (2)
3mech npousBogHble d/0f M 0/0x oTHocsTCA K (yHKUHH ¢(x, {) H ee
TIPOH3BOIHBIM.

Cucrema N oGbikHOBeHHBIX AHOdepenUUanbiLix ypasHenusi (1) mne-
PEXOJIHT B ONHO ypaBHEHHE B YACTHLIX NPOH3BOAHLIX (2). Ilas HenpepriB-
HO# CHCTeMbl nepeMeHHas X HIpaeT POJb «HOMEpa» TOUKH.

Mui He GymeM ocTaHaBJIHBATbCs HA (PU3RUECKHX C/EACTBHAX YpaBHe-
HHf (2), TaK KaK H3yueHHe CHCTEM C GeCKOHEYHBIM YHC/IOM CTeneHed
cBOGOLL siBAseTCA NPeAMETOM He MEXaHHKH, a TeopHH moas (cm. [4],
ra. 11; [2]. § 32).

07 &
0 E= j{a ©arol) o _5’} dx.

1
a

3
4.30. dynkuun Jlarpanka L= m2° —U @+ ._z; A()v, - rae

A (r) — BexkTOpHBLIA MOTeHUKAN mMarHuTHoro noasn, J,=rot A (pasymeercs,
A(r) Bcerga MoXHO BHOPaThb B BHAE OAHOPOAHOH (YHKIHH KOODPAHHAT

1k
crenedy n+1). Ecan npu npeoGpasopanuu nojobusitr — ar, {— o  2f,
BEKTOPHBIA NOTeHIHaA Npeobpasyercs TaK e, KaAK H CKOPOCTb, T. €. €C/H

n= _g-, 1o L — o*L. [To3TOMy ypaBHeHUS ABHKEHHS OCTAIOTCA HEH3IMEH-

HBIMH [IPH TaKOM NpPeo6pPa30BaHHH M BLINOJHFAETCH NPHHILI MeXaHHue-
ckoro mopoGus (cM. [1], § 10).,
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Hs NpHBEJEHHOro BHBOJAA fACHO, YTO NPHHILHN MeXaHH4YecKoro noao-
6us CrpaBeAJuB TaK:Ke [AJd MarsuTHOro mnoJs, MOCTOAHHOIMO H B NpO-
CTpaHCTBe, €CJH TOJbKO IMpH npeoﬁpaaosaﬂm& noao6usi ero BeJHYHHA

B
=1
HaMensercs B &2 pas (cM., HanpuMep, sanaun 2.30—2.33, 6.36).

m v

2
aa

4.31. Kunernveckas 3sHeprus cHcremsl T = Z 1103TOMY

a

o= 2 % Vo< 7;_(2 mavara) - E rama‘;a'

Ilpu ycpeaHenuwm 3a Gosblioil NPOMEXYTOK BpeMeHH cJaaraemoe
d .
T m v r , TpeicTasasionee co60i MONHYIO NPOH3BOAHYIO MO Bpe-
a aa

MEHH OT OrpaHHYeHHOH GYHKUMH, o6paTuTca B Hyan (cm. [1], § 10).

. U, ¢,
INoncrasasis Bo BTOpOE Caaraemoe m v = ”'ﬁ;—l_T[Vav}C] H ycpen-

HAA N0 BPEMEHH, 1ojyvyaem

< 9T +- }CE%‘Z— rava]> = kU,

3nech ckoOku > 03Ha4alOT ycpelHeKHe no BpeMenH. B wyacrthocrn, ecan

¢ e
MarHuTHOe nosie J{) NOCTOAHKO H BO BpeMeHH H —— = —— TO
m m
a

e
2Ty + 7 H M) = kU,

rie M= Z mg [raVe] — MOMEHT HMOYJbCA CHCTEMEL,
4.32, a) 3anuuwen %’tj B BHJe ABYX CJaraeMbx

dA e o » o« e e « o e . . . . .
T [m (x3%3%5 + %1%y -+ XiXoXg) — XU 55 — X,Uyg — X3U3,] —
— (:“.1U23 + ':‘;Ula +x3U5,). (1)
Hcnoab3ys ypaBHEHHS ABHIKEHHS
m:“.1=Fm+F13' m'x.,=Fﬂ+F23, ’71-";3=F31+F32' (2)

ou, 942
ik g
Flh=—Fki = - axl = (xl xh)a (3)

H BBeAS OTHQOCHTEJbHbIE PACCTOAHHA

X —Xg=X, Xg—Xg=Y, X—X3=2,
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sanuueM BTopoe caaraemoe 3 (1) B BHae

2g% /1 1y 1 1 I\ 1 1 1\ 1
o CRE P G R R L

CoGnpas charaemble ¢ OLHHAKOBLIMH CTEHeHsIMA 2, nepenuiueM (4)

2g“(x—y)< I 2+ x+y)

x3y‘d -
IMoacrasana ciofa z=x-+y, Nerko yGeAHTHCA, YTO 3TO BLpa)eHHe ofpa-
uaeics B HyJb.

IMepsoe cnaraemoe u3 (1) ofpamaercs B Hyab 18 NPOH3BOJBHBIX
cun. HUToOul nokasaTb 3T0, LOCTAaTOYHO HCNOJbL3OBATH yPaBHeHHs ABHIKe-
HiusA B ¢opMe (2) u NoACTaBUTH
U,

. i . . . e
Uik.:mi————xhj(xi‘xh) =—-(xi=-xk)Fih.

m 2238 Ix2yE

YkaxeM, HaKOHel, 4TO B AaHHOM MNoJe Npeolpa3oBaHHe NOAOCHS He
MeHsAeT BHAa AefiCTBMA, H MOTOMY KDOMe TpeX YKa3aHHBIX eCTb ele
H 4eTBepTHI HHTerpan ABHKeHHsA (cM. 3anauy 4.130)

m (x1k1+x2.x2+x3).¢3) — 2FE¢, (5)

4.33. Ilpy cOanxeHnH 11060/ mapel 4acTHN 3HEPTHA HX B3aHMOMLeli-
CTBHs HEOTPaHHYEHHO BO3PACTaeT, NO3TOMY YACTHUBl He MOTYT MPOATH
«0/IHa CKBO3b [PYryio» ¥ MOPsJOK HX PacrnosoxeHHd Ha NPIMOA COXpa-
Hsercs.

Ilpu cToAKHOBeHHH ABYX YACTHL PaBHOM Maccw, HO ¢ MPOM3BOAbHORN
SHeprueil B3ammoneficTeus (obecneynBaowiell JHIUbL HENPOHHUILAEMOCTD Ha-
CTHL) 3TH 4acTHILI NPOCTO OOMEHMBAKOTCR CKOPOCTAMH. (ITo cnepyer
H3 32KOHOB COXPAHEHUs 3HePrHH W HMMyabca). Ecan croakHoBenus Tpex
YaCTHIl MNPOHCXOAAT MOOYEPENHO, TAK YTO BO BPeMs COJHMKEHHA [BYX
YaCTHU TPeTbs HAXOAMTCA NaJEKO OT HHX, TO 6yAeT NPOHCXQAHTbL TMPOCTO
06Mer CKOPOCTAMH, NIPHYEM COy1apeHHs 3aKOHUATCs, KOTXa BepenH GyreT
HaxOAHTbCA camas ObiCTpas, a no3aiy — camast MelJeHHass U3 YacTHi,
T.€. B 3TOM Cayuae

14 r r
Uy =03, Uy =10, Uy=0, (N

B ofuem xe cayuae, Korfa cOMIKAIOTCA BCE TPH YaCTHLE OITHOBPEMEHHO,
BeJHYHHB CKOpocTeH OTHIoNb He GyAYyT COXpaHATbCA.

Tem ynusuTenbHee, UTO A4 YKa3aHHBLIX B NpPeAbAylled 3ajaue CHA
coxpansercs orneT (1). ITO MOKHO NOKa3aThb, HCMOAB3YH BCe TPH HHTE-
rpana asuxennn: P, E, A. VunreBas, 9to npn {— oo QyHKUHH
Uin >0, u cpagnusasz P, E, A npu { —> 400 u apn {—» —oco, notyunm
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TpU ypaBHeHHs:
v; +v' —[—v;=v1+vz—|—v3,
(v1)° + (v ) + (o )“_01 + g+ )
v,v2 3 = U U,V

Pemasi 3Ty cucTeMy OTHOCHTEALHO vi, Mbl TOTyudM, BoOOIle TroBOPA,
ecTb pasiuydbix pewennil. OaHaKo Bce 3TH pellleHHs MOXHO Yrajaarb,

Jlerko npoBepHTh, uTo peuiekne (1) yaosaersopsier cucteme (2). Ha-
Jee, TaK KaK ypapheHus (2), OUEBHEHO, CHMMETPHUHb OTHOCHTENbHO BCEX
eCTH BO3MOXHBIX MEPECTAHOBOK YaCTHL, TO AACHO, YTO OCTA/NbHbIE KOPHH
cucTeMbl (2) MOryT GLIThb TOMyueHbl POCTHIMH nepecTaHoBkamH n3 (1),

Moc/e 3TOro HeTPYAHO yOeaHTbCs, YTO TOMLKO OTBeT (1) MoXeT ocy-
IeCTBUTLCA npH { — +oo, HG0 AwGof APyrod BapHaHT MPeAnoaaraer
(B CUAy YKA3aHHLIX HEPABEHCTB U3>>Uz>>0;) BO3MOXKHOCTb AadbHEHIIHX
CTOJIKHOBEHHH 4acCTHILL.

§ 5. Maabie KoJeGaHUa CHCTEM
C OAHOM CTENneHbI CBOOOAB!

, Vol V Fye o
5.1. a) @ =-~ l—(m), minU (%) cymecrsyeT 0pH
F<Va;
8n Va“ T (3/4)
6) 0 =3 7~ (r(1/4))

rae amnJauTyaa Xxp onpene.ﬂeﬂa paBeHCTBOM

x2

1
E= ) “‘-——Vocx‘-‘_——-Voc"xO

5.2. ®OyHruus Jlarpanxa cactemnl (CM. [1], § 5, 3anaua 4)
L = ma? [éz (1 4-25in?0) + Q2sin? 0 + 203 cos 6] s

rie BBeseno oGosnaenue QF = 2g/a.
[pn Q> Q, noreHunanbHas 3HePTHs CHCTEME

U (6) = — ma? (Q?sin? 0 + 2Qf cos 6)

!
HMeeM MHHHMYM [PH COS 60=Q(?]/Q2. Pasnaraem U(0) B6ausu By, a B ku-
HETHYECKOH 3HepPrHH mojaraem

. . Q4 \4 M
1 +2sin?9 =14 2sin? 60=3—2(-“—") = G
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Toraa

1 . 1
L=TMx2—-Tkx"",

rae k=U"(0y), x=0 — 0y Orciona

b e -—-Qg
m2=ﬁ=92m (2>Q).

[Tpn Q> Q, wacrora KojebaHuli nPONOPUHOHANbHA YILAOBOH CKOPOCTH

T
BpalleHus o = L_Q, a b= ‘_J'B cayuae Q -» Qo Masable KoaeOaHus
3

coBepmaloTes ¢ uactorolf @ — 0, a B¢ — 0.
Ecan Q<< Qp, To MOXKHO paccMarpuBath KoaeGanun BOaAH3H 0p=0
ApH YNpyrux coynapeHusax GOKOBbIx Macc

0 =§2—Q2 Q< Q).

[Tpn Q=Q, norenunanvnasn sueprun U umeer munumym mpu 8p=0
N npeicTaBHMa BOJIH3H HEro B BH[E

)
U = mQZQg (—- 24 —4—),

T. €. KOneBaHHa CYIeCTBEHHO HenuHefHwn, OcTaBiaaf # B KHHOTHYECKOH
SHEPrHH WIEHH 10 4eTBEPTOro MOpsAKa, NOJYyunM

em
2n_r_38 S‘M,
® JVor(a et
o Va2 (i, —6)

3aech Om — aMnantyna goaeGaunit (cp. [1], § 11, sanaua 2a).
3 f—
3g 2 g2
2 =& []—x5|, rae x, == —
5.3. ® R | ol ) 'l SmgR?
[Tpn x,>>1 Touka A — MoONOXKeHHe YCTOHYNBOrO PaBHOBECHH, 8 MpH
%0<< | — neycrofiuusoro. [losoxkeHne yCTOR4HBOTO pPAaBHOBECHA o NPH

Xx0<< | onpeaensieTcs YCJAOBHEM sin %‘—’- = xq.

5.4.
=ro+acos o(f — fo),

2aQ |
® =@+ Q& (E— 1) — 7 sin[o (£ —£y)],
rae ro, Qo, @, to — KOHCTaHTHl HHTErpHpoBaHua (a<Kro),

—_ n+2
no T T3

Q= o . (o:QVQ——ﬂ.
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5.5. B Touke 0= 0o spPekTnEran noTenunaabnan sueprua Uspe(6) =

2
— M
2mi? sin? 0
nosToMy U;deJ (8p) = 0. Ortciona nHaxonum

—mgl cos € {cM. [1], § 14, 3anaya 1)} MMeeT MHHHMYM,

M? = m2P3g sin® 6, cos™1g,,

a gacToTa MaJjblx KosaefaBnil

—_—
00 — Uopp () Vi T + 3 cos2 8,

(Bo) = mi¢ { cos 0, :
]_IJTH anMEHHMOCTH 3TOro pacuerta HEOGXOJ.IHMO, qT00b!

1

1 1
5 Usgp (00) (A0)2 3> 5 | Usgy (8) | a0y,

rie AB — amnautyaa konefannf. Ecan B9~ 1, 3T0 ycJ0BHE BHINMONHAETCS

npu AB < 1. Onnako npu 0 <1 okaseiBaeTcs U;&;m (6,) me—lo u Koneha-
Hug no O MOMHO PaccMaTpHDaTb Kax Masute, ToaAbKo ecad AD<« 0o Tem
He MeHee B 9TOM CJydae NOJyYeHUBIA Pe3yabTar o ==2 ]/Ei crpaselHB
n oA AD ~ 0, xoraa xoneGanusa no O nepectaioT SbITb rapMOHHYECKHUMH,
JleficTBHTE/AbIO, O OCAM X H § B 3TOM Ciytae NPOHCXOART Maible rap-
MOHHYECKHe KOJIeGalus € 8acToToi |/ g/l, T. € MAHTHHK ABHXEICH no
5J/HMOCY, CoDepilas 3a OJHH 06opoT ABa KoJNebaHus no yriay 6 (em [11,
§ 23, 3apava 3).

5.6. DddexTHBHAA NOTEHUHAJbHAs 3HEPrHf AJA PaJHAJbHLIX KOJEs
GaHuil MOJIeKyJbl

2

- Uppp (1) = % med (r — 1) + Q;n”%

rae r-— pacCTosHHe Mexay aToMaMH, a m — TNpHBeAeHHasa Macca. HO-
GaBJieHHEe BTODOI'O YJeHa, npeanoJjaracMoro MaJjoi ﬂOﬂpaBKOE, NPHBOJHT
K MaJqoMy CMEIUEHHIO NOJ0KEHHA papHopecnsa

M2
bro = ——.
m (1)0/0

Hsmenenue uactotnl onpeneanM, pasaaraa Usge (r) B paa B6AH3N TOUKH
ro+6ro:

3 20

+ 2_m_r—(', (r =1y — 6ro)%.

1 2
Ugpg (1) = 5 mog (r —rg="0rg)* 4 2mrg
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OTciona nmompabka K 4acTore
5 3Mz 302
W = T = T
2m3wyr g 2w,
rae Q = M/mrg ~— CpPelHsia CKOPOCTb BPAlEHHS MOJEKYJIbl.
5.7. a) CMellleHHe H3 NOJIOKEHHA PaBHOBECHS
. ¢ 2
x(] . 2 x()
x=x,,coswt+-ﬁ—)~smmt= xo—}—@ cos (of + @),

¢ X, . 2%
g (P - (L)XU’ [ m*
6) Tlycth HatskeHde oJAHofi NpyxuHKH f. Jlna Manbx cMemeHui

91V ifk, xoneSanua rapmonmueckue y==A cos(of+¢), @2=2f/mi.
[pu f==kl vacrora koneGaHuit Ta ke, uTo U B NyHkTe a). Ecan npy-
KHHKH He HaTauyTol {f=0), kosebanua HenuneiiHbl, BO3BpamiaomIas

cuna F==—*ky®/%, vactora (cM. 3anauy 5.10)
Var (/4 1/ 2k
©="T1/9) m T

(ym — amuautyna KomeGauuil).

Ecau yactHua MoxKeT IBHraThCsl B MJOCKOCTH XY, TO ee IBHXKeHHe
npy f50 u MalbX CMelleHHAX NpeACTaBiseT coGOH rapMoHH4ecKHe Ko-
ne6anns 8oL oceli £ K y ¢ qacToTaMu ©F = 2k/m u 0l = 2f/ml coor-
BETCTBEHHO (cM. 3ajauy 6.3).

5.8. IlycTs y — KOOPAHHATA YACTHIUBI, OTCUHTAHHAS OT TOUKH BepXHe-
ro nogseca, Oyukuus Jlarpauxa cHCTeMLl

my? my? mg\?
L=—a-—k{y—10)P+mgy= —Q——k(y——-l—?k— - const
COOTBETCTBYET OCUHJLIATOPY C HaCTOTOM p2 — i_lk H TNOMOXeHHeM DaBHO-

secus Yo =1+ ';—kg , NostoMy y=yo+4 cos (0f+@).

3ameTHM, 4TO, BLIGHPAA B KauecTBE KOODAHHATH OTKJOHEHHE OT MOJO-
JKeHHs PaBHOBeCHd, MHl HCKJAO4aeM H3 ¢yHKuuu Jlarpanxka nosae Ti-
JKECTH.
5.9. ¥Yrox OTKNOHeHUs MaATHHKA OT BepTHKAJIH
aQ?
Q= =i cos Qf,

a2t

(cwm, raxxe 3apauy 8.3).
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Bo03MOXHE TaKxe Kone6amm MadTHHKA BG6AHM3H HanpaB/ieHHA pa-
g

anyca-pektopa @ = QI + 2 sin Q1, Qs =.
5.10. Tok B KoHTYypE

d U, sin (0f — @) 0P —1/eC

q 0 tg = LEamtL

== VRt 7 =008
MOMKIO TIOJYYHTb, pelmas ypapuenns Jlarpanmsa aaa q. Oynkuus Jlarpan-

Ze _ 2 Ha
®Ka CHCTeMDLl [ — —— -5 (cm. 3anauy 4.22) nuccunatuHas QyHKIL

2

pasua!/;Rg? (cm. [3], § 48).
5.11. O6uiee perueHne ypaBHEHHA

nemxenns (M. [1], § 26; cm. Tak-
, Xe [14])

;+2x}+w§x:%cosyt
npH  yciosuH @ =03 —A2 >0
HMeeT BR1
x(¢) = e~ M (a cos of + bsin of) -
F[( — %) cos y£+2hy syt |
Prc. 115. m[(mz—yz)z—;—éﬂﬁ\ﬂ] ,

rpe a u b — KOHCTaHTH, onpefensieMbie U3 HayaJbHLHIX yCJIOBHH. [Tonaras

x(0) =x(0) =0, HaijiieM OKOHYATeJIbHO

x(H= d [(mz— 2)(cos t—e
¢ _m[(mg—yz)z,l.‘;;\zyz] oY ¥

) oY
- 2Ay | sin y¢ —ove ¢ sinwf ] 1. (1)
HUccnenyem nonyuenHoe pemetne 61M3n pesoHanca Y=o +¢, |&] < o.
EcnH TpeHue MOJNHOCTBIO OTCYTCTBYeT, T.€. A==0, T0O B OKpPeCTHOCTH pe-
30HaHCa ABHXKEHHE OCIMJIATOpA NpeAcTaBiaseT cobofi Orenus:
F

sf |
x = o —sin 5 g +sin wyf, (2)

—M cos ot) +-

npHueM BeJHYHHA aMIITHTYAb H 4acToTa OWeHHM ONpelessioTCH CTe-
nenbio 6u30cTH K pesonancy (puc. 115, a). Korna xe y=uw, (1. e. ume-
€T MEeCTO IOJHLIHA pPe3oHaHc) npH &0 noayunm

I sin @, 3)

F
r= 2mawy,
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T. e Kosie6anus, aMmiHTyAa a(f) KOTOPHIX HeOrpaHHYEeHHO BO3pacTaeT NG
sakony a(f) =Ft/2me, (puc. 115, 6).

TTpu Hannynu paxe Majoro Tpenusn (A< p) KapTHHA JIBHXKeHHA Ka-
yecTBeHHO MeHseTcs. Tak, npu A< |€| u3 (1) Jerko monyuuts BmecTo (2)

F
() = o V1 — 2e=M cos ef + e—2M cos (wgf + 9, (£)).  (4)

3neck @) (f) — HeKOTOpass MeAJIEHHO MeHdIOMasics BO BpeMeHH ¢asa Ko-
Aebanuil. AMNIATYna KoneGaHHil MeNJEHHO OCLHANUPYET € uacToToll |e}
okono  3uauenuss F/2mwg|e|, mocremenHo mnpubammasc, K - Hemy
(puc. 116, @). 3aMeuaTeabHO, YTO BO BpeMs MEPeXOJHOro mpouecca aMijim-
Tyla MOXeT JOCTHraTh 3HaueHHfl, MOYTH BABOe OGOJMBbLWIHX aMIIHTYIb
ycTaHoBHBIHXCs Konebauull, TIpu cooTHowenunx |e] €A < 0o noayuaem

F
* = Dmweh (1 — ™) cos (04 + g, (). (5)

B sTOM caydyae NPONCXOAMT NePeXOAHBIA MPOuUGCC ¢ MAAaBHO pacTyled

g

Puc. 116.

AMIIMTYION, aCHMITOTHYeCKH mpubamxamwilefics K 3Hauenuio F/2maoh,
ompeneaseMoMy Kos(@uuuentom Tpenus A (puc. 116,6). W, nakonen,
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ecan & U A — BeJHYHHBl OJIHOTO TMOPSAKa MaJoCTH, |&] ~A<w, TO
OCLM/IJIILHH aMILIATYAbl BOKPYF 3HAYeHHs, OTBEYalolero yCTaHOBHBILHMM-
cq konedanuam F/2 V2 ma, | |, Becsma 1er1yGoKH (14 cIyuas &R5 A, oM.
puc. 116, ).

Takum o6pa3oM, cHCTeMa MPHXOJAHT K YCTAHOBHBUIHMCH KOJIeGaHHAM
ANl ITHX Tpex cayvaes (puc. 116) 3a Bpems ¢ nopsaaka 1/A (370, Bmpo-
4yeM, oueBUAHO H H3 (1)).

KauecTBeninoe HCClei0BaHHE TNPOLCCCAa  YCTAHOBJEHHS KoaeGanuii
(nepexofHoro mpoluecca) OpH ALw®y YAOGHO TNPOBOAUTL C HOMOILbIO

8 £

Lz

|
4 !
|
|
|

—Z
a Tn T

Puc. 117, Puc. 118.

BEKTOPHBIX Anarpamm (puc. 117). Buuyxaennoe xoneGanse usoGpaxaer-
—
¢ MpoeKuHed Ha ocb x BekTopa OA, ppaliaioulerocs ¢ yrjioBoH cko-

—
poctbio . BexTtop cBOGoAHOrO KoseGahms AB BpaulaeTcs ¢ YyraoBoK
CKOPOCTbIO @, H JJIHHA ero yGulBaeT nponopuuoHaasHo e~*. B Havaib-

— —
HBl MoMeHT AB+0A ~0.

Kakos xapakrep nepexomsoro mnpouecca, ecau x(0) =0, x.(O)aéO?
5.12. a) DHeprus, npHoOpeTennas OCUHIIISTOPOM,

nF? 1
E=5—exp|— 75 (07)

C)leCTBEHHO 3dBHCHT OT TOro, KaK GHICTPO BK/IIOYaercsas cuia (oT mapa-

Metpa ©T). IIpH MrHOBenHoM yaape (©T<K1) WM NPH OYeHb MeJTeHHOM

BKJIOYEHHH CHAbl (T > 1) Iepeayn SHePrHH MaJbl, MAKCHMYM Tiepejads
nF? .

3ueprun £y, = o5 NOCTHraeTcs npu T, = V2/o (puc. 118),

6) Ecau x — a cos(wi+@) npu { — oo *), 1o

1 1
—— _— H
2(mt)’ 4(‘-01.’)

F2 -
AE=E (4 ®) —[(—w) = g; 12 — V naotFe sin @.

*) ¢ HMeeT CMBICJ <«MNPHUEJBHOH (asbi», T e. Tofl $a3b, KOTOpYIO
OCLH/LIATOP HMe/ Ob 1pH f==0, ecnn Obl He ObIIO BBIHYMAAIOWEH CHJL,
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w
W

B 3aBHCHMOCTH OT BEJIHUHHB @ OCUMAIATOP NpHOOpeTaeT HJM TepseT
SHepruio. To u3Melienne SHePrHH MOAOGHO MOINOLIEHHIO MJIH BBINYXKIEH-
HOMY HCIIYCKaHHIO CBETa aTOMOM.

[pu ycpenneunn no $ase @ roJay4HM TOT 3Ke OTDET, 9TO H B OYHKTe a),

1
5.13. a) x (1) =3 [E1 () + & (O], rae

t
1 .
€1,2=e:l:l»” j‘gF(T)eiuth—l—xoq—_pxo ;
0

t
1 . 1 . .
6 x ()= tm (| | F () 0 4 £,

0
(o A) xo]}, rre © = l/-(o% — A2,
5.14. Ha ocuuansiop peficiByer cHia

0
F)=—=35U([r—r (1), 1

rae r(t) — oTKJOHeliMe oCUMJULINTOPA, a Fo(f) — paanyc-peKTop Hajera-
owelt yactuubl. [IpeAnonaras oTkK/ACHeHHE YacCTHUB MaJjblM, TNOJaraeM
ro(f) =p-+vi (p — npueasHbIA napameTp, BEKTOPH P H V B3aHMHO OPTO-
ronanpip), CunTas Takke Majnofi aMiJIMTydy KoneGaHHA OCUMIIATOPA,
nonaraeM B (1) (nocie anddepenunpopanus) r=0; Torpa F(f)=
=—2x2V (p+ vf) -exp (—x2p? — x2v¥?),

Kosebanns N0 HaNpaBJeHHSM P H V HE3aBUCHMbL H BO30YXKAAOTCH
10 3Hepru#
2

2 1 +4 o0
L —int
"o S F, (1) e~otdt @)

L e
— —iot
5 S Fo (1) e dr
—_—0
cootBetcTBenHo. 3mech Fy B Fp — KOMIOHEHTH CHJhl M0 HalpaBJeHHAM
v u p. [lonnas sHeprusi Bo36ykAeHHS OCUUINATOPA *)

ny?
=3F (x+a) e "% )
rie

1 . 1 ®\? .
E=—§-mv, a=7g ol x = 2 (xp)2,

*) HuTepecHo OTMeTHTb, YTO 3aBHCHMOCTb &(®) Takag e, Kak

H 3aBHCHMOCTb CHEKTPANbHOM MJOTHOCTH H3JyueHHs GLICTPOro 3/1eKTpoHa
B none U(r) (cM. [2], § 67),
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CeueHHe BO3GYXNEHHA OCUMMIATOPA AO 3SHepIUH, Jexauleh B Hil-
TepBaJe o1 & g0 e-+de,
a+ x, (g)

~
do=n%‘dp§ E\T—:m;—(a—)

T/le Xp — pPa3iuuHLHe KOPHH ypaBHeHHs (3).
JaabHeiiiee nccnefoBaHHe YAOGHO NpPOBOAMTB, pellas YpaBHeuHs
a

n de

Tund g

, 4

2
(3) rpaduuecky, KaK 310 feaanoch B 3afaue 3.10a. [Ipu & <&y =T-[2-“/€— ae™

d
nonyaaem do = _ 28

% €
Hdasa 66abmux € pesyivraT 3aBHCHT 0T BeauudHs 4. Ecam a>1, 10
BO3MOXKHO /Hub €<g, (pHc. 119,4; Ana cevenns — puc. 120,a). Ecan

(B ypaBHeruu (4) nonaraem xi(e)>>1, xp>a).

xe a<<l, To BO3MOXKHO & < €5 = ;‘;—; (puc. 119, 6), npuuem npu e==g,;

~
™
~

~

~
Y
SRS
/
rd

e £
62 ey’
/

, o |
/11

/ /]
/ !

L
Z — 7 T

7/
~a ~a+/ a
aj d)
Puc. 119.
P s
as de {
|
|
1
|
!
|
8/ € 6/ GZ €
a) 6)
Puc 120,

rpaduk do/de BenbTHIBaeT CKAyoK,

pyemyio ocoGeHHocTh (puc. [20,6) do =

a npH €3— €<k €y HMEET WHTErpH-
n de 1

V§x2'3_2 Vi—ele,’

5.15. Eca oCUMAAATOP HMeeT «NPHUEAbHYIO (asy», paBHYo @ (cm.
3ajasy 3.126), To, noBTOpsf BLIKAAAKM NpeABlAyulell 3ajaun, noJy4uM
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JJs 3HEePruH OCUWJIISTODPa BLIpAXKEHHE

g = g,e 20 L 2 ere, e P cos @ 4 g, (1

m [Voy?  0?
B =4E _KT) exp 2(;;1')2}‘

Tpn cos >0 nona Bcex P OKaswBaercs &€>>8, a NpH cos ¢<<O

CYIWIECTBYIOT TaKHe D). AJ5 KOTOpHIX €< ey Paspewas ypasuenne (1)
OTHOCHTEJLHO p?, HAXOAHM

-2, VSI/BO

rhe

2 =x e ———— e>e
P —cos ¢+ V (e/ey) —sinZ @ i > o
2 -2 Ve,
=% == — B COS 0
P12 ]/b[,lcos(p I+ Ve—eg,sin®g P ?<
H E>>E>>Emin = &g sin’ ¢. Orclona
dp? n d
d0=n|71£- de =737 = (2)

e — €, sin? ¢ — cos ¢V ee, — egsin? @
npH €8¢ u

g,m |cos @ de

do = nd (— o3 + pg) =" (3)

————
(e, — &) VSBO it 3% sin? ¢
PH Emin<<E<<& 1 cos ¢=<<0.
Ycpeanas no pceM BO3MOXHBIM Ans JaHHoro & hasam @, moayuuM
do\ mn 4
\de/_guzleu)"‘el “)

(puc. 121). ¥cpenrenne MPOBOAUTCA MO 76

|
dopmyaam 75} |l
o !
do I 1_Ud |
N 2n de 49 |
| 5' £
o1 E2>€ H [
. Puc. 121,
doN\ _ 1 ( do,
\Z /= Zn de 49
T~

s €<<gy. 3nech a=arcsin Ye/eq.
Pacxonumocts ceuennht (2), (3) n (4) npn &—> gy cBA3aHa C TeM,
4TO NpH MOGLX OOJBIIHX P OCUKHJAASTOP BO3OYXKRAETCA,
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C ueM cBA3aHa AomonaNTEAbHAs OCOGEHHOCTh B (3) H moueMy ee
HeT B (4)?
1 1
6.16. Ina Gynxuuu Jlarpanka L = 53 mx? — 5 mw2x? + xF({)
SHEPTHs CHCTEMH

F(t
E()= F Rl + 5 (Im D ——imt =
m|, iF@P F)
=215 The l T 2mw?
rae
E = &+ iox = elo! s ei0T— F (1) dt (x)

-_—0

(cm. [1], § 22). Xora Bmpamenwe AN SHEPrHW WMeEET ONPEASAEHHBI
npegen npu {-—»oc0, uHTerpan, onpejeasiomnit E(f) npu {— co, He
nMeeT npeaena (Tak kak £(v) -y npu v o0). Huterpupya (1) no

qacTaM, NOAYy4YHM
14

5 F’ (1) e~ 9%, {2)

-—00

iF(y el
E() = mo  mo

rae F’(1) >0 npu T—> oo u nuterpaa cxoautcs npu {—»oo. M3 (2)
BHAHO, YTO ABHXKEHHE OCUHAAATOPa NPH f{—> oo npeacraBaseT CcoGoi
rapmonnyeckye konelaHua (BTOpOoe cnaraeMoe B (2)) OKOAG HOBOIO

0
NONOKEHHs PaBHOBECHS Xg = - (N€pBOe craraemoe B (2)). [lepenan-

Has OCUNAAATOPY 3HEPrus B COOTBETCTBUH C 3THM HMEET BHJ
2

F2
0
E(+ w)=—m+2mmz 5‘F’(t e 0ty
—o0
5.17, AE‘-=E\+OO)——-E(—OO)=
_ F§ 4 MFE ar2F, cos @
2mw? T 2mw? (AT + 02)2 T A2 { @F ¢

1
Ly = 5 mw?a®, @ — «npuuessHas dasa» (cM. CHOCKY K 3afaye 5.126),

5.18. [lposons B Gopmyie (7)=E(0) ei@T +— ezmr 5’ F (t) e=tot g

{em. [1], § 22) n-kpaTHoe HHTErpHpPOBaHHE [0 qacmM nojayyaem
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DhipaXeHue

iop | iFo | FIM (4 0) £or F"”(r—m
E(r) =E(0) o7 + 2+ (0D

Rk FOAD (4 g—otgy,
m ([m)(71+1)

e

3necy |E(0)| =aow, rae ap-— aMnanaTyna kKoJeGandfi 10 MOMeHTa
BKJIIOYeHUs cHabl. [lpeanociefHnii 4aeH B 370l ¢opMyle no Hopaiky

F .
BEJIHUHHBL PaBeH —-(7)~", & Mocaeinufi, BooGwe roBops, ropasuo
mo

Mexbme (ecay F(m+D(f) uamensercs naaexo). Ksagpar amnauntyast
iFy|?
m

koneGanus o2 npy {>>T No NOPAJAKY BeJUUHHB paBeH

g —
2

(ao + Lo 007" ((1):)‘“"‘) .

mo?
Takum oOpa3oM, eclH CHIA BK/IOYAeTCs MeJJeHHO H I1aBHO, mepe-
Java 3Hepruu oyeHb MaJa.
5.19. a) B npomexcytok Bpemenn O<C{=<{T KoJeGaHHsI HMEOT BHA
x=F{/mw2t+ B sin w!{+C cos wf.
JIBMKeHHe OKaXKeTCsi YCTAHOBIBILUMCS, €CaH

x(1)=x(0), x(t)=x(0).

DTH YCJA0BHs NPHBOAAT K CHCTEMe ypaBHeHHI

F
mmZ—}-BSH(DT~{— (coswr — 1) =0, 1)

B{coswt—1)—Csinot =0,

onpenensioumedt nocrosuusle B u C. Takum oGpasowm, npu 0<CI<t

N =me |7~ sin(@u2) @

F [ t sin (wf — mt/?)]

Ecan ke ! neXHT B npoMexyTke At<Ci<< (n+41)t (rme n— uneaoe), 10
B npapofl yactu (2) cienyer 3amenuTb { Ha t'={— nT(0<<¥'<7).

Tlpn o7, 6au3KOM K 1eAOMY KpaTHOMY 27, BTOpoH ufeH B (2) oKa-
3pIBaeTCA oueHb 0OJbIIMM — cayyafl, 6au3kHA K pe3soHanucy. [lpn ot=
=2nl (/—uenoe) YCTAHOBHBUIHXCA KoJeOauHA OuTb He MOXer
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(cucrema (1) mpoTHBOpeunBa *)).
1 iF F . .
6) x(f) = Im[mm—}-m e M—}-Ae"‘”l
s 0<CI{<<7,; 31ech

F I———e"“_
m + i0) | — o’

A=—

s nt<<t<< (n+1)T B npasolt wacTu ciiefyer 3ameHuth ! Ha '={—nt,
B) [pn 0y = (ZC)~"/» > A= R/2¥ ycTaHOBHBIUHICH TOK

1 11 et _I_
=gy i )

a=—r+ti) 0 —n2 )

!
g 0<<I<<t. daan < T sn —+ 1 uyxHo B dopMyJe AN TOKA 3AMCHHTD

tHa '={—nt.
MoxHo sn, Hcnoab3ysa (1), MONy4uTh BhIpaXKeHue A/% YCTaHOBHB-
WIEroCs TOKAa MPH @< A HIH IPH Wo=A?

T
|
5.20. a)A=—T-SF () x () dt =
0

Ao 2 . 4f2
="m w22 2 2 232 202 |’
m ((o2 mo) 4- 4A20? (mo—-élm ) + 16020
T. e Kaxlas M3 ABYX TapMOHHK CHJIH NepeflaeT SHePrHio He3aBHCHMO

2n
oT aApyro# (311er neprog T = -(;)

*) llpencrasus cuny B Buge paga ®ypoe

Ft)= 2; sin 22 4,

BHIHM, YTO PE30OHAHCHYIO PAaCKauyKy KosieGaHH MOMKET Bbi3biBATb KaXas
FapMoOHHKa BbiHyxaawoouled cuanl. [lpy v=2nl/w aas pocratoudo 6odan-
WHX { (KaKHX HMEHHO?)

Ft
x(f)~—msmwl‘.
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_ et g laf n®
T om ngi (m%_,nzma)2+4pmzna'

B) <4 7» fiof + frog
= (3 m%)z + 4\ 20? (03 —o?)2 4 “zed |

[pn ycpenHennn sa GoAabmofh

2,

on
NpOMEXYTOK BpeMeHHn 1> ——
ird

OKa3sHLIBAeTCsl, 4TO KaXkaas U3 cHA [ cos o f A f,cos wy! nepenaer sHep-
THIO OCUHJNATOPY He3aBHCHMO. DTO CBA33aHO € TeM, 4TO AHML CpelHHe
KBafipaThl TPHrOHOMETPHUeCKHX GYyHKUnA oTanunbl ot Hyna. [pu T — oo

T

, 1 1 . 1
Ssm” oyt df = —é——{—;ﬁ)—l—r (1 —sin 20,T) — 5

0

<) -

a cpejsHe 3HAUEHHs NEPeKPeCTHLIX MPOH3BeleHHd THma sin wif - cos ol
sin w,;f « cos wyf ¥ T, A. HcuesaioT. Hanpumep, npu T — oo

T
1
T S sin @,f-cos w,f dl =
0

] =cos{0w; —0,)T 1 —cos{0,4®,)T 0
2(0y— ) T 2(0; + ) T )
r) Cwmemenne ocmmnmopa
(o) e do ¢ do
m2 — 0?4 2)o’

oTcofa nofHasd pafoTa cHAan F(f) panHa

2 2
A= S x () F () dt———-S (mo‘il)‘f)(;ilwmz do. (1)

Tlpu AoKasaTeqbCIBe NOCAEAHET0 PaBeHCTBA HCMOAb30BAaHO ofparHoe
o
npeo6pasopanne dypbe f F () e'©! df = 2m* (0).
——00

Mpy A<K®, ocHoBHOH BKIaA B HHTerpa’d (1) Aaer OKPecTHOCTDb
B6AH3W COGCTBEHHOH YaCTOTH OCUMJAJIATOPA ® = Wy,
[Mostomy
(s}

A~ inly (‘Do) I? 0, ) dw?
= j — 0?)? + 41203
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TIpH 3TOM COMHOXMHTENb, CTOAIIMA B KBaAPaTHBIX CKOOKaxX, Jerxn

127 (@) |?
2

2%
BHUHCASETCS H OKa3biBAaeTcsl He 3aBHCAUIMM OT A, A=—I
m
(cp. ¢ popmynoit (22, 12) w3 [1]).
5.21. YuuTHBasg, 4YTO OTKJOHeHHe OCUHJAATOPA X €CTh Manas BeJH-
YHHa NepBOro nopsjka no F, moayuuu

o0

AE = TF(x,t):rdtk { Fyxat,

AP = S Fx, t)dt = 5 [f(t)—f(t)%]dt.

Hurerpupys BTOpOE C/1araemMoe IO 4acTaM, HaleMm

o0

A
AP = j f(t)dt+7E.

—_—

B yacTHOCTH, ec/IH j‘ f(t)dt =0, To AE=VAP,

—_— 0

TTosAcHUM YCJIOBHE ManoCTH X Ha NMpPHMepe NeACTBHSA HAa OCLHJIATOD
rpynns BoaH f(f) = fe— 11/ cos vf. ManpiM mapameTpoM B pasnoXeHHH
F(x, t) asasercsa x/MA, rae A==2nV/y — xapakTepHas AJHHA BOJHH, T.e.

x| fv

T=2nm|m2—y2|<l'

§ 6. Maabie Koie6aHHA CHCTEM C HECKOJbKMMH
cTeneHssMu CBOGOADI

6.1. TTyctb X, — OTKJOHeHHe i-# 4aCTHUH OT NOJIOXeHHS PAaBHOBECH:
(i=1, 2). Oynkuun Jlarpanxa CHCTEMB

. . k
L= (34 13)— 5 [+ ta— 2] )

YpaBHEHHsT JPHXKEHH:
mx;+ k(2% — x9) =0,
mx2+k(x2 - xl) =0

noACTaHOBKOH X, =A, cos (wf+@) CBOZATCH K CHCTeMe ajre6paHuecKux
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ypaBHeHHH
(—mw?-}-2k)A, — kA, =0,

— kA + (—mw?+k) Ay =0. 2)

31‘3 CHCTEMA HMeeT HETPHBHAJIbHOE pelUeHHe, €CJH €€ OIllpele/HTe/b pa-
BEH HYJIO:
(—mw?+-2k) (—mo?+k) — k2=0, (3)

Orciona noJjyuyaeMm co6GCTBEHHBIE YaCTOTHE

o 3T V5 &

1.2 2 m’
W3 aByx ypaBwenuii (2) B cuay (3) JaHMwb 0aHO He3aBucumo. [loz-
CTap/sAs 3HaYeHHs @) H Wy B (2), MOJYYHM COOTHOLUEHHS MeXIY aMman-

TyAaMH
2

A1=i/5—+—1A25A AN O = 0,

2

V5—1

Takum o6Gpazom, ceoGodtibie KoNeGaHHA CHCTEMbI CYTh
x,=A4 cos (0,f+¢,)+ B cos (02+ps),

5+1 VY51 4)
X, = V——2+— Acos (0t - @) — 1—/-—2—— B cos (w,f + @,).

Ay =— A, =B 113 @ = 0,.

[Moctosiunbie A, B, @\, ¢a onpenensioTcs HayaNnbHLIMH YCJIOBHSAMH.

CaoGoanble KoieGauusa (4) MOJHOCILIO OMHCHBAIOT ABHXEHHe CiiCTe-
mul. OAHAKO NpH peilleHHH MHOTHX 3ajay yaA00Hee N0.,1b30BaThCA HOpMaJb-
HBIMH KOOpAHHATaMll, HanpHMep B 3ajavyax € BHHYXJawomeH CcHJOH
(cMm. 3ajgaun 6.26 v 6.24), npH MOCTPOEHHH TEOPHH BO3MYIIEHHH (CM. 3a-
nauy 6.34), npu nepexose K KBaHTOBOH MexaHHKe. DTO CBA3AHO C TeM, UTO
HOpMaJibHElE KOOPAKHATH §;, ONpeAesIelHble PaBeHCTBAMH

X, =q, :}‘ Tq, - )
Vi+1  V5-—1
Xg = g d1— 9 G2y
npuBoaatr ¢yukuuio Jlarpanxa (1) kK cyMme KBajpaTOB
5+ V5 V‘ (6)

—o VY -2 2 22
L=—"7 ’"(‘7 — oyg 1)+ ’"(‘72““’2‘72)'
a ypaBHEHHﬂ JBHKEHHA A g H 3 paauen;uo*rca:

(I,- + (l)%qi =0,
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[Tono6uuiM ke o6pa3oM 3afaya o ABHKEHHH ABYX B3auMojeficTBYIo-
IHX TeJ €BOJAHMTCH K 3a]ayaM O JBHXKEHHH LEeHTPa HHEPUHH H O ABHXKe-
HUMH 9acTHOH ¢ NPHBeJeHHON Maccoll B 3aJaHHOM CHJOBOM IIOJe.

OTMeTnM, Hakosen, uyTo GoJee ob6mHE cayualt cuctemnl N yacTHy
€ OJIHO# TOYKOH IOJBeca paccMOTpeH B 3ajnaus 7.2,

6.2. dyuxuus JlarpaHxa cHCTEMH

. . E
= (B 42— 5[0 — a (1) + (5 — 1)1

I
Ecan orGpocuts uien — —5- ka?® (), npeacrasasiownii coGoit moanyio npo-
H3BOJHYIO 1O BpeMeHH, TO L MOXHO MepemHcaTh B BHIG

L=L+AL, AL=xka(t), (1)

rae Lo — ¢ynguns Jlarpanxka cHCTeMH ¢ HEMOABHXHOfl TOukOf mojBeca
(cm. opmyay (1) u3 mpeawtaymefi 3aagaun), Takas 3annce yaoGHee TeM,
4TO CPa3y NMO3BOJIAET BLITHCATH «BEKTOP» BHEMIHEH CHJIbL

Fer)  (ha(t)
F_, 0o /)
x2
a) YpaBHeHHS JABHKeNHs
mi -k (2%, — X;) =ka cos y!,

miyt-k(xg —x1) =0 (2)
HOJCTallOBKOH *)
x1=A4 cos qt, Xo==B cos ¢ (3)

NPHBOAATCS K JIMHeAHOR HEONHOPOALOH CHCTEMEe JABYX ypaBleHHA OTHO-
curenniio A u B. Otciona

ak (— my? 4 k) B— ak?
L R (R )
2 3FVE k -
Tae ©f 9= —""5 — 7 HOpPManbHEE YaCTOTH CHCTEMHE,

3aBHcHMOCTE aMIIATYA A B B oT wuwactoThl { u306pdkeHa Ha
puc. 122, a.

*) Obuice peweHHe cacreMsl (2) sBAseTca cymepmoduuuell cBo6oi-
HEIX H BRIHYXXJEHHHIX KoseGaHuH. [IpH Ha/nHuHK faXe MaJoOro TpeHHS
cBoGo/inble KosieGaHHA 3aTYXaloT, NO3TOMY Mocje GOJBHIOro NPOMeXyTKa
BPEeMEHH pellleHHe CHCTeMB (2) He 3aBHCHT OT HauaJIbHEIX YCJOBHH H Ipex-
crapJjsAeT co00l BhINYK/eHHBle KoJieGanua (3),



6.3] § 6. KOJEBAHHS, MHOIoO CTEMNEHENM CBOBOIH 165

[IpH mepexose 9epe3 TOYKH pe3oHaHcA Y==@,p aMmJHTyan A ® B
MEHAIOT 3HaK, YTO OTBeYaeT H3MeHeHHIo ¢asu KoneOaHuil Ha . [Ipu ua-
crote ¥ == V' E/m koneGaHHA BepxHel MacCHl TOJHOCTLIO AeMndupyoTes:
A=0.

Ha puc. 122, 6 uso6paxen npHMepHHfi BHA 3apucHMocTH [A| ot
9acTOTHl BHIHYXAaoledl CHAB NPH Ha-
JHYHH TPCHHA.

Ha kakux yacrortax Y GyAyT AeMm- 7
¢duposateca KoseGanusi BepXHEH 4acTH- ih
Ibl, €CJH K HHXHEH MOJBECHThb eme od- /y| A
Hy 4YacTHIy Ha TaKofl Xe NpPYXHHKe?

6) Beoas HopMajabHbie KOOPAHHATH
q1,2 (cMm. dopmyny (5) H3 mpenwiny-
mel 3afaud), MpelcTaBUM (YHKIUHIO
Jlarpauxa (1) B Brae

L=L(q, 4.1)+L2,(572, ;72),
5+ V5

Ly, ——“_4——’"(‘7%,2a 1]
2 2
~ 0f 207 ») + 94, 2ka () 1
(cp. ¢ dopmynoit (6) mpeamayulei 3a- :
JauH). 1' :

Takum o6pasom, 3agada CBOAMTCA (‘I)/ (tl)z 7
K OTHICKQHHIO YCTAHOBHBIUHXCA KoJeGa- 6)

HUfl ABYX He3aBHCHMHX OCLHJJIATODOB,
Ha KaXIbH H3 KOTOPBIX AEeACTBYeT mil- Puc. 122,
JooGpasHas cuna {cM. 3agauy 5.19a)

PasymeeTcd, H B NYHKTe a) MOXHO OblJIO peuiaTb 3alauy, nepexois
K HOpMaJbHBIM KOOpJAHHATaM {cp c 3afaueii 6 24).

6.3. BeoouM cHCTeMy KOOpAMHAT ¢ HayaJloM B TOYKe IOABeCa H
OCbIO Y, HampaBAeHHON Mo BepTHKaJH BHH3. B kauecTBe 06OGLIEHHBIX KO-
opAnHaT BHGepeM KOOpAHHATH X; H Xz Touek A u B. B BLipaxenue ans
NOTEHUHAJBIION  SHEPTHH =—mgy, — Mgy, TNOACTaBIAEM Yy;(X)
H Ya(X1, X3) € TOUHOCTLIO IO BTOPOro MOpsAKA MO Xi,o/l

2
I Voryrame B YR |
1 =2 =77

2
1 £, — x,)2
—!/1'!‘]/ y — X)) 2~3IGT—(2_21'L'

m . . . .
a B BHpaxceHHe A5l KHHETHUeCKOll sHeprun T = 5 (x% + y% + xg + y%)
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MOACTABAREM F; H 2 C TOUHOCTHIO 10 IEPBOrO MOPAAKA:

. X% e (=) (xy—x
yl=——§1—'x0, gy =ty — 21— 12 1) =0.

[Tocne storo ¢ynkuusa Jlarpanxa
m ,- . mg mg
L= 5 (x]+ x3) — 57 f — 5 (a — x,)? + Smgl

cosnanaer ¢ ¢ynknueil Jlarpanxa ciucreMn, paccMoTpenHolt B 3anaue 6 1,
ecaH NpHHATD k=mg/l n oTOPOCHTH HeCYIUECTBEHHYIO NOCTOAHHYIO 5mgl.
[Tostomy HalinenHas B 3apaue 6.1 3aBHCcHMOCTB X (f) ¥ x2(f) cnpaBeanH-
Ba H AA7 ABOIlHOTO MafTHHKa.

Ecau Touka nojBeca MasTHHKA ABHXKETCH 0 3aKoHy Xp == a(f) <,
TO, Kak Jerko yGeAnTbcs, MH BO3BpamaeMcs K ¢yHkuuH Jlarpaunxa,
paccmoTpedHoOil B 3anaue 6.2,

6.4. 3akoH ABHXKeHHSA

x==a cos (04q), y=bcos (wat4y).

[MocTosiunbie a, b, ¢, P onpeaensioTcs HayaldbHHIMH YCJOBHAMH. TpaekTto-
pHS pacnoJiokeHa BHYTPH NpsAMOYroibHHKa (puc. 123):

—asxs<a, —b<<y<h.

BooGue roBops, TPAaCKTOPHA <«3aHOJNHAET» BeChb NPAMOYFOJbHHK.
Tounee, ecnd w; # @y HECOM3MEPHMBI, OHa NPOXOAHT KaK YTrOAHO GJH3KO
K J11060# TOUKe 3TOro NpsMOyroJbHH-
Ka. [lBuiKeHHe TOUKH B 3TOM Cayyae
lie ABASETCS I[EePHORHYECKHM (X011
ABHXeHHe ee NPOEKUHH Ha OCH KOOp-
AuHaT neproaHueckoe). Ecan xe o,
H Wz coHsMepuma (lw;=hnwy rae !
H 1 — neavle 4Kcna), TO TPaeKTOpHS
npeicrasaser co60fi 3aMKHYTYIO KpH-
Bylo, HasmiBaemylo ¢Hrypoii Jlucca-
xy. [lBHXeHHe B 3TOM Cayuae ne-
pHOZHueCcKoe, NepHOA paBeH 2mnjw,.

6.5. a) [as nauvoft cHcTeMbl NMepexoA K HOPMaJbHHIM KOOpAHHAaTaM
ecTb MPOCTO NOBOPOT B MIOCKOoCTH (X, y) (pHc. 124):

Pue. 123,

x=Qicos 9 —Qzsing, y=Q;sinp+Qzcosq. (N

HeiicTBuTesbHO, KHHETHYECKAA HEPTHA NPH NOBOPOTE HE MEHAeT CBOEro
BHAA, a B NOTeHUHaAbHOW sHepruH KosddHuHent npu Q) « Q,, paBHLii

1
- (0} — 3) sin 2 —acos 29,
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MOKHO 06paTHTb B HYJb, €CJH ONpeAe/HTh MapaMeTp @ H3 YCJOBHsA

2__ .2
0y — Of

20

ctg 29 =

3aBHCHMOCTb ¢ OT ®; IOKa3aHa Ha pHc. 125; wupuHa obaacTH gacToT,
B KOTODOH MpOHCXOAHT Nepexod o @==0 K @=n/2 nopsika a/ws.

&

Puc. 124 Puc. 125.

[Mpu caaboti cBasy, & £ [m% - a)% I, HOpMaJbHbe KoJleGaHHA JIoKaJH-
30DaHH, T. €. OpH O << 7 OKasuiBaeTcs Q0 H xxQ), y=Q a npu

n
01> 0y TonydaeM @ 5= H 12— Q y= QL

Mpu l 0 — m%l € @ HopManbHbie KOJe6aHus NepecTanT GLTh J0Ka-

7 1 1
MMIOBAMHBIMKI R T, XN 7R (@1 — Q) y= l'/’]j (@1 + Q) (cm.
[11, § 23, 3anaua 1).
HopManbHeie yactoTn!
‘ ———————
02, = 7 [0F + 0} 7V (o] — ol + 4t @

JeaT BHe HHTepBala NapuHa/bHHX 4acTOT*), T. e. ,<®; H Q>
(Ann onpeneseHHOCTH CuMTaeM ®;<<@g). CooTHOweHHs nodo6Horo poaa
ANA CHCTEM CO MHOFHMH CTeNeHAMH CBOGOAL H3BECTHW MOA Ha3BaHHeM
<Teopem Paes» (cM. [15] u 3anauy 6.23).

3aBHCUMOCTbL Q)2 OT @) MOKa3aHa Ha puc. 126. Buano, uto otauuune
HOpMaJbHbIX 4acTOT £,3 OT NapPUHAJLHEX @), (PABHO KaK H HOPMAJLHBIX

*) Cnenys MannenbwtaMy [7], napunanbHofl 4acToTofi MB Hasw-
BaeM 4acTOTy KoJieGaHHH CHCTeMB, KOTOPAs MOAY4aeTCs M3 HCXOAHOM fiph
x=0 (nau npu y=0).
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koopAunaT Q;, Qg OT KOOPAMHAT X, ) NMPH MANKIX ¢ HECYLIECTBEHHO BCIO-

Ay, 32 UCKIIoueHHeM O6J1aCTH BHIPOXK/EHHA | w% — w§|s a. Tlpu gocraToy-

HO MaJIbiX ©) OJHa K3 HOPMAJbHBEIX YaCTOT CTAHOBHTCA MHMMO# — CHCTEMa
nepectaeT GLITb YCTOHYHBOM,

L2,, B koopauHaTax Q, H Qg 3aKOH JBHXe-
2

HHS U TpaeKTOpPHA TaKHe XKe, KaK B MpeiH-
pyuleft 3anaue.

6) HopmasbHee KOOPAHHATH MOXHO
NOJYYHTb B 5TOM CJy4ae H3 Pe3yJbTaToB
npeiblAymel 3ajauyd  npocTodl  saMeHo#
“’%,2 =My 5, IPHYEM HOpPMaJbHBlE YaCTOTH
JNauHOA 3ajauu OGpaTHH HOPMAJbHHIM ua-
crotaM 2,2 npeibiaylel 3ajaud. [Touemy?

Puc. 196. Moo au c6HapyXuTb dakT HelasH-
CHMOCTH HOpMAaJIbHWX YacTOT OT 3HaKa G
(unm B) w3 BHAa ¢yHkuuM JlarpaHika, He Haxoas Q,, B ABHOM BHIe?
6.6. a) dynxuus Jlarpanxa cHcreMbl (cM. 3afauy 4.22)

2 2
_ . y V191 92 (q1+¢)°
L= (2wi+293)— 7o, e, ¢ ,

Tle ¢) H gp—3apsiinl Ha BepXHUX WJacTHHax KroHieHncaTopoB C, u Ca

Bpeas HOBble mepemenusle /P qu=x H VP,qy =y, M noaysum
¢ysruno Jlarpanxka 3ajlayu 6.5a ¢ napameTpamu

o1 1 o1 (L 1 1
U=\ T TG, “LTH\TTE ) “TvEes

6) 3aMeHoft mepeMeHHBIX @y == '[/Cl X, Gy = ]/C, Y MOXHO ¢yHK-
unio Jlarpanma paHHOH cHCTeMH CBeCTH K ¢yHKuuu Jlarpanxka 3sapjauu
6.56 ¢ mapamerpaMHn

my o =(Z+21,5)C1,9 p=2VCCs.

MoryT JH LaHHb'e CHCTEMB! CTaTb HEYCTOHAYUBBIMU?
6.7. IlycTb X; H X2 — OTKJIOHEHHS! YaCTHIL My H My OT MOJOXKEHHA

paBuoBecHs. CLesaB 3aMeny Vmy X;==x H Jmg Xp==y, NOJYUHM LIS CHCTe-
Mbl pyHKuHO Jlarpanika, paccMoTpeHHYI0 B 3ajaue 6.5a.
B pasnHuHBX OpefiesbHBIX C1y4YasAx OTBET MOXeT OWThb Mojyyen Ge3
pewelina ypasHeHufi. Hanpumep, ecan see k, =4k u m; € m,, T0o BOSMOXKHO
. 3k 1
HOpMaJbHOe KosleGaHHe OYeHb HH3KOR 4acTOTh p% =5— H=Tg % (ya-
my

CTHIA my ABJAETCA KaK Obl 3JE€MEHTOM NpYXHHKH, 4 4acTHUa rmg Koael-
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JeTCH MEXAY NPYKHHKAMHA XKECTKOCTH %k cieBa M k cmpaBa) H OUeHb

2k
BHICOKOR 4acTOTH Q% —<° (xornavuacTula /M, TOYTH MOKOHTCA). AMIIH-
my

TYLy KosieGaHufA BTOPOA YaCTHIH MOXHO HafTH, pacCMaTpHBas ee JBHXKe-
HHe KaK BHHYX[eHHOe MOoj [efiCTBHEM BhHyX[atowel CHAN RX] BHICOKOH
my

2m, 1

TMoxo6HuM Xe 06pa3oM HHTEPECHO PACCMOTPETb CaydaH

a) mi=my, k=Fky<ks;

6) Bce KECTKOCTH Da3fJHYHBlE, HO OJHOrO NOpAAKA, a m; <K My;

B) ko> k =kFs, a MacCH my H My OJHOTO MOpAAKA.

qactoth {cM. [1], popmyna (22.4)): x, = —

v (1 1
6.8. a) xy , = 5 (‘BT sin o, ¢ + EQ—gsin mzt); upH £ <k KosneGannus

rMeloT dopMy OHeHui:

v v,
x1=3cosat-sin wf, Xy = — 4 sin gf-cos 0f,
a
6) xy 5= 5 (cos @ + cos @, 1); npu k <<k
X;=acos &f-cos 0, x9==a sin &f-sin wf,

k 2k + £ ky 1
Beony 0f = 77, 03 =" —, B =g 01, © =7 (0, ).
6.9. DHeprus, oepefadiian OT MepBOH 4aCTHUBl KO BTOPOH 3a BpeMs dt,
paBha pabore chin F=Fk(x; — X3)

dE =k (x, — x3) dxg=F (%, — x2) o,

dE .
& TOTOK 3SHEpruf 7= k(x; — x,) Xa. Jlns mpepensHoro caydas k <<k
B 3ajaue 6.8a MOTOK SHEpruH, yCpeAHenHEl IO NepHORY GBICTPHIX KoJse6a-
mo?
4
gacToTe OHEeHHH.

6.10. YpaBHeHHs! ABHXKeHHSA
maxi-ky (%) — x) Fhxi -0z =0,
mxg-ky (X — x1) FhxgtHoga=0;

]
upu 3aMeHe Xy o = ]7—5 (g, + g;)pacnagatorca Ha [BAa YpapHeHHs Mg

HHM, paBeH @, sin 2ef ¥ MeHsieT 3HaK C 4acTOTOH, paBHOM YXBOCHHOH

HOpMaJIbeIX KOOpJ.lHHaT
g, + 0391 + 20g, =0,

q"a + m%% + 2hg3 =0,
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o ko Rt+2

rre 0f ==, 03 =—}1—, 2%:%_ [losromy npu A<<wg (em. [1],
§ 25)

xy.0=e"M[acos (vt + ;) £ bcos (vf + o),

rle Yy o= V“’%,z — a2
Jdnas cucTeMbl pHC. 22 NpH HaJMYHH TpeHHs xapakTepHCTHYeCKoe
ypaBHeHHe He GHKBajpaTHOe, a 4eTBepTOH CTeNeHH, NO3TOMY HaWTH CBO-
Goanbie KojebaHHA ropasjo cloXxHee,
6.11. ®yuxuus Jlarpanxa ABOHHOTO MaATHHKA
M. m - Mg mg
_ 24 2 2 2 2
=g i+ ga—FA—grld+@—xnr]
e X; H Xz — OTK/IOHeHHs TodeK M H m oT BepTHKaJH, NpOXOAsILeH Yepe3
TOUKY noaBeca (cp. ¢ 3aaauedt 6.3). 3ameno#t

X Y
X =—= Xy == —=—
YUy m T yYm
dyHkuMs Jlarpamika CBOAMTCA K BHAY, PACCMOTDERHOMY B 3aiade 6 5a,
npHyeM

2mg g m
2 =5 =B, —_—
O -y =E T K= M

B sroM cayuae

1
x=—V—§(Ql—~Qg), y= V 75 (Q Q)

rae Qi=a; cos Qit+b; sin Qif,

g _ ¥ mg
91,2"1/'1—“'_2" Y=V M-
pyVm

R Q12(0) =0

C yuetoM HauagbHHX ycdosHil Q) 5 (0) =

nosyyaeMm

x =B V/W sin v sin 7 ¢,

xq = Iff cos £ cos V—%— L

Takum 06pa3oM, MasTHHKH KOIeGMOTCA «MO OYepedH» H aMIOJMTyAa

BepxHero MasTHHKa B YM/m pa3 MeHblle, 4eM HHIKHErO,
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ak (ky + k— my?)

A2, Xy = cos y¢
6 1 mz(yg_m%)(vz_m%) Yl
akk, p
= Ccos
P (e T
9 kR, k43
rae O3 =g, O3 ="m -
6.13. x;=x, = k_—akm_y? cos y¢, TAe X; — CMellelHe BIOJb KOJbUZ H3

10/I0KEHHS paBHOBecHA i-H 4acTHUH. Pe30oHanc BO3MOXeH TOJNBKO Ha
O1HOH H3 Hopmanbi-lux yacToT npH Y2=*k/m (cMm. 3anauy 6.24).

6.14. [Iycts x; — cMellleHHe BOJbL KOJIblla H3 MOJIOKEHHS paBHOBE-
CHA {-B 4YacTHuH, TOrAa

Xy =Xy3 = ak(mg—yﬂ) cos y!

1= 3 m(y“——w’f)(yz—wg) Y'
2ak?

Xq = cos V¢,

o) (7o)

2k

- kR
rie coGCTBEHHBIE YACTOTH ©; PaBHH @%’3 =(27FV?2) -, m% =

O6paTHM BHHMaHMe HAa TO, 4TO MPH Y=g CMELUEHHA x1=x3=0),
a xg= —acosy{, [ToueMy uHC/IO PE3OHAHCOB B CHCTEME MeHblIE 4YUCAA

HOpMaJIbHBIX 9acToT?
6.15. YpaBHenna aBHKeHHs (cp. ¢ 3anaveft 6.12)

m;,+a;:, +kx;+k (xy — x5) =ka Re ef?t,
m;2+a:'u:2+kx2+kl (x2 — x1) =0.
Huem pemetne B siuie x;=Re Ae'!, x,=Re Be®!, llna A u B noay-
yaeM ypaBHEHHS
(—my2+2im Ay+k+k)A — Rk B=rka,
kA4 (—my?+21m My +k-+k)B=0, 2mA=gq,
OTKyna
A= ak (k + ky — my? + 2ikmy)
m? (Y2 — 2ihy — of)(v? — 2ily — 03)’
B — akk,
o omE(y?— 20y — of) (v: — 2Ay — (og)’
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2
" I/(Ya_—;-m%_iz o) + 44297 cos (9 + 01 + 94 + )

e [
= akky cos (vt 4@+ @5)
S S e [ comr e

Xy =

k k4 2k 2Ay 4y
2 __ " 2 KTk = Y .2 SR
Of =T @p="p  EP2 P2—0f,’ e oj+oj—2y*’

Mexay KoneGaHHsAMH ABYX 4acTHIL BO3HHKaeT cABHT ¢a3 §; mosHoro
neMnpHpoBaHHs KosaeGaHH NMepBOA YacTHUH HeT. AMIJHTYAa KojeGaHuit
Kak (YHKUHS YaCTOTH BHIHYXJAAMOMIeH CHJBE Y HMeeT OJHH HJH JBa MaKCH-
MYMa B 3aBHCHMOCTH OT COOTHOLIEHHS MapaMeTpoB ®;, ®g H A (cM. [16],
§1).

6.16. Oynkuns Jlarpanxka CHCTeMBl (X H y — CMCILEHHSA H3 NOJONKe-
HUSl PaBHOBeCHs MepBOH H BTOpOH yacTHI)

k1+k2 z_k2+k3
m, * m

mo. 2k,
=5 (% +yr— §2 + %y | + kiax cos vE

orauyaetcs or $yHkunn JlarpaHxa, paccMoTpenHoll B 3aflaue 6.5a, aHmb
cnaraeMbIM xk;a cos Yf, OTBeualIHM CHJe & acos yf, ReficTBywweld Ha
nepByto uacthuy. Huxe Mm GyleM mosib3oBaThesi 0603HAYEHHAMH 3aJauH

‘/ Ry g+ ks
6.5a. Ilapunanbnas yacToTa @y 5= ra——
MaJbHOH 4YacTOTe CHCTEMH!, KOTOpas MOJYYHTCS, eCJH 3aKPenHTb BTOPYIO
(nepBYK) YacTHUY B IOJOXKEHHH PaBHOBECHS, T. €. MOJOXKHTb y=0 (cooT-
BercTBeHHO x==0). [IpA mepexose k HOpMadbHEIM KoopAHHaTaM Q,, Qg
¢QyHRuHs Jlarpanxa OPHBOAHTCS K BHAY

COOTBETCTBYET HOP-

= % (Q% — QQf + Qg - QEQE) ~+ (F1Qq + F3Q,) cos yt,

rae Fi=kjacosp H Fy= —k asin ¢ — NpoeKuAH aMIVIUTYAH CHJH
F=k acosyt Ha HOpMa/bHble KoOpAHHAaTH Q) ¥ Q2 (puc. 127). Has
KOODAHHATH Q9 MH MOJyyaeM ypPaBHeHHe ABHXKeUHS OCLH/IATOpA C 4a-
cToTOH Q4,2 NOJA AHCTBHEM BHIHYXKAAIOUIEH CHJK F1'2cos v¢. Hauanbunie

ycaoBHs Q; (0) = {),- (0) =0. [Moayuaem

0 Fy o (cosyt==cosQy of)
2=
' m(Q},—v*)
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Y nannoft cHcreMul B npubankeHun cnaboil ¢BA3M
by <1
T =&
kg — &y

(ans omnpeneneHHOCTH k< k3;) HHTEPECHO PACCMOTpPETb pe3oHallc Ha BTO-
poit HopMaubHOH yacTote. [Toaaran y=Qy(1-+¢,), umeem

kia
Q= kL F, (cos w,f — cos w,yf),

kae &t . )
Q, = “mw%al sin{e; 5 sin Wy npu e[ 1,

a
Q =— ZTnIZ)— et sin Wyt npu &, =0,
2

TakuM o6pa3om, faxe npH caaboit cBA3N aMmauTyna Qp MoXeT GHTh
6osbIIOR HJIM PacTH CO BpeMeHeM, OJHAKO CKODOCTb €e H3MEeHeHH: HpH
sTOM Gyner mana. I[TockosbKy yros moBOpoTa
Man (sin p==g), QA CMCIIEHHA HMeeM:
x=Q —eQs B y==0Q»

KakoBa ckopocTb pocTa aMIUIHTYAL KOJe-

4
q;
h &
Ganul TpH pe3oHaHce Ha IepBOfi  yacToTe %
=07 ;
Y 1 . - 70 z

Kak AsMeHHTCA XapakTep koseGaHH#, ecaH

Ha o6Ge wacTHuM OyZAer pAeficTBOBaTL MaJsas 5
cula TPeHHA, NPONOPUHOHANbHAS CKOPOCTH

(cp. ¢ 3anave#t 5.11)? Puc. 127,
Fycos ¢ Fysing
=—F5——cosyl, Yy=—7—5 - —cosYy!
6.17. a) x m(m%—yz) osyi, Y m((ﬂ%—yzj Yt
k k
rie mf — Tnl_’ m% =9 — Yroa MexAy HampaBJeHHeM CHIH H OCbio

AB, a x U y — CMelleHHA H3 MOJOXEHHs paBHOBeCHA BAoMb ocelt AB u
CD. UactHua KoJqebneTcs BAOMbL RPAMOMA, mpoxoAsmied yepes meHTP.

Hntepecto, gto npu Y = m%sin’ ¢+ mg cos? ¢ sTa npsmMas nepheH-
ankynspHa k Bekropy Fo. B aTom ciyuae paGora BhiHyxaatomell CHAH
pasHa mymo. [TosTomy, Kazanoch OH, HaJIHUHe [akKe MaJOro TPenHs J0K-
HO MPHBECTH K 3aTyXaHHio KoneGanull. Tak au sto?

F F
6) x =———5——< c0s y{, Yy =—7—35 v sinyf. Tpaekropus —
SECICESD m (@5~ 7)

F

m Hb:m. Ecay

®JJIHAG ¢ [OJNYOCAMH @ =
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BeHYHHHI (w%—yz) H ((o%—'yz) NPOTHBONOJNOXKHH MO 3HaKy, TO
[BHXeHHe YacTHUMW NO 3/JHACY NPOHCXOAHT [0 YacCOBOH CTpeJKe, a BeK-

TOp CHab BpaUlaeTcs MPOTHB YacOBOH CTPEJIKH.
Kak M3MeHATCS ONMHCAHHKE Bbillle KAPTHHH [ABHXKEHHUs 4acTHUH, eCJH
HAaTAMXKeRHe NPYXKUHOK B NOJIOKEHHH PaBHOBECHS He PaBHO HYJIO?

Puc. 128.

6.18. [IycTb x; — cMeleHHe i-# 9acTHUH BAO.Ib KOJblA U3 [O.10XKe-
HHSI paBHOBecHs. TPH YaCTHIE MOTYT BPAllaThCs MO KOJbLY € NOCTORHHOJ
YTI0BOH CKOPOCTbIO, IPH 3TOM

xi=xp=x3=Ct+Ci=q,(t), ©;=0. (1)

Kose6anus xe wacTuy / H 2 HaBCTpeyy ApYr APYry € paBHOH aMMJHTYA0il
3k
xp=—xy=Acos(0f+a)=g,(), x3=0, 0,= m

[IPOHCXOASAT, OYEBHAHO, C TOH Xe uacToroil, uro M KojeGaHHs YaCTHI 2
H 3 HaBCTpeuy APYr Apyry

x1==0, Xg== —x3==Bcos (03f4+B)=qs(f), @s=02 (3)
BBelleM «BEKTOp CMeLIEHHS»
”
r=1{xl
X3,

torga konebawns (1) — (3) Moxuo npeicTaBHTh B BHAe (piuc. 128),
1 I 0

rp=1|1]g, ta=|—1]qy, r3= 11]4q;. (4)
1 0 — 1

Jlio6as auHeliHass KOMOGHHRAUHSA BEKTOPOL fg H I3 TaKXe MPEACTaBJASET
co6oft KoneGauus ¢ yactoToli ®,. TakAM o6pa3oM, B MPOCTpPaHCTBe C Ixe-
KapTOBHIMH KOOPJAHHATAMH X|, X2, X3 COBOKYNHOCTb PelleHHil, OTBeYaomux
KoNeBanuAM ¢ ABaXKAH BHPOKJEHHOH Yac10TOH ®g== 3, ONpeLeseT IJ10-
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CKOCTb, MPOXOASAILYIO Yepe3 BEKTOPH Fy H r3*). Kak Jerxo Buaetb w3 (4),
06a 3TH BeKtopa {(a CNIELOBAaTE/NbHO, H BCe BEKTOPH, Jexauie B 5TOH
NJIOCKOCTH) OpPTOrOHaNbHB BEKTOPY Fy (o0ulee cOOTHOIEHHE OPTOrOHAJb-
HOCTH cM. B 3aaue 6.22).

Oyukuua Jlarpanxka cHcTeMbl

. . . B
L= % (x% + x% + x‘%) — 79 [(x1 = %)% + (xg — 23)? + (x5 — x1)%].
5)

HopManbHble KOOpIWHATH AOJKHB AHATOHANH30BaTh ONHOBPEMENHO obe
KBajpaTHuNLe (OPMbl — AJA KHHETHYECKOR W 1/ NOTEHUHANbHOH 3Hep-
run. [TockonbKy B (5) KHHETHUeCKas 3HepPrHA yxe NPONOPLUHOHAMbHA CyM-
Me KBaJApatoB CKopocTel, TO npeofpa3oBaHHe OT X; K HOPMa/bHHM KOOD-
AMHATaM, He MeHAWee ee BHAA, NOJXKHO ObITh OPTOFOHAJBLHHM, 3 BEKTO-
Bl COOTBETCTBYIOIIMX HOPMaJbHEIX KOJeGaHHi ~— B3aHMHO OPTOrOHA/bLHH-
MH. BekTopbl T; He3aBMCHMH, HO He OPTOTOHAJIbHH APYr APYTy: Fify==
=r,r3==0, HO ryr;5=0. UToO6n NOJyYHTb HOpMaJ/bHBE KOOPAKHATH, 10OCTa-
TOYHO B NJOCKOCTH BEKTOPOB Ty H T3 BEIOpaThb ABa B3aUMHO OPTOTOHAaJIbHbIX
Bekropa. ITo MOryT GHTb, HampHMep, BEKTOp Fz H ODPTOTOHA/LHLIA eMy
BEKTOp €qs, rie eJHHHUHbIY BEKTOp € HafileH M3 yCnOBHA erj==ery==0.
B urore Ha6op HOPMHPOBAHHBIX BEKTOPOB **}

I
Motr o —eg=—| 1]g (6)
2 V 2, 3 3 Vﬁ —9 3
MO3BOJAET ONpeaesHTb HOpMaJsbHbIe KOOPAHHATH:
1 n 1 n 1 )
X1 = 7= b _— ’
1 V3 a1 V2 qs V G ds
1 1 1
x2=]—/_§¢h_i/_§‘h+‘y—(—5‘73, (N
1 2
X3 = V_§ 91— 7’6‘73,

*} OTMeTiM, 410 B 5TOil MJOCKOCTH JHHeRHad KOMOHHaUMs BHIA
ar, (t)+bry(f) npeacraBaser coGoit muGo KoneSaHHs 1O npsMOM (npx
a=0p0, p+4m), mubo nBHKeHHe Ho sanuncy (npH aF=p).

*%) MHOXHUTENH 1/¥3 u 1/¥2 BBemenn Aas TOro, 4To6H HOPMHPOBATh
BEKTOPH T; YCJOBHEM rirh=6ihq%, npu 3TOM YCJIOBHH npeofpasosa-
une (7) oproroHansHOe.
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KoTophe NpHBOAAT ¢yHKUHIO JlarpaHka (8) K Buay

m ,. .
L==5 (4} + ¢f — 03e} + ¢} — 0343). 8)

Paszymeercs, J106ble KOOPAHHATH, NOJYYEHHHE H3 (2, §3 OPTOTOHAJb-
HbIM mnpeofpa3oBaHHeM (T, e, MPOCTEHIM [IOBODOTOM BOKDPYT Ii), TaKxke
ABJIAIOTCH HOPMAaJIbHBIMH KOODAHHATAMH.

6.19. HauanbHble yc/I0BHS 1151 CMeIlleHHs Xg BJOJb KOJblia

%1(0) =a u x2(0) =x3(0) =x, (0) =0.

Orciofa A HOPMAJbHHIX KOODAHHAT ¢, (CM. dopmyay (7) npeabifymeft
8ajlayu) HafiJieM HayaJbHbie YCJIOBHSA:
a a a -
0—--—- 0)=—, 3 (0) = —, 0)=0.
g1 ( V3 43 (0) 5 g5 (0) 16 q,(0)
ITosTomy

=L Cos W,!, ——acosmt
ql—Vé’ V§ 3 = Vé- abs

H C YYETOM TOrO, YTO Wz2== W3, NTOJYyUaeM OKOHYATENLHO

a 2a a a
xl:f—gcosm,t, xg=x3=—3—+—3-cosmgt.

6.20. IToibayemcs o6o3HaueHHsAMH 3anayn 6.18, ®yHkumrs Jlarpauxa
CHCTEMH

. . . k
L =-%l—(xf+2x§+3x§)——2~ [2 (xg = %) + 6 (y = %5)% -
+ 3 x5 — %)%, ()

VpaBHEHHS NBHIKEHHA NOACTAaHOBKOA x,==A; cos (wf+}@) cBogarca x cH-
creMe Tpex ajareOpaHYecKHX ypaBHeHHH:

— 0kA; + (— 2me?® + 8k) A, — 6kA; =0, @

(—mo? 4 5k) A; — 2kA, —3kA; =0,

DTa cHcTeMa HMeeT HETPHBHAJ/LHOE pelieHHe, eCJH €€ ONpe/ienTe b PaneH
HYJIO}

w?(me? —6k)2=0.

OTci0Aa HAXOAHM COOCTBEHHBEIE YAaCTOTHI CHCTEMBIS

6%
0 =0, @=0;= P
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3uavenno ©,=0 oTBeyaeT OYeBHHOE pelneHHe — BPAIIEHHE 10 KOJIb-
0y € NOCTOAHHON yraoBoft CKOPOCTLIO

1
r = (1)q1~, g1 () =Ct ¢y &)
1

Ilna coBnajamoIIAX 4acTOT Wy==w3 B CHCTeME (2) JHIIb ONHO YPaB-
HeHHe 51BJIAETCA He3aBHCHMbIM:
A +24,+345=0. (S

Jlio6ere  HaGopu BequydH Ay, yZoBJAeTBOpsiomHe Yciosuio (4), Aator
KOIe0aHHA ¢ YacTOTOH o B yacTHOCTH, MOXHO BHGpaTh TakHe KoseGa-
HHA, YTOGH TepBas, HIH BTOpasd, HAH TPETbS YACTHUA MOKOHJACh:

0 3 2
g = ( 3) Ga, Ty = ( 0) Gss Ty = ('—' l) 9s. (5)
—9 —1 0

g:=0C; cos (af+@i), =2, 3 4.

Cornacno (4) mobas auHefinan komMGHHauKA BeKTOpoB (5) OpToroHa/bHa

BEKTOpY
1

(2).
3

Jlerko yGenntbes, uT0 Ha6op BEKTODOB

5
r, Ty, r; == ("— l) q3 (6)
1

no3BoJsIeT, KaK H B 3agaue 6.18, onpefenuTb HOpMaNbHEE KOOpAHHATH,
KOTOpHE NpUBOAsT GyHKuHIO Jlarpanxka (1) K AHaroHanbHOMY BHAY. Bek-
TOpH (6) YyHOBNETBOPRIOT He MPOCTOMY COOTHOIUEHHIO OPTOrOHaJbHOCTH
(xak B 3ajave 6.18), a COOTHOINEHHIO «OPTOTOHAJLHOCTH C BeCOM» (CM.
sanauy 6.22).

'6.21. Bekropur HopManbHbix KoeGannf

1 0
1{ o 1| 1

rp }'7-5 —1 qix g = VE 0 G3»
0 -1

1 1

1{—1 1 1
3=~ ]) I3 =7 ) (l)

1 1
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q=A;cos (of+q), [=1,2,8; q=Ad+A4s

% ‘/-k—
Wy = Wy = o’ W =2 g

OyHkuia Jlarpanma cHcTeMi

L=~ (q, + a2+ ¢ + g} — 0%g} — 0lg} — 03q}).

370, KOHEYHO, HE eNHHCTBeHHHR BuGOD. JIio6ble BeKTOPH, NOAYUeHHbIE
M3 JaHHHX MOBOPOTOM B MJOCKOCTH, ONpefleNeMON BEKTOpaMH I, u ry,
TakXe 6YAYT BEKTOPaMH HOPMafbHEX KoaeGaHHi, Hanpumep:

1 I

’ 1 13 . ’ I j~-1%_. ' ,
n=3l_1}9 =7\ 9oy T3=1rg, f,=1, (2)

— 1 I

’
(nosopor na m/4). Ho Bextopm f;, fy, F3, Tg XOTA ¥ He3aBHCHMbI, HO
He MpHBOAAT QyHKuwo Jlarpanxa K cyMme KBaapaToB.
6.22. AMINHTYAH HOpPMaJIbHBIX KOJeGaHHN YAOBJETBOPSIOT ypaBHe-
HHAM

2 (1 G
-—lem”AJ)-i—Zk”Aj)—O. (W

—o2¥m,; g*)+2k AP =0. @

j

VMHoXuM ypaBHenwe (1) Ha A(f). a ypaBHeHHe (2) — Ha A(il). Bssar
B 060HX ypaBHEHHSX CYMMY MO {, MOJYYUM

— o} 2 m, A AP + 2 kA0 A8 =0, ®)

mZZm“Ags)A‘” - Zk A D =0, o

Buarem ypasHenue (4) u3 ypaBHeHus (3), YUHTHIBA®, 4TO mj==mj
H ki;j=Fk;i; nonyynm

(0F —of) Zm,, 4045 =0,
17

T. €. OpH W7~y
2m APAN =0, (5)
ij
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H OfHOBpeMeHHO H3 (3)
() 201 _
Dk ADAD = 0. 6)
i

Y0610 BOCMONK30BATLCS TEPMHHOJOTHEH, NPHHATOM B JIHHEHHOM
anre6pe. Habop aMnauTy naHHOro KosieGanus OyfeM Ha3wBAaTb BEKTOPOM
AMIJIMTYAB AD = (A(i”, A(zl), cees A%)). JloKa3aHHbIE COOTHOIUEHHS
(5) u (6) osnauaior, 4T0 aMnAHTYAR A(®) u Af) B3aHMHO OPTOTOHAJIbHHI,
€cJIH CKaNsfpHOe NMpOH3BeJeHHe ONpeesATb C MOMOLILIO METPHIECKHX TEH-
30pOB M;j, HIH Kyj.

B cayyae BHpPOXIeHHA (eCaH ©,=;) ammuautyis A u AM) ne
06s13aHbl YAOBIETBOPATb cooTHouweHHsim (D) K (6). Ho B stoM cayuae
BCErfa MOXHO BHIOpaTb, H MPHTOM He eJAHHCTBEHHBLIM CrocoboM, TakHe
AMIIMTY M, KOTOpHE YA0BJeTBOPANH O (5) u (6) H npHBOAMAH Ownl
¢yukuuio Jlarpanxa Kk cyMMe KBajapaToB.

6.23. Tlepexoas k HOpMaNbHLIM KOOpJAHHATAM

_ )
X = ;Ai 9y

npeoGpa3yeM ypaBHeHHe CBSI3H
!
; big=0, b=32 a, AP,
1

YpaBHenus ABHXKEHHs C HeONpefeleHHBIM MHOXHTeJdeMm Jlarpamxa A

Mg, + Qiq,) = bA
MOXHO DelIHTb, noJjaras
qi=C, cos (of+9), A=A cos (of}+¢).

BripasuB C; H3 ypaBHeHHs
/ 2_ w2 =
M (QF—e?)C,=bA
fl MOCTABUB B YpaBHeHHe CBf3H, NMONyYaeM /s HOBbIX YaCTOT ypaBHEHHe
2
2 __w2)
- M, (@9 —o )

Ina HccaefoBaHusl 3TOTO  YpaBHeHHs YAOOHO mpeAcTaBHTb rpadHk
(puc. 129)

b7
gy = 2 s oy
21 M, (9 — 0?)
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OGpatuM BuHManHe, 4TO GYHKIHAs y(@?) MeHACT 3HAK, TPOXOAA deped

GeckoHeyHoe 3HaueHHe NpH B2 = Qzl [Tocne 3Toro pacnonoxeHHe KOpHeH
@ CTaHOBHUTCA oyeBHAHBM. Ec-
/4 ) JIH KakoH-HHOYAb H3 KO3hdH-
-/} LUHEHTOB b, paBeH HyMO, TO
1 COOTBETCTBYIOLlee HOPMABHOE
; 4022 KoneBGanve (M ero 4acTroTa)
Qﬁ Qg: Q%: @l He H3MeNIOTCH IPH HANONKeE-
I I | HHU CBSI3H,

; ; i PaccmorpenHomy B 3TOft
Puc. 129. 3ajave (aKTy MOXKHO JaTh
TIPOCTYIO r€OMETPHUECKYIO WH-

Tepnperanuio (cM. [6], §24).
6.24. [ToncraBus xj=Zx(l)A§’) cos yf B ypaBHeHHs JBMMKeHHA
1

2 myx, + Z kx5 = fcosyt,
j j

NONYYyuM CAEAYIOWIYI0 CHCTEMY YpaBHEHWA AJfA ONpelesieHHs KO3hQH-
wueHToB AM):
—_ 3 Zl mij;‘(l)A;'l) + 2 k”Z,(”Ay) — fi' @
i, it
Ee mpolue BCero pelHTb, HCIOIB3YsI COOTHOUIEHHST OPTOTOHANLHOCTH (5)
(6) samauu 6.22.

Jag sToro yMHoxHuM ypabHennsa (2) na ,425) H, TPOCYMMHPOBAB HO {,
NOJIYYHM OKOHYaTeJbHO

'

F
TC P E—
Ms(ms - 72)
rjie
N4 _ () 4¢ _
F,= ; Ay M= {Z, mASAD, K = Sk, A0AG),
1,7

L
a BesmynHa ©2 = K,/M, sensercs s-ft HOPMaJIbHOA YaCTOTOM CHCTeMH
B COOTBETCTBHH ¢ topmynoil (4) sapaun 6.22 *). 3asucumocts A% ot
HMeeT pe30HaHCHBIH XapakTep.
JAns HOpManbHEX KoJMeOGaHHM ¢g,, BBeeHHLX N0 Gopmyse

x = AV, (), 3

*) EcH HeKOTOpble HOPMAJbHHE YacTOTH BHIPOXKJAEHH, TO COOTBET-
CTBYIOUIHE HM aMIVIMTYAL HODMaJIbHBIX KoJeGaHuH MH CuHTaeM BhIGpaH-
HEIMH TaK, 4TOOH OHH YIOBJIETBOPSJIH COOTHOWEHHSM OPTOrOHALHOCTH (5)
u (6) sapaun 6.22,
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O6ynem uMeTb BMecTO (1) cienylolllHe ypaBHEHHS JIBHIKeHHS:
qus—l—qus=F. cos yt, (4)

OT1ci0aa, ec/iH BEeKTOP CHJIH f; OPTOroHaJIeH K aMIJIHTYJe HEKOTOPOro §-ro
HOpMaJIbHOro KoJe6aHnus Z A(,-s)fi =0, TO COOTBETCTBYOIASt HOPMaJlb-
i

Hasl KOOPJHHATA YJOBJETBOPSeT ypaBHEHHIO CBOGOAHKX KoseGaHHR, H pe-
80HAHC Ha AaHHOM 4acTOTe [IPH ® =, He NPOSBJAETCA.
OTmeTHM, 4TO paboTa BHeIIHeH CHJL B 3TOM CJyuae paBHa HYJIO

= 3 [,APdg, = 0).
[ = B

ITyctb BeKTOp CHJBI MapaJiesed KakoMYy-IHG0 HOPMaJbHOMY Ko.seba-

f

i .
HHIO: Z(_S—) =const ({=1,2,..., N). Moxker Jd Takas cuia BO3GYAHTb
i

IpyrHe HOpMaJbHEIE KoseOaHHA?
6.25. Buinyx/aenHble YCTaHOBHBIIMeCS KoJeGaHHA MOXKHO MpejcTa-
BHTb B BHJe (CM. MpebLAYIIYIO 32/2a4y)

¥ =125:ij'
rae

A(l) A(l)

Teopema B3aHMHOCTH OTpaxaeT TOT $akT, uto Biy=P;r.

Kak u3MmeHutcs (OpPMYJHpOBKa STOH TeopeMbl, €CJH KOODAHHATH
X; U X; HMEIOT pa3Hhle Pa3MepHOCTH (HampHMep, AJA 9JEKTPOMeXaHHYe-
CKOii cHCTeMH)?

6.26. HopMaJbnbe Kose6anns

I 1 0 1

1 0 1 —m/M

1 ]9v — 119 o )93 1 qas
1 — 1 —m/M

2k
rie gy =At+ B, g, =A cos (0t +a;), i=234 m%:-;, 03 =
2k 2 2k (M 4 m)

__ — Tpu mepBHX kose6aHus JerKo YrainlBalOTCSA
=W % ="mM . P P yrajn y

& nochae/Hee HaXOANTCS H3 YCJHOBHA OPTOroHaJhHOCTH K NEPBEIM TPEM. [To.
CKOJIbKY MAaCChl YacTHI[ Ppa3JH4YHbl, YyCJIOBHE OPTOrOHAJBHOCTH JABYX
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RopManbHuX KoseGauuii A n B nmeer Bua mA, B+ MA;By+mAsBs+-

+MABy=0 (cm. 3anauy 6.22).
6.27. Ilycts x; — cmemenne i-A yacTHUN BAOJbL KoJbua. JiBa Hop-

MaJbHHIX KoseOGaHHUA JIeTKO yraanBaloTcs:

0
nt, n={_, |u0. M

0

r =

— vt

2k
(0(6) = Cat +Cay 00 () = A o5 (0 + o), 03 = F.

JlBa ApyrHX BekTOpa OOMKHH GOHTb OpPTOroHaJbHa K Bektopam (1) B
MeTpHKe, onpelendeMoil kKoshdHuHeHTaMH KBaAPaTHUHOA HOPMBI KHHETH-
yecKoH 3HepruH (cM. sapauy 6.22), T. e. nMeThL BRI

a
b
r= a g (£). 2)
b
—a =5

[TopcraBasis (2) B ypaBHeHHA JABHXKeHHA NepBoll W BTOpoH 4acTHI

mx -+ k(2% —x4—x3) =0, mxytk (2xy—x1—x3) =0,
noayd4aeM ypaBHEHHA AJ/1R ONpeAe/eHHs BeJHuUMH a4, b M uyacToT

k
(— mod+ 3k)a—— b =0,

— 2kg + (— mo? + 2k) b = 0. &

STV5 k z
Ha (3) naxonnm (og’,‘ = 2V- e by = (1 + v35) ay ., HaH

[$:1}

{
1+ V
1

V
Pl

f3,4= PROR

]

3 _
-5 F

93,5, = Ag 4 c0s (03 ,f + ©3,4)-
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6.28. a) [lyctb xi, Yi, 2i — OTKJAOHEHHe i-H 4aCTHUH OT MO./IOXeHHA
paBHoBechs, ®YHKuMA Jlarpanxa cHcTeMb HMeeT BHA (cM. 3ajauy 5.7)

L=Li(x ) +Li(v. »)+Li(2 2),
Li(e,¥) =5 (B +3+ 3+ +52) —
k
— o [ 4 = x8)? s - xg)? ] xf

.2
+ (g — x5)? + (x5 — x9)? + 57,
A03TOMY konefaHusa no x, Y ¥ 2 NPOHCXOAAT HE3aBHCHMO. Jlerko yrajaarb
TPH HOPMA.IbHbLIX KoJsieGaHHsA no X:

1 0 1
0 1 —1
n={—1llqa, n= 01920 13= I g3, (N
0 —1 -1
0 0 0
/ 2k

qi o Ai COS((Dit+q)i), )y :(1)2 :(1)3:.'/ —n—l-.

JlBa OCTaibHbIX HOPMAsbHLIX KoJaeGaHHA AO/NKHbB OuTb OPTOTOHAJbHE
K BeKTopam (1) M mOTOMY HMeTb BHA *)

Tars 94,5 2

QAR R

d

[MoacTaBass 3TOT BeKTOp B YPAaBHEHHA ABHKeHHA AJA NepBOd H nd-
TOH YacTHIL

mx, -k (20,—x5) =0,
m;s—l—k (4x5—x1—x9—x3—x4) =0,
MOJYYHM [1Ba ypaBHeHHS AAsl ONpedeneHHs a, d U YacTOT Wy
(—w?*m+-2k)a—kd==0, 3)
—A4ka+ (—ma?+4k)d=0.

- k -
Pemns (3), HafiaeM wf,5 =3 FV5) - dy 5= (—1 + V'5) ay,5.

*) Tlycrb rs=1(a, b, ¢, e, d)=r, Toraa yc.OBH OPTOTOHAJLIOCTH
(r, r))={(r, rz)=(r, r3) =0 AaIOT COOTHOLIEHH: a==b==Cc=e,
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OkoHyaTenbHO

— — —

=

Tis 94,5 (4)

—

—1+7V5

Jns xoneGaHuil mo ocsM y M Z NONYYAIOTCA TaKHe JKe pe3ysbTaThl,
NTO H No OocH x. Takum 06pa3oM, B CHCTEMe HMEETCA BCEro TPH pasjHys+

1=

2k
HBle YaCTOTH: ¢p2 ~ -~ HeBATHKDATHO BLPOXAEHHAS H JBE TPEXKPATHO

_. k
BHIDOJK JeHHEE mf's = (3T V5) - (O CHATHH BBIPOXKAEHHA CM. 3ala«

yy 6.41).
6) KoaeGanus BAOJIL OCH Z JIETKO YraAbBaioTCA

1 0 1
= ._(1) 1, T3 = (1, 92, T34 = + : 73 4
0 —1 Fl
g, =A;cos(0,t+q,), 0, =0,=0;= i—fl, “’4=V”mf7.

rie f — HaTsKeHUe NDPYXKHHOK, a / — A/HHA OAHON NPYXKHHKH B 10JOXKe-
HHY paBHOBECHA.

Ecan f==kl, To KONebanHA B HanpaBJeHHH 'OCH ¥ (MJIH Y) HMelOT
TakKOH Ke BHJ, KaK B HaNpaBJeHHH OCH 2, eCJIH CUHTATb F== (X, X3, X3, X4)
(wmu r==(ya, y1, Ys Ys)). Ecom xe fz=kl, To Bupoxkenne cuuMaercs. [1Ba

2f

2k
HOpMaJIbHHX KOJe6aHus ¢ 4acToTaMd ®f == V_nT H 0y = a7 €08

napnawT ¢ Ty H Ty, ,[IBa JAPYrHX MO YCJOBHK OPTOTOHAJbHOCTH JOJIKHHE
HMeTb BHA

cos (of + @},

ol - T L

,U,Jlﬂ HX HaxoXJAE€HHsA HTOCTaTOYHO ypaBnenHﬁ OBHKEIIHA [OBYX 4acTHr

iy b (28— 1) = 0, ¥y~ (25, 1) =0,
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Baecs
2
Xy = [k (x1 + x3) + 'i_ (%9 + x.)]/(?k + Tf)

— KOODIHHATA TOYKH COEAHHEHHS NpPYXKHHOK, ONpejenseMas H3 YCJIO0BUH
MaKCHMu/bHOCTH MOTEHIHAJILHON SHEPTHH NpPH 3aJaHHKIX X 5 3 4.
Pemas ypasHeHHs, moayvyaeM

. L
ml

0} . by = pr ay]

2 _________Qkf b il_
T mGRR T W
6.29. B nanHOM cayuyae oTBET MOXeT OHTb NMOJyueH MPOCTHM 0606-
HmeHHeM pe3y/bTaToB 3afadH 6.20 Ges ABHOro BBIYHC/JEHHA COOCTBEHHHIX
YacToT 1.
[ycTe B cuCTeMe HMeeTcsi BhipoxZeHHe: ®;==0, a wy==03 YacToTe
@;=0 oTBeyaeT BpallleHHe YaCTHIL N0 KOJbLY

1
rp={1|(Ct+Cy.
1

H3-3a BLIpOXKAEHHS] YACTOTH g JN1060fi BekTop

44
ry =\ 4, |cos (0t + @), (n
4
YAOBAGTBOPSIOWUA YCAOBHIO
m A+ myAztmsAs =0, 2)

npeacTaBJsieT co6oi§ HOpMaJ/ibHOe KoseGaHHe ¢ 9acToTOR w=w,. (Paben-
CTBO (2) ecThb yC/NOBHe ODTOrOHA/JLHOCTH BEKTOPY I} B METPHKe, olipe-
HdeasieMol KO3(QQHIHeHTaMH KBaJpaTH4HOA (OPMH KUHeTHUeCKOH SHep-
rud — cm. 3afgady 6.22). B 4acTHOCTH, MOXHO BHEGpaTb TaKoe HOpMaJlb-
Hoe kogeBanHe (1), 4yTOGH TepBas YacTHIA TOKOMJIACh:

A=0, maAy+msAy =0, (3)
INoacrapass (3) B ypaBHeHHRA NBHXKeHHSA
(my0?—ky—ks) A\ --RsA s Ry Ay =0,
ksA\+ (mpw?—ky—k3) Ap+ kA3 =0,
koA kA gt (maw?—ki—kg) Ay =0,
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MH HEMEJJIEHHO NoJayyaeM, 4TO OHR HMEWT pelleHHe JHIUb NpR
k3A2+k2AJ=0. (4)

CpasuuBas (3) # (4), HaxomuM, 4TO Mk,=mgks. TloBTopss nonobuue
pacCyXAeHHs AJs CJAy4aeB, KOrja MOKOHTCA BTOPas HJH TPETb YacTH-
ua, MoJyyaeM, 4TO NpH BHPOXKAEHHH 9acTOT KOI(PGHUHEeHTH R; ¢ Heol-
XOAHMOCTLIO YOBJETEOPSAIOT YCJIOBHIO

myky == mky== myks. (3)

C apyroft CTOpOHB, B3 MpHBEfleHHWX paccyxAeHuA BHAHO, uTO (5)
SBJASETCS W AOCTATOUHBLIM YCJIOBHEM BHIPOXKACHHA 4acToT. B camom zese,
eCJIH BHINOJHEHO yc/IoBHe (5), TO B CHCTeME CYLLECTBYIOT TPH Pa3jH4HEIX
HOpMaJbHEX KoaeGaHHs ¢ 4acTOTaMH, OTJIHYHBIMH OT Hyas. H3 sTux Tpex
Kose6anuit B cmay (2) Jmwb ABa JHHedHo He3aBucuMHl. Otciola oaHo-
3HAYHO CJAEAYET, YTO 3TH TPH KoeOaHHA HMEIT OAHY H TY Xe 4acToTy,

Takum obpa3soM, (5) sBAseTcs HEOOXOAHMbIM M [OCTaTOYHEIM YCJO-
BHeM BLIPOJK/JEHHA 4acToT.

6.30. Jsia pewelust ya06HO BOCNO/Nb3OBATLCH METO0M, H3N0MKEHHBIM
B 3ajaue 6.27.

a) HopmaapHpe Koje6anHus

1 1

rp={1|(Cit+Cp), ra={—1]Ayc0s(a,¢+ @),
1 0
1
rg = 1 | A5 cos (03¢ + @3), N
—2
(3+2%) % 3k ok
of =S8 =T o=

67H3KH NPH Manaux & K KojeGaHusiM (6) 3amaun 6.]18 — aMuiuTyLbl Bek-
TOpPOB KoJe6aHuit COBMalaloT, OHAKO YaCTOTH pa3anunu. ITosToMy, ecan

’ r
B 3anaue 6.18 no6as cyneprnosuuus BEKTOPOB Iy y Fg/laBafia TaKxKe HOp-
MaabHuie KoneGaHus, Tenepb BuOOp BeKTOpa fg H I3 BIIOJIHE OJHO3HAuel.
6) Hopwanbuble KoneGaHUsR

1 1
rp=]|1|(C¢+Cq), ra=]~—1]}A,cos(0," + q5),
1 0
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1
1
T = o | Ascos(wst + @3], (2)
S P
3k s 3te k 8
O="Tn ®M=Trxem: *Tm

61H3KH MpH Majux & K KosneGanusm (6) sasaun 6.18. Ecam meperpysox
6tin 10GaBJjeH K 4acTHue 2, TO HOpMaJbHule KoJeGaHHs

I 1
r = (l) (Cit 4+ Cy), ry= ( 0) A, cos (0, 1 @5),
I —1

1
fg=1 — 2 Ag cos (03f+ @3)
14|e
|

6MH3KH K CyMeprno3uuin HOpMaibhbx konebanuii (6) 3agaun 6.18.

|
B) I} = (l) (Cit +Cy),
|

0 —2
s L)oot e

gr—ey + V ed +ed—ee

= =,
@23 et F Vb'f + e —eqny

rae

k r————
2 + 2 2 .
05 4% (3—e1—e,+1/a,+e2_3152),

Gmi

i m
a
6.31. a) Bekrop Hauanbuoro cMemenns r(0) =( 0 | npeacTaBafeM
—a
B BHJe CYNepHO3HUHH BeKTOPOB ; (cM. dopmyay (I) npeamaywed safa-
4H), B3ATHX B HAYaJMbHBIl MOMeHT BpeMeHH {=0:

r(0) =r, (0} +r2(0) +r3(0). (D
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Ananorduilo npeCcTaBHM BEKTOpP Haua/bHOA CKOPOCTH

F(0) =1, (0)+T3(0) ++r3(0). 2)

Hs cuctemm ypaBueHuit (1) ® (2) nosyuum ciefyiorine 3HaueHHs KOH-
craiT: Ay=Ag=a/2, C;=Cy=@o==3=0 HIHu
ewgl
cos Wyt - cos Ozt cos — cos gt
~ COs Wyf |- cos Wy 1 = a
— 2cos Wyt

a
= -5 . 8(1)31 .
r 2 sin —g— sin Wyt

— CO0s W4

Takum o6pasoM, apHxeHue yactuu / M 2 PMeeT xapakrep Guennf,
TacToTa KOTOPHX ompejensieTcs BosMyilennem 6%, a dactHua 3 yuactsy-
eT B mpoctoM KoJeGaxun ¢ 4actoTod s IloauepkneM, 4To Jaxe ouetb
manas jgo6aBka Ok MPHBONMT K HAKAILTHBAIOHIMMCS H3MEHEHHAM, KOTO-
pbie AJs AOCTATOMHO GOJIBIIHX BPEMEH CTAaHOBATCHA CYIICCTBEHHBIMH (CP.
¢ sajauei 2.36).

6.32. a), 6)

1 1
—1 1
= —1 g1 (f), 1= —1 q, (1), f3,4=
1

.y T

B) TO Xe, 4TO H B 3ajaue 6.21, dopmyaa (I).
6.33.

9% + 206k
x1)2=——x34—_+ cosV + t+—cosV———t-

Kosie6anHs 4acTHI HMeIOT xapakrtep OueHnii (cM. IO 3TOMY MOBOAY 3a-
nauy 6.31).

6.34. MoXKHO OXHIATh, YTO H3MEHEHHs YacTOT H BEKTOPOB HOP-
MaJbHBIX KOJEeGaHHi OKayTcsl MaJbIMH, H BOCNOJB30OBAaTbCS METOAOM
HOC/eA0BATEJbREX OpHOaHKenHA. Y100HO nepefiTH K HOPMAJbHEIM KO-
OpAHHATAM HCXOJHOH CHCTeMH (CM. 3ajayy 6.24)

x, }l] A )ql.
Ipu sToM 0L npuHHMaeT BUA

1 ..
0L = _2— 2 (‘SMlsqlqs - 6Klsqlqs)’ U)

[ K]
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rae
— (D () — () A(s)
6M[S—Z6miin AJ-s , 61(,8—2,6/?1.in AJ- . 2
i,j i,J
8 ypaBHEHH§ JBHIKEHHA

M, (g, + 0q,)=— 2 (OM, g, + 8K, 4,)- 3)

8
IMpeanonaras, 4To B HY/IEBOM NPHOJMKEHHH BO3GYXKIeHO TOJLKO Kos1eba-
HHE (,, MOMEM OCTABHTb B NMPaBLIX 4acTAX ypaBHeHHs (3) ToJbKO CJja-

raeMbie ¢ s=1n.
ﬂJIil onpeneneHus 106aBKH K 4aCTOTe ®, AOCTATOYHO BRIMHCATL OA-

HO ypaBHeHHe (¢ {=n):

(Mn + 6/Wnn) qn + (Mnnmrzl + 6Knn) qn =0,

OTKYyNa
2
s 2‘Mnnmn+6Knn
(@, +00,)% = M 4-oM,
TaK 4To

6 - 6Knn mnaMnn
On =90 M T oM, )

VYpaBueHns ¢ ls4n No3BOJAIT HAATH NMONPABKH K BEKTOPY HOPMaJb-
HOro KojeGauus. IIpi 5TOM NpaBhle YacTH YPaBHEHHH MOXKHO paccMaTpu-
BaTb KaK 3aflaHHble CHJIBl 9aCTOTH Mn. B036yxiAeHHe KoJeGaHHI g, KaK
MBl H OXKHJAJH, OKa3biBaeTcA CAabbiM, TaK KaK 3TH «CHJbI® MaJkl

MoxHO TOJAYUYHTD H CeyIOlHe NPHOAHIKEHHS, YTOUHSAIOWHEe [ONpaB-
KH K ®, M BEKTOPaM HODMaJbHLEIX KoJeGanuir (cM., Hanpumep, [13],
ra 1, § 5).

Iose3Ho saMeTHTh, 9TO BeanuHHa OMn, B (2) mnpeacrasiaser coboi
n06aBKY K YABOGHHOH KHHETHUeCKOA SHEpPTHH CHCTeMHl MpH YCJOBHH,

YTO CKOPOCTH 121 ==A§"). Orciofa cjefyeT, B 4aCTHOCTH, 4TO OpH YBEJH-
yennn Macc wactil, 6M,,==0 u, coraacuo (4), 6w, <<0. IMogo6ubIM xe
06pasoM JIETKO BHIETb, YTO IPH YBeJHYEHHH KO3((HUHEHTOB KeCTKOCTH
OpPYKHHOK COGCTBEHHLIE YaCTOTHL MOTYT TOJBLKO BO3pacTath (cp, [6], § 24;
(158]).

BaKHO MOHSATH, YTO H3MEHHTCS KOTAA MBI HIIEM NMOMPABKY K BEIPOXK-
JeHHOH yacToTe (MYCTh Wp==w,). B 3ToM cayuae «cusna» B NMpaBoil ua-
cTH ypaBHeHH# (3) oKasmBaeTcA pe3oHaHCHOH. [losToMy Koopaunara
¢p BO3DAcTaeT O BpPeMeHEM, H ee TOXKe HYXHO YUHTHBAThb B TpaBhIX
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yactax ypasHenudl (3). Takum o6pa3oM, B 3TOM cilyuae HYKHO HCTIOJIB3O-
BaTb ypaBHeHHst (3) cOBMECTHO C /=n, p, OCTaBHB B NpaBbiX 4aCTAX
TOJILKO CJlaraeMbie ¢ S=n, p

e L - -
Mn(qn—}— mnqn) -7 6Mnnqn - 6anqp — 8K 0 — 6Knpqp’
(5
. N . .
My (a,+0%,)=—0M,q,— M, g — 8K, q, — 8K, ,q,.

flcHo, UTO CKa3aHHOE OTHOCHTCA H K CAYYaio 0 p R Wn.

Hrtak, ana onpejesieHusl NMONPaBOK KO BCeM COGCTBEHHHIM YacToTaM
(BKJII0Yast M BHPOXKIeHHe) B A00aBke (1) x ¢yukuun Jlarpanxa
MOKHO OTODOCHTb BCe 4JieHbl, COAepXalHe NPOH3BELeHHs HOPMaJbHbIX
KOODJHHAT, OTHOCKILMXCA K DA3/NHYHEIM YAacTOTAaM HCXOAHOM CHCTeMBL.

6.35. WcnoabsyeM o603HaueHHs ® pe3yabraTh 3amau 627 u 634,
fcno 3apanee, yto §w;=0. Jla% ocTanbHEIX 4acTOT

Erniémi. T,
o, B )

—L 5 , n=234 (1)
"I X))

ManH[la KHHeTHUECKOH HepTHH m;; AHaroHa.bHa, NpHYEM

myy== Myz=my=m, Mmy=2m, (2)
Marpuna 8m;; uMeeT e[MHCTBEHHbIH OTAHUYHLIA OT HY/JSl 3JE€MEHT

6m11=6m. (3)

MMoncrasasis B (1) swpamenns (2) m (3), a Takke KOMIOHEHTH BEKTO-
pOB HOpMajbHbX KoOneGanHil rn, Halifennbe B 3alaue 6.27, nonyunm

1 3FV5
6(1), =—7 €0, 50)3’4 =40 €Wy 4,

6.36. Bextophuifi notetiunan sbhifupaeM B BHAE

x
]

A== (—y,x0),

¢dynxuns Jlarpanxa

m .« . . n (O] . .
= i — g (et e+ oRt ) X gy,
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re 0, =ﬁ Jas x ¥ y nonydaeM ypaBHeHHs
x+ mfx—m%g =0,
- 2 .
y+m2y+m%x=0-
V1o6Ho HCKaTb KoJebaHHs B BHIE
x==Re(Aeid?), y="Re(Beiv?).
Cucrema ypasHeHHH
(0} — L) A— i© 4, QB =0,
im)gQA+(m§—Qz)B=0
NPHBOIHUT K KoJeGaHUAM

x= Re(Ahem"t)= aycos(R, 1+¢,),

in,Q o, "

H R iQ t\ % kR

y——-—Re(Ak———2 e B | =a, —5—— sin (Q,t + @)
oZ—qz" ) 02— Q2 SRR

'lcpl
A, =ae ', k=12,
C 4acTOTaMHB

1 bl
Qf,2='—2- [m%-{—m%—}— ‘”5@ + V(m%-{— m%—}— m%) -—40)%0)5}.

TIycTb 41 ONpefeseHHOCTH > W2, m%>0. Toraa nepBoe H3 HaH-
JIeHHHIX KO.1e6aHHi mpencTaBjiseT co60H ABHKEHHe M0 3JJHOCY C 60J1b-
10# OCbIO, HAaNpaBJeHHON BAOJb OCH X, M0 4acOBOH CTpeJKe, a BTOpOE —
1o SJJHACY ¢ Goabluofl ochlo, JeKaueHd BAOMB OCH Y, B ob6patHoM Ha-

npaBJeHHH.
ﬂBH}KeHHe BIOJb OCH 2z OKa3nlBaeTcsi FapMOHHYECKHM KoJebGaHHeM,

He 3aBUCAIHMM OT MarHHTHOro noJis,

z=ga; cos (w3t}+q3).

CBo6oaHoe [BHXKEHHe OCUHJJIATOpa NpencTaBaseT coboft cymep-
MO3HLHIO HailileHHMX KoJe6aHHi. ITH KojebaHHS MOXHO Ha3BaTb HOP-
MaJbHEIMH, 0606mas TeM CaMHM MOHTHE HOPMAJbHOTO KoneGaHHA: ABH-
JKeHHs B HampaBJjeHHAx ocefl X H y TPOHCXOAAT C OAHOH H TOR Xe
yacToTol, Ho co caBurom dha3. [lpusectH ¢ynkumo Jlarpanxa K
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JAMaroHaNbHOMY BHAY € MOMOIbIO JiHHefiHOro npeo6pasoBaHUA TOJILKO
KOOp/MHAT HeBO3MOXKHO, TaK KaK Mepexoj K HOPMaJbHHM KOOpAHHATaM
CBf3aH B 9TOM CJyuae ¢ KaHOHHUeCKHM npeoGpa3opandeM (CM. 3ajaud
11.7—11.9).

a) Ecan marmutHoe noJe Mané,m%<<m1 —@®g, TO SJUIHNCH HOPMAa/b-

“’gg"’i 2

HhEIX KOJieGaHHA CHJILHO BHTSHYTH, 8 YaCTOTH Qi ROy P e S RN 2 ((oz )
6IH3KH X ©,2 TpaeKTopHs ocuuansAtopa 6e3 MAardHTHOTO MOJA 3ano?1-
HAeT NpPAMOYrOJbHHK CO CTOPOHAaMH, Napa//efbHBIMH OCSM KOODAHHAT
(cm. 3anauy 6.4); BaHAHHe €1a60ro MarHHTHOrO [OJA NPHBOIMT TOJbKO
K HeGoabwofi nedopManni 061acTH, 3anoaHseMol tpaekropuefl. (Teope-
Ma JlapMopa 3Jech HeMPUMEHHMa, TaK Kak noJe U ne ofnanaer cuMmer-
pHell OTHOCHTEJIBHO OCH 2.)

6) B cusibiOM MarHHTHOM MOJe ®gg 3> ©1,2 HOPMaJsbHO® KoJeGaHne
¢ yacToToll Yy = © 4z TPOHCXOAHT MO OKPYKHOCTH, @ HOpMaNbHOE KOJe-

0,0,

Ganue ¢ yactoTofl 93 = -(TJ; — [0 3MMHICY, Y KOTOPOro OTHOLIEHHe OCeH,
napaJule/lbHBEIX X H Y, DaBHO @p/0). TakuM 06pa3oM, MPOHCXOINT JBHXKe-
HHe MO OKPYXKHOCTH, LEHTP KOTOPOH OTHOCHTE/NbRO MeJJIEHHO JIBHIKeTCA
10 SJUTHICY.

M3BeCTHO, YTO NpH [BHMKEHHH 3apPAXKEHHON YacTHUH B CHIBHOM Of-
HOPOJAHOM MarHHTHOM NoOJe B [JOCKOCTH, NepNeHAHKYNpHOR K moJo,
nospiende cnaGoro Ksasuoamopoanoro moas U(r) (1. e. Takoro, uro

ou -
cuna F = — —- MaJo H3MeHSieTcs B NpelesiaX Kpyrosodl OpGHTH) npH-
r

BONNT K MeAJeHHOMY cMewenuio {(Apefidy) unenTpa OpOHUTH B Hampab-
fennH, nepnenaukyaspioM K F (T. e. mo nmuuu yposua U(r}) (em. [2],
§ 22). 3ameTHM, YTO B HauleM ciydae MOLOGHWEH e apefid OPOHCXOAHT
H B CHJIbHO HEOJHOPOJHOM OCUHJUIATOPHOM MoOJe.
B) Ecim @ =0, TO B IUIOCKOCTH (X, y) HOpMaubHble KoJeGaHHA
- IpeACTABAAIT COB6Ofi NBHNKEHHA NO OKPYXHOCTAM B MPOTHBONOJIOXHHE
CTOpOHBI C yacTOTaMK Ry , =0 & (o%,/Q, rre © = Vm% + myzg/4.
Ilo>ToMyB cHCTeMe, Bpalalolefics ¢ 4acToTof —m)g/Q, 00e 9aCTOTHI
STHX [BHKeHH{I OKa3LBalTCA PaBHHIMH . TakHe NBHXKEHHS CYTb HODe

ManbHble Kone6auHs H30TPONHOTO OCLHJAAAIGPA ¢ yacToTodl @. [le#cTBH.
TeJbHO, CyMMa W Pa3HUCTb TaKHX KoJeGaHHi ¢ paBHBIMH aMIUINTyAaMH

cos of cos of
+

—sinof/ = \sin ot
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MpeACcTaBASIOT cO6OA JHHeAHHe KodefaHHA Mo ocAM X Had y. (Mu ort-
BJIGKaeMCsl OT CMELICHHA BJOJb MarHHTHOro moas).

~
Ecau MaruntHOe nosie Mand, ®y € ©y, T0 ®A®;, H Bce BAHAHHE
MO/A Ha [BHXEHHE OCUH/NATOPA CBOAHTCA K NOSBJCHHIO BPaLLEHHS

(¢nmpemeccHH») BOKDPYI OCH Z C 4aCTOTOMH —m;g[2 (Teopema Jlapmopa,
cp. [2], § 45). Ecin xe 0y=>0;, To HCNOIb30OBaHHe Bpalmalomefics
CHCTEMbI TepfeT HarAAAHOCTb.

6.37. YpaBHeHHA OBHXKEHHHA

¥+ oix=0y,
J+oly=m—o0x+0.z,

- 2 "
2+ 05z = “’;y.

rae
o e%., o e,
—_ — JU— 4
x mec * z mc?*

peliaeM ¢ MOMOIIBIO MOC/ENORATENbHHX NpHOaHxKennd. HueM xoopauHa-
T B BHJe X=x(N}x® yg=yghy{y® ze=z(D42D e x?,
Yy, 2(» manuw no cpasrerno ¢ x(, y), z(U B nepsoM npH6AHKeHHH
npeHe6peraeM Ma/hIMH WUJeHAaMH, CTOfIHMH B NpABHIX 9acTAX ypas-

HEeHHM:
xMN=A cos (0,!+a),

yV =B cos (@it+p),
2 =C cos (@sf+Y).

[Tonpamku x(?, y, 2(2 onpepensiioTcst 43 ypaBHeHH:

£O 4 o3l = o 0,

72+ o2y = — 0¥ 4 o 20, (1)
20 4 02D = —o_g".
Monyuaem
42 — 0, 0,8 sin (0,¢ +3 )
= 2 2 ’
0] — 0y
0,0 _Asin{(w;! + a) ‘D,“DsC sin (waf + ¥)
o =— - )
0? — o} m% — o?
O _0,B sin (0,¢
2 = o 9B sin (0, +ﬂ)‘

2 2
03— o3
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Monpasku oka3uBaoTes ManniMe, ecan |0 € lo—az], |0:] €0~
—;3|. HopmanbHbie KoneGaHus cyTh KONeOaHHS NO 3JVIMIICAM, CHIBHO BH-
TAHYTHM BAOJbL OCel KOOpPAHHAT.

Ecnu xe, nanpuMep, |0,32|@( — @z}, |o:] Ko, — o3], T0 X2 0
¥, cornacuo (2), yxe He ManH. 3T0 CBA3aHO ¢ TeM, YTO HacCTOTH
«CHJI» u)z_l.}“) H —(o;;“) B (1) ckasnBawTCH GIM3KHMH K COGCTBEHHHIM
qacTOTaM OCUHANATOpA. B 3TOM c/ydae B ypaBHeHHAX MepBOro mpHOJH-
KEHHsl caelyeT COXPAaHHTb Pe30HAHCHBIE UJ/IeHbl:

pLEY T (D% M—o y M —o,
gV + oy to, W=y, ®)
S0 20 =0,

T e BAMAHMe ¢, HA JBHXeHHe Heo6XOAMMO yuecTb TodHo Cuerema (3)
paccMoTpeda B 3ajade 636. [dna nonpaBok BTOpOro nopsjika HMeeM
ypaBHEHHA

¥2) 4 02 =0,

'y — . (1)

P wgy(m =awyzW,
z 2 e
2(2)_’_0)%2( )=—wx y( )‘

Buinumwem csofoannie koae6Ganns, Bo H3bexxanHe rpoOMO3LXOCTH OrpaHH-
YHBIIACE CAYYEEM 0= W= ©:

. (

[
i
¥ {1 = Re AI’ o10)

¢ U lef—e?)
() ooy L]
- o——|¢ io_o,
+4, | —vo_|e R e et A S C)
s w3 — o
(0f — 2] {71
10]

Hopuanbheie koae6anns (4) ¢ yacroramu © + 2_2 NpOHCXOAAT (B npH-

HATOM NPUGIHKEHHH) N0 OKPYXKHOCTAM, MJOCKOITH KOTOPHX COCTaB/As-
©,0
10T ¢ MJIOCKOCTbIO (X, y) Yria ¥ —7——6); (NOBOpOT BOKPYT OCH y),
@2 —
a KoneGaHHe ¢ 4acTOTOH (3 — MO CHJbHO BHTSHYTOMY BAOJb OCH 2 34-
JHncy, JexalleMy B MIOCKOCTH (Y, 2).
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6.38. Kone6anns MasATHHKA NpeanosnaraeM MajibiMH, YroJ OTCYHTHI-
BaeM OT BepTHKaJH [POTHB 49acOBOA CTPeJKH, B KayecTBE BTOpOR
KOOp/AHHATH BO3bMeM 3apsii ¢ Ha hpaBOR nuacthHe. I[IpH OTKJOHEHHH
MasiTHHKA Ha Yrol @ MarHHTHHRA [OTOK 4uepe3 KOHTYP paBer

1
o= const——;%l’cp, nostomy ¢yHkuna Jlarpauxa (cm. zanauy 4.21)-

L =__;_. (ml2 c.pz -{-Qq‘z —s-mgl(pz—-ica—-— ,%lch;] )

Ecan BBecTH KOOPAHHATH ¥ = IQ H § = }/ P[mg, T0 $yuxuns Jlar-
paHxa Hawed CHCTeMB OT/IHYaeTCA OT pacCMOTpeHHOA B 3aflaue 6.36-

2 g .2 1 K1
¢ napaMeTpamMH Q) =2, O = ——, — e ————— —
( paueip N R I O)

m
JIAMIb HA MOJHYIO NPOH3BOAHYIO MO0 BPCMeHH!: —2— (l)% —diit- xXy. HOSTOMY

ypaBHeHHs ABIHMKEHHSA H HX pellleHHs B 3ajave 636 cnpapesusn R AMf
Hallero cayyas.
6.39. ITycrs

r=Acos (wf-+@), A= (41, Ay ..., Ay) (n

— Kaxoe-1H60 HOpMaJbHoe KoseOaHne, [TOcKo/IbKY 3aMeHa x;— ESijxj

i
He MeHsieT BHAa QyHKUHH Jlarpanka, To Hapady c (1) AOMXKHO cyuiecT-
BOBaTb HOpMaJbHOe KoJleGanve BH/a

Sr=SA cos (0t + ), (SA), = S, A (2)
j

3nect S — MaTpHua C sJeMeHTaMH S;pj;, KOTOpas MO YCJOBHIO ofananaer
cBofictBamu (£ — ejuuuyHas MaTpHua, ST — TPaHCHOHIPOBaHHAA MAaT-
puua S):

ST=S, SS=&. (3)

a) Ecar naHHas 49acToTa @ He BHIpOXKAeHa, TO pelleHHe (2) MOXeT
OT/IHuaThes 0T (1) passe JHIWIbL OGLIHM MHOMKHTEJEM:
Sr=cr.
AHasoruyto
SSr=cSr=c"r. (4)
Nockonuky SS==E, 10 H3 (4) HeMelJIeHHO CJelyeT, 9TO ==Cf, HJH (?==
=] 1 ¢c=-:t]. [TosTOMy A/ HEeBHPOXKIEHHOA YACTOTH

BaH St=-4-r, HIH Sr=-—T,
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6) Ecam uwacToTa © BhpoXIeHa, To KoaeGarHs (1) m (2) moryr a
He coBnajatb. Ho X cymMma H pashoCTb

r£Sr=(ALSA) cos (0t}

TaKkXe SBJSIOTCA HOPMaJbHHWH KoJeGaHHAMH ¢ TOR Xe 4acToTOH, 0Gaa-
JAOIHMH HeOGXOAHMEIMA CBOACTBAMH CHMMETDUH.
8) Jlo6aska k ¢yukumnn Jlarpanxa nmeer BHA AL="3fix:, r1e

f= (o o+ ) ‘

~— BHEIUHAA CHJa, AefiCTBYIOLLad HA CHCTEMY.
[lycts cuna f cHMMeTpHYHa, a HOpMaJbHOe KoneGanne rg BHAa (1)—
SHTHCHMMETPHYHO OTHOCHTEJIbHO npeoGpasosanus S, T. e.

St= 41, Sty = —Ta. ()

JlaHHad cHia He BIHMSeT Ha KoJeGaHHe Tq, ecaH daktopul f H rg B3aUMHO
OpTOroHasbHH (CM. 3anauy 6.24):

(f) rﬂ) =0' (6)

Us (5) cnenyert, uro
(81, Srg)=—(i, rJ). !

C apyrofi cTOpOHH, NeBYI0 4acTh (7) MOXHO MepenncaTh B BAAE

(Sf, Sra) =(f, S"Sr,). (8

Hs (3) ouesaHo, yto S'S=_E. Cpasunpaa toraa (7) n (8), noayunm
Hnemenedno (6),

Ocralotcs JH HeH3MEHHLIMH NYHKTH a) — B) 3a/lauH, €csid 3apaHee
He TpeGoBaTh yc/ioBHA ST=S?

6.40. I[Tycts x; — cMeulesne i-R 4acTHUB BAOJb KOJbLA H3 f0JOXE-
HHS paBHOBECHR, AN ONpele/IeHHOCTH CYHTaeM MOJOKHTEJbHEIM CMelle-
HMe MPOTHB 4acoBOW cTpedkH CHcTeMma IBHO CHMMETPHYHA OTHOCHTEJBHO
nosopora Ha yron 180° sokpyr ocn AB, npoxoadluedl yepes 00JOKeHHe
paBHOBeCHs BTOPOM 4YacTHLH H UeHTP Kosbua. [lostomy H ¢yHkuHA
JlarpaHxa cucTeMubl

L=Z(s3+xdted)+ G (xi+d) -

b 4
-7 [21 (g =g 1) + (% "H)’]
i=
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He HM3MEHAET CBOEr0 BHIa NpPH COOTBETCTBYWINeA TaKOMy IOBOPOTY
3aMeHe
Xy —X3 X|—>—X3 Xz—>—X|, X4—> —X3 X5+ —X,; (H

Hcnonbaosanne coobpaxennit chMMeTpHH (CM. MpeAMAYMYIO 3a1auy)
H OpTOrOHa/AbHOCTH [MO3BOAAET OHeHb MNPOCTO CBECTH 3Ty 3ajauy
C MATBIO CTeNeHsMHM cBOGOAL K ABYM He3aBHCHMHIM 3aJayaM ¢ JQByMs
cTeneHsAMH cBOOOIBI Kaxjaas.

JeficTBuTe IbHO, BEKTODH HOPMaJbHHIX KoseGaHHA, CHMMeTpHUHEE
H aHTHCHMMeTpPHYHbIE OTHOCHTeJAbHO Npeobpa3cBarHa (1), HMEOT BHA

a c
0 d

r, = --Z cos(mst—}—(ps), r,= ; cos((oat—f—(pa).
—_b f

KpOMe TOro, OAHO aHTHCHMMeETPHYHOe «kosebaHHe» JIeTKO yraabBaeTCcs —-
5TO BpallieHHe BCeX YacCTHU N0 KoJbLy

= 0.

al

1
1
ro=|1}ct+c) o
1
1

JlBa 1pyrux (HOMHMO Fg1) aHTHCHMMETPIYHHIX KOJeGaHHs NOMKHH GHTDH
OPTOTOHAMbLHE K Tgy C METPHYECKHM TEH30pOM, OnpefedseMbM KO3ddH-
LHEHTaMH KHHETHYecKo#l 3HeprHHm, T. €.

m(2c+d) +2Mf=0. (2)
B urore B rq H 1, 0CTalOTCA Heonpe/JeseHHBIMH BCEro MO ABa KosddH-

unenra. as onpeneseHns HX IJOCTaTOYHO HCii0Jb30BaTbh BCEro JIHUIb ABa
YpaBHeHHA [BHXKeHHA H3 NATH, HallpHMep A nepBoﬁ H NATOA yacTHLU:

m11+k (2x1 — Xg — x5) =0,
3)
Mf5+k(2.\¢5 — Xy — x1) =0,

[Moacrasnsa ciona ABHWA BHA Ty, HaflleM AAA ABYX CHMMETPHYHHX KO-
JeGaHu

—(m g2
bi.z—(T‘sz,z 2)01,2,

02y = o (2M + 3m T VI = mpiF 5t ).
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AHanornuo, MoAcTapsa B (3) BeKTOp Fq H yunTuiBas (2), HalleM

M M
Co,3 = (—k— "’32,3 - 1) for Gy 3= 20 3— ry fa,30

2 =k [aMym7E V_‘_ aM—myp 4+ L oma),
22,3 QmM( LR el g
6.41. PaccmatpuBaemas cucTeMa 6auM3ka K H3yuenHo#l B 3ajaue

6 28a, ¢pynkuda Jlarpanxa B nawed 3anaye OT/HUAeICA HA Manyl Be-

JHGHHY
8L=08L,(x, £)+6Ls(y. §)+8Ls(2, 2),

. k
SLy(x, 1) = o[+ (0 = x)? + (g — 202 + 2],

1—1
&="7 1<<1.

U B aToM cnyuae koneGaHHs [0 X, y, Z NPOUCXOAAT HeaaBHCHMO Hac -
TepecyioT TOJAbLKO KoJebaHHsA HO X,

Jlns onpelesieHHsT 4acTOT Kone6aHuit yno6HO BOCMOJAb30BATECS M2TO-
NOM TOC/TefoBaTe/bHHX NpuGauKeHuit (cM. samauy 6.34). Yactotn i
HEBLIPOXKAEHHbLIE, TaK 4TO K 3THM KoeGaHHAM HeNOCPEACTBEHHO IPHMeliH-
Ma ¢opMyna (4) u3 3agaun 6.34.

YacToTa ©; HCXORHON 3amaun (6.28a) TpexkpaTHO BblpoXnieHa, Mno-
3TOMY, Kasajoch Obl, LISl OonpefleeliH NONPABOK K 4ACTOTe M BEKTOPOB
HOPMAJIbIibiX KOoMeGaHHi MpUAeTCS paccMaTpuBaTh CHCTEMY YpaBHeHHi
tuna (5) u3 3apaun 6 34. OQHaKo CBOHCTBA CHMMETpPHH CHCTEMBI MO3BOJIS-
0T Cpa3y Xe yKasaTb Te BeKTOpH HOPMa/bHLIX KOJeGauHA HCXOANOH CH-
CTEMHB, KOTOPHIE MAJIO H3MEHsoTes NpH fodasjeniu 8L. D10 nak pas Bek-
Topu (1) n3 3apauu 6.28, MOTOMY YTO HMEHNO GHH 0GJaAAIOT ONPeNl.cH-
HHMH CBORCTBAMH CHMMETPHH: KoJleGaHHe T3 CHMMETPHUYHO OTIOCHTE/BHO
ocH AB u anTHCHMMETPHYHO OTHOCHTEILHO CD, ry — CHMMETDHYHO, & Ty —
aHTHCHMMeTPHUHO OTHOCHTe/IbHO oOenx oceii. [IONpaBKH K 4acToTaMm 3THX
koneSaniil TOXe MOXHO BHUHCAATH MO GopMyne (4) u3 3anaun 634,

[ozcTaBasnsa x; = —x3==1, Xp=x,=x5=0, Hax0oAuM

6Ky =—20L,=0,
Tak yto 0®;=0. AHalOrHYHO

6K22= —25]_] (x;=x3=x5=0, Xg= ~—Xy== l) == ——4Ek,

My=2L, (& =f=1i5=0, &= —&=], x,==0)=2m,
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&,

tak 410 60, = — ¢ 5
m

6Kss=— dek, My=4m by = — _8_ _2’5_

H BeK-

—

OQ O ON

2
[TpenctaBass BeKTOp HaYaJbHOTO CMeIleHHA T ( (
; (0)

TOp Haua/JbHOH CKOPOCTH r(O)—O B Buje 1 (0 " ,-(0)

Z r; (0) cooTBeTcTBEHHO, HANASM, UTO
i

a
A=A =M= 7, A=A, =0¢,=0.

TakuM o6pa3oMm, B AanKOM NPUO/MKEHHH YeTBEPTOE H MATOE HOPMaJbHHE
KoJleGaHusa He Bo30yKaaioTcs, H KoJeGaHUa yacTHly,

(+ cos oyt + cos ayt),

(£ cos @t —cos wgt), x,=0

HOCAT xapakTep GMenuil (CM. Mo 3ToMY NOBOLY 3ajauy 6 31).

6.42. B aroil 3agaue yno6HO BOCHONB30OBATLCA METOAOM MNOCACAOBA-
TelbHHX npuOaxkenu# (cM. 3ajauy 6.34). HMsmenense Mmacc OpHBOIHT
K nosBJeHH0 A06aBKH K ¢yHkuHH Jlarpadxka

1 . .
—_— 2 2
6L = (6m1 x{ + 0m, xz).
Ee cileayeT Bbpa3HTb uepe3 HOPManbHble KOODIAHHATH HCXOAHOR CHCTEMH
(cm. 3anauy 6.21). [Tpn sToM K03¢(pdHUHEHT NPH OpOH3BeAeHHH 0606ILeH-
HBIX CKOPOCTeH ¢,G3 OTReuaiOLIHX BLIPOMKIEHHOA uwacToTe, OKasblBaeTcs

paBHbIM Hyai0 OcTagkbHble TPOH3BEJEeHHA G, (ANA ;75 ) MOXKHO OMmy-
CTHTb, KaK 3TO oTMeueHO B 3ajaue 6 34. [lonyyaeu

1 .1 1 .
8Ly=—7 &my 93+~ mg 93 + 5 (6my + 8my) ( 3+ 93)

dyukuna Jlarpaumxa L4-8L,, kak n $ynkuua Jlarpanxa HcXoLHOR
CHCTEMB, Pa3fenseTcs Ha CllaraeMble, Kax0e H3 KOTOPH X COAEPXKHT TOJb-
Ko ouHy H3 koopauHar i Koopaunats ¢ ocraiores, TakHM 06pa3o,
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HOPMaJIbHEIMH, a I/ BHUHCJIEHHS MONPABOK K 9aCTOT4M MOXHO BOCHOJb-
soBaTbca opmynolt (4) u3 3apauu 6.34:

€ €q ey -+ &g
6(0,.:——4—031, 6(,)’:,_.—4—@3, 0y = = —g— 0y,
Om
o, =0, e,=__1,
4 > i m

Bce co6cTBeHHBle HaCTOTH CHCTEMH CTaJH  Pa3JHYHHIMH, HCYe3na
HeOIHO3HAYHOCTb BHOOpa BEKTOPOB HOPMaJbHBIX KOJMeGaHH{: ¢ TOHHOCTAIO
0 &¢ 970 BeKTophl (1) H3 3azaun 6.21.

Wnrepecho, uto npu 8m;=0m; yacrotet @,+8w, # wy+080; BHOBL
COBNAAAIOT APYT € APYroM (C TOYHOCTBbIO AO NMONMPaBOK BTOPOro MOPSAKA
| 6wy — Sy | ~ e% ml). B sTom cayuae dynkuus Jlarpauma L-+-8L, cnosa
NPUBOANT K HEOJHO3HAYHOMY BbIGOPY BEKTOPOB HOPMAJMBHEIX KOeSaHHA.
OuIHaKO B TOUHOM pelleHHH 3aJauy npu Om;=~0m; BEKTOPH HOPMAJbHBIX
KoJe6aHHH HMeI0T BHA

1 1 1
1 ( — 1 ]

—l—ep T—V1+8+982i38l’
—l1—t/ |LyTF¥eroerze) M

M NpH ManHx €& GJH3KH K BeKTopam (2) sapauu 6.21 (c TOUHOCTBIO A0
ONYNIEHHHIX 30eCh HOPMHPOBOUHHIX MHOXHTeJeH). Pe3koe u3MeHeHHe BHIA
HOpMaJbHN X KOJAeGaHHH NPOHCXOZHT B OYeHb Y3KOM UHTepBaJje H3MEHeHHH
mace |8m; — 8my|<Ce?m (cp. ¢ sapauedt 6.5a). [Ana onpefeneHus BeKTo-
PGB HOpMaJbHBX KoaeGanmil B 5TOM HHTepBaje 3uaueHuit Om,, 6my MoX-
HO 6HI0 6Bl BOCIOJIb30BATHCH CNEAYIOLMM NpHO/IHKeHHeM B MeToAe Mo-
C/IeJ0BaTe/IbHBIX IPHGIHXKEHHH,

6.43. OueBHIHO, IBHXEHHA HacTHL B HalpaBjeHun ocet AA u BB
He3aBHCHMBL ByfleM paccMaTpHBaTb ABHXKeHHe B HanpasjeHnH ocH AA,

Jis mepsoit M YeTBePTOH YACTHIL TMOJIOKHTEJbHBIMH CUHTaeM OTKJIO-
HEHHA BJeBO, AJA Bropo#i H TpeTbefi — Bnpapo. CorsacHo pesyJbTaty

32129y 6.39 HopMa/bHEE KONE6AHHA T'== (X;, Xa, X3, X4) MOryT GHTb BuODa-
bl CHMMETPHUHBIMM HJH AHTHCHMMETDHUHBHIMH OTHOCHTeJbHO ocelt AA

¥ BB. Jinn CHMMeTPHUHOTO OTHOCHTeJbHO OCH AA KonefaHHm X ==X,
Xg=x3. Ec/lH K TOMY Ke 3T0 KOJeGalHe CHMMETPHYHO OTHOCHTENBHO OCH
BB, 10 X;==X3, X3=X4, TAK 4TO AJIA ITOr0 ABAXHbl CHMMETPHUHOIO KO-
Ae6anus uMeeM Tge= (1, 1, 1, 1) qss.

Ias koMe6aHHA, CHMMETPHYHOTO OTHOCHTebHO ocH AA B aHTHCHM-
METPHUHOrO OTHOCHTE/BHO OCH BB, umeeM xj=1ix; Xp=1X3 H X|= —Xy,
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X4= —X3, TaK 4TO

Tea= (1. —1, —“1, l)qga.

Tlono6uniM ke o6pa3oM HaXOMHM
faa=(l, 1, =1, =1)gas, Taa={(l, —1, 1, —1}4aa.

AHAJOTHYHO HaXOASTCA BEKTOPH HOPMAJBHHX KOJeGaHHi B BepTHKA/b-
HOM HamnpaBJ/IeHHH.

YacToTH KosmeGaHH MOXHO HafiTH, NOACTAaBHB HaAJeHHH@ BEKTQPH
B ypaBHenusi ABHXKEHHA,

[IpH HaIHUMW BHPOMKICHHH, KpOMe HafleHHHX HOPMaibHHX KoaeBa-
HHf, CYyLLeCTBYeT MHOMXECTBO HOPMAaJbHHIX koieGaHuf, He 0ofnajaiolHX
yKa3aHHWMH cBoficTBami cHMMeTpuH. Herpynxo coo6pasuts, HampHMep,

YTO WAaCTOTH §S H @@ KOJeGaHHA COBNALAIOT W,y==Wgq=2Yk/m, ecan Ha-

TSMKEHHe NPYXHHOK He NPOH3BOMLHO, @ paBHO Rl (rae!— namHa xaxjof
H3 NIPYXKHHOK B NI0JI0XKeHHH paBrosecks). Ho Toraa HopMaibHEM Kojefa-

HueM G6yzer niobasi CyNepNO3HIHSA BEKTOPOB Faa H Tya, HAIPHMEP BEKTOP
(1,0, 1, 0)gs.

AHaJOrHYHO MOXHO HaATH BEKTOPH HOPMalbHHX Koje6aHHA B Ha-
fpaBJeHHH ocH BB,

6.44. OueBunno, KoneGanus B HanpasiaeHusx AA, BB u B HanpasJe-
HHH, TIePIeHIHKYJIAPHOM MJOCKOCTH PaMKH, He3aBHCHMM. PaccMOTpHM,
HanpHMep, TlepBHIE,

KoMmonenTH BekTopa KoJeGaHHA yIOGHO pasmellaTs B TalJHue,

cooTBeTcTByIOWEN dopMe pamkd. JnA YACTHL, pPaclONOXKEHHHX CJAeBa
oT ocH BB, MOJOXHTENbHEIMH CYUHTaeM OTKJOHEHHS BJIEBO, M Y4CTHL,

PacMoJIOKEHHNX cnpaBa — Bupaso. KoneGanue s, CHMMETPHYHOE OTHOCH-
TeabHO 06enx oceil AA u BB, umeer BHA

x X X x

x X X x)
Kone6auus x, X CcBOAATCH K KOJeGaHHSIM CHCTeMH, paccmorpeﬂﬂoﬁ
B 3ajaue 6.7 ¢ my=m, my=M, rie cleayer noJoxurb k =Fk-+k, k3=

=k, ky=2k+k', k' =[/l. Taxum o6pa3oM, HMeeTCa [Ba SS KoJeGaHHA.
Kone6anua sa, CHAMMETpHUHbIE OTHOCHTeJbHO ocH AA H aHTHCHMMeT-
pHYHHE OTHOCHTEJbHO OCH BB, HMeT BUL

(xX-—X —x
x X —X ~zx/)

npuuem Teneph ky=£k', ki=k+Fk',
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AHaJorHyHO 0JA 4S- H aa-KoJeSaHHMA:
X X X X

(— x =X —X ~—x

X X —X

(— x —X X

), by =k 3k, ky=2k-4 3,
—x
x)' ky=k-++ 3K, ky=23F.

TMono6uuM Xe 06pa3oM MOKHO HAaHTH OcTa/IbHHeE LIeCTHAAUATb HOpP-
MaJIbHHX KoJebaHui.
6.45. B o6o3HaucHUAX NpefHAYyLIed 3afaud BEKTOP CHIN

(—k-—k’, —k, Kk, R+ F
—k—F, —F, F, k+F

OH opTOroHajeH BceM HOPMaJbHHM KOJeGaHHAM, KpOMe CHMMETpHYHO-
aHTHCHMMeTpHYHHX (sa). ITosToMy pesOHaHC BO3HHKaeT JHLib NPH ABYX

) acos y!.

yacrorax Y = 03%, rae

(03%)? = ggp {4 @M+ m+ L@ ) &

+ 1/[k(2M—m) —}—_f_(M——m) l2+ 4k2Mm}.

6.46. Jlunefinas monekyna CoH, HMeeT Bcero ceMb HOPMaJsibHHX KO-
Je6aHH{: TPH NPOAOAbHHX KojeGaHWA H MO 1Ba WIrHOHHX KoJeGaHHs

B BYX B3aHMHO epTeHAHKYAAPHHX II0CKoCTAX (cM., HanpuMmep [1], § 24).
3agaya 06 onpeje/ieHAN NBYX CHMMETDHUHBIX NPOLOJbHHX KoleGaHHi
X,= —X4, Xp= —X3 CBOIHTCA K 3ajaue 6.7 ¢ napametpamu ky=~ky,

ky=2kcc, k=0, r8e kye 1 k cc — xectTkocth cBazei HC n CC.

AHTHCHMMeTpHYHOE [pPOJOJbHOE KojebaHHe xi==xi, Xp=2X3 MpyX .+

kpc (Ma + Mc) (
myfic

Kak H «mosekyna» CH). 3ameTnM, 410 MPOAOJbHOE CMEUleHHEe MOJEKY/H

KaK UeJNOT0 X;==Xg==X3==X; MOXHO paccMaTpuBaTb KaK BTOPOe aHTHCHM-

METpHYHOEe KoJsebaHue, NMPHYEM YCJIOBHE OPTOrOHAJBbHOCTH K HEMY nepBoro
AHTHCHMMETPHYHOIO KoJebaHus coBnajaer C YCJOBHEM DaBeHCTBA HYJIIO
MMOJIHOTO HMITYJAbCa MOJIEKYJIH.

ITonepeuHoe cHMMeTpHUHOe KoJebaHHe Y=Y, Y2==Ys,
kacc (Mu + ™Mc)
2
Pycmpm
3nech kyoe — KECTKOCTb MOJIEKY/IN NMpH n3ruGe: npH nsrkGe csasn HCC
Ha yrosi § NoTeHUHa/LHAA YHEPrHs BospacTaeT Ha ko 6%/2.

+m cxp=0 uMeeT wacToTy @ = TaKylo Xe,

myyy + mgls =0, (033 =
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Honepe‘lﬂoe aHTHCHMMeTquHOQ KOﬂeﬁaHHe 1= —lUs, Y= —Ys,
mclocys + my (log + 2luc) 41 =0,

5 _ Fucc [metdc + my (2luc + lec)?]
a2

mymclie Ite '

rae [yc ¥ lcc — paBHOBecHoe pacctosHHe Mexnay atoMamu H—C
# C—C cooTBetcTBeHHO. OTMETHM, YTO COOTHOIIEHHE MEXJY CMeleHHAMH
aTOMOB 3TOr0 KosieGaHHA MOXKeT ObLITh HalifleHO H3 YCJOBHS paBeHCTBA
HYJIIO [OJHOTO MOMEHTA HMIY/LCA MOJIEKYJH (HMJH OPTOTOHAJbHOCTH BeK-
TOPY YHCTOTO BpAlleHdd MOJEKY/Ib KaK UENOTO Y= —Y4 Y2=— y;.
Yy (2 lye + ICC) =Yy lec, KOTOpDOe MOXHO pacCMaTpHBaTb Kak BTO-

poe aHTHCHMMeTpHYHOe KoaebaHHe).

6.47. O603HauHM OTKJIOHEHHS 4YaCTHIL OT NOJOXKEHHA PUBHOBCCHSA
B HanpasJ/ieHuH BD uepes x; H X3, a B HanpaBaennn CF — yepe3 y; H y,.
[ToBopor BOoKpyr ocH cuMMetptn CF Ha 180° npHBOAMT K 3aMeHaM:

Xy 7= —Xy, Y1 == Y,

T. e. npeo6pa3oBaHHe S NOBOPOTA BeKTOpa KoJebGaHHA r= (X, Y1, X3, Y2)
HMeeT BHA
Sr=(—x3, Y2, —%, 41).

BeaencTBHe CHMMETPHH CHCTEMHI B Hell BO3MOXKHH HOpMadbHble
kose6aHus ABYX BHIOB: r, — CHMMeTpHUHHE OTHOCHTeJbHO ocH CF, nas
KOTOPEIX SF,==T,, H aHTHCHMMETPHUHbIE I'4, A/ KOTOPbIX SFq=—T4. Ha7
CHMMETPHYHOTO KoJeBaHHs (—Xz, Yo, —X1, Y1) == (%1 Y1 Xz, Y2), OTKy.Ha

r.=(x, ¥ —X, y)-

Anajoruuso

fe=(x, 4, X, —Y).

(J1n aHTHCHMMETPHUYHOrO KoJe6aHHs NOBODOT BOKPYr OCH CHMMETPHH
paBHOCH/EH H3MeHeHHIO (a3 KojeGaHHsA Ha 7.)

B0o3MOXHH [1Ba CHMMETPHYHHIX H /iBa AaHTHCHMMETPHYHbBIX KOJle6aHHs;
AJisi Onpefie/leHHs YACTOT H BEKTODOB Ka)k/l0H napH Ko/eGaHH# N0CTaTOY-
HO HMCIIOJb30BaTh ABAa YpaBHEHHS JBHXeHH:.

MoOXHO MOJYYHTL elle HEKOTOpbie CBEJEHHH O BHAE HOPMAaJbHLIX
KoseGanuil, He 3Has XKeCTKOCTed NDYXHHOK. YCJOBHEe OPTOrOHaJbHOCTH
BEKTOPOB KoJieGaHHA Ty H Tsg CBOAHTCA K PABEHCTBY

2m (%41 %s3FYarYs2) =0,
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OKa3HBAIOWEMY, 910 BEKTOPH OTKJIOHeHHA, HanmpHMep, TacTHUH 1 npn
KaKJOM M3 LBYX CHMMETDHUHHX kone6aHHA B3aHMHO TNepHeHLHKYJADHBI
(puc. 130, a). To xe camoe OTHOCHTCS H K aHTHCHMMETPHUHEIM Kosie6a-
uuam (puc. 130, 6).

s7 174 ar
al

-V

Py = = a

§2 s? a?
af

a) o)
Puc. 130.

Hanpagsietne, B KOTOPOM OTKJIOHSAETCH YacTHUa NPH KaX/IOM H3 HOp-
MaJbHbIX KOJe6aHHi, Heb3A OMpPele/HTb, He 3HafA XECTKOCTe! NpYKHHOK.
J1efiCTBHTE/ILHO, €CJTH KEeCTKOCTb M HATSKEHHA NPYKHHOK AC v CE manul,
TO OTKJOHEHHsi YacTHI [IPH HOPMAJbHHIX KOJeGaHUAX HanpaBsJeHH NO4TH
BOJb HJH MONepeK npyxHHOK BD, H, Hao60pPOT, NpH MaJOA IKECTKOCTH
npyXuHOK BD HOpManbHbie KONeGaHHS NPOHCXOMAT MOUTH BAOJbL HJH fO-
nepek npyxuuok AC u CE.

PasymeeTcsi, NpH BHIPOXKJEHHH YacTOT MOMKHO BbIODaTb M JpyrHe
BEKTOPH HOPMaJbHBIX kose6anuil, He ob/ajalolive CBOHCTBAMH CHMMeT-
pun. Hanpumep, npn «BhKIi0YeHHOl» npyXHHke BD 310 MOTyT OLITh KO-
Je6anHs KaxAof W3 4acTHU BAOAL HAH momepek npysxuHok AC n CE.

6.48. O603HaYHM OTKJOHEHHSI KaXJOro H3 aToMOB OT MOJOXKeHHA
paBHOBecHsi B Hampabienusx OD uepes X, OA — yepe3 y;, nNepneHiH-
KYJSPHO MJIOCKOCTH MOJEKYJH — Z1.

Kone6anns monekyabl Colly pasnensioTca Ha COXpaHfIOUIHe MOJIEKY.Ty
[JIOCKOfI M BHIBOASIUHE aTOMB H3 TJOCKOCTH. PaccMOTpHM mnocielnHe
Kose6aHus.

BeKTOp OTKJIOHeHHS aTOMOB YA0GHO 3aMHCHBAThL B dopme

2 2
r= 29 2 .
23 24
Jlas kone6aHHsl, CHMMETPHIHOTO OTHOCHTEJLHO OCH AB,
24=2, 25==23, 25=23.

EciH koseGauHe K TOMY K€ AaHTHCHMMETPHYHO OTHOCHTEJBLHO OCH
CD, to

Z3= —2y, 2= —23 5= —25 L= —Z%.
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Hraxk,

| 1
r_ = 00

sa qsa

—1 —1

1o ¢koneGanue» OKas3anoch BpalleHneM BOKpyr ocx CD.
AHAJIOTHYHO CHMMETPHUYHEIE OTHOCHTE/IbHO OGeHX oceff KOneGaHHA

41 2
r, = 2, 2, .
4 2
OnHO H3 HEX
1 1
Tss,1 = 11 9gs.1°

1

Dro MocTynaTe/bHoe ABHXKeHHe, AMONHTY/H APYTOro MOXHO ONpelesHTh,
YUTH €ro OpPTOTOHAJBHOCTb BEKTOPY [sasl

4mz;+2Mz,=0,

m — Macca aToMa Bojopoaa, M — yriepona.

| 1
2m 2m
Tog,0 = M =M 95q,0
1 |

AHTHCHMMeTPHYHOE OTHOCHTENbHO OGeHx ocell kojebaHue

1 — 1
raa = 0 0 qaa
—1 1
ecTb KpYTHJbHOe KoJieGaune Boxpyr ock CD.
Haxkoneu,
1 —1

Tas,i = a —a, Gas, i

3nech AA7 BpauleHus BOKPYT ocH AB (fae,1) ay=lgc/loy — OTHOWIEHE
pacCTOAHMM ATOMOB yr/lepoia B BOAOPOAa OT ocH AB B MONOXeHHH pas-
HOBeCHS; A5 H3rHOGHOro KojeGaHHus (Fas2)

__2mlon
4B="M Toe
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Aunanoruyno MOryT 6HITD paccMOTpEHH H KOJIeGaHHH, He BBHIBOLALIHE
aTOMK H3 MJIOCKOCTH MOJIEKYJH BEKTOP OTKJIOHEHHA 3allHilieM B BHIE

X1 X4 Ya
r= X3 Y X Y5 .
X3 Y3 Xg Yg
O6uwut BUX xosebaHuA as
X1 yi X1 — 4
fo, = X 0 x, O .
X1 — i X1 Y1

B aucao as-«<koseSaruii» BXOAHT MOCTYNaTe/NbHOE ABHMKKEHHE MOJEKYJH
B HaMpaBJEHHH OCH X (X;=1xy, y1=0) [IBa Apyrux as-kojeSauus u3obpa-
JKeHW Ha puc, 131, a, 6,

% a3 <> as sa
a) ) &)
H A ot an
D] g) &)
: > 55 < .58 55
» 3) u)

Puc. 131.

Yrto6n npelcTaBHTb ce6e BHA OTK/IOHEHH aTOMOB HDH 3THX KO.e-
6aHunX, 3aMETHM, YTO PAcCTOSHIIE MeXJAy aTOMaMH YIJepoia He H3Me-
usetcst ~— cBa3b C—C «He pabGotaer» Ecsu npesebpeub B3auMOeACTBHEM
OTHOCHTENLHO JlaJekux aTtomoB (manpumep, [—4, [—5 Ha puc. 40),
@ TaKXe XEeCTKOCTbIo YrioB Buaa [—2—5, To paccmaTpHBaembie Koaeba-
HHA COBMANYT C CHMMETPHIHEIMI OTHOCHTebHO ocH CD KoMeGaHHAMH ABYX
<«moaekyn» -H;C, npoucxoasmiumu B npotuBodase (cp. ¢ sanauedr 6 46;
koJieGaHk MoJexyau Buia AgB paccmorpenwl 8 [1], § 24, 3anaua 2).

O6uwi BnA sa xonebanus

X1 9 — X1 %
oo = 04509, .
X Y *1
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KpoMe nocrynateqLHOrO ABHXKeHHs B HanpaBOeHHW OCH Y, BEKTOPY Faa

COOTBETCTBYIOT ABa KoJdeGanus (pHc. 131, 8, 2). Oauo H3 HEX (8) MOXHO
npeACTaBHTL cebe Kak KoseGanHs ABYX «mosekyns» HeC, aHTHCHMMeTpHY-

HEle OTHOCHTeAbHO ocH CD m mpoucxoasuine B ¢ase. Jlpyroe (2) —sto
BpauterHs «Monekya» HoC B pasusie croponn. Ecau 66t MoxkHO 6uino noa-

HOCTbIO fpeHeOpeub CBA3AMH YAaJEHHHX ATOMOB H KeCTKOCTLIO YTJ/OB
puga ]—2—5, To yacToTa 3TOTO KOMeGaHHA OKasajnach Gl paBHa HYJIO.
Cpenu aa-koneGaHuii ecTh BpallleHHe MOJIEKYJH Kak lUeJoro B MJ0-

CKOCTH Xy, aHTHCHMMeTpHUHHe KodeGauus «monexryn» H,C s npoiusodaze
(puc. 131, 0) n ux ppamesns B ofHy cropouy (puc. 131, €).
BO3MOXKHE Takke TPH $S-KOJeOaHHA (NOJHOCHMMEIpHYHHE), OHH

n3o6paxenn wa puc. 131, x, 8, ¢ (noapcGuee o KoseGaHHAX MOJEKYIH
3TH/eHa CM., HanpHmMep, B [17].)
6.49. Oyukuna Jlarpauxa

m . . . ]
L= (uit+ui+tul)— 5 (irp—rotu—uwl—)+

— (| rgp=Tg + Uy — g | — )2 4 (| rgo— g + uz —ug | — N3,
rae = |rip— ry] = |20 — r3o| = |rgo — r10]; U2 — cmellerte a-ro atoma

13 NOJIOXKEHHs PABHOBECHs, ONPEAE/NSAeMOro PaliycoM BeKTOpoM Fgo [lo-
CKOMLKY |Ua] € !, HMeeM

m ;e . . k
L=-5 (u}+ud+ud)——5 {(era(a— )+
+ (g3 (uy — u3))® + (€4 (u; = uy))2}, (1)
rae
e, =_r1_°_7.f_2.0, eys = F2o "l‘ "ﬁo’ ey = l’soT 1o )

B cucTeMe oTCyeTa, rae noJHuifi umnyasc m(u;-+ug+uz) =0, BLINOA-
HAETCA YCJOBHE

u,+uytu;=0. (2
KpoMe Toro, Hak/JafitiBaeM Ha U, YCJ10BHE
[riot,] 4 [rootiz] + [rsoua] =0, 3)

PaBHOCH/bHOE TPEeBOBAHHIO, YTOGH MOMEHT HMIY/bCA MOJEKYJIH
M--mz[rao—l—ua, ua] 4
a

06pamancn B HYJIb ¢ TOYHOCTbIO f10 [1eDPBOFO NOPp#AAKa NO Wy BKJIOYHTEALHO.
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OkasniBaeTcss YAOGHHM BHOpaTh AN OMMCAHHS IBHKEHHT Kaxa0ro

aToMa CBOK CHCTeMy ReKapToBWX Koopausat (puc. 132), coxpansa

u &
9
s
5 Zy
Yz
Puc. 132.

TakHM 06pa3oM CHMMETPHIO B OnucaHmu cuctemsl. Pasencrsa (2), (3)
B 5THX KOOpAHHATaX AT *)

y1+(-——;— Kgx,) (—%.y,,—l—y_;xs):O, (5)
ya‘l‘(———;—ys‘l‘l/Qixs)‘l‘("'—;-yl—V‘;‘xl):O' (6)
Y1+ 9 +ys=0,
OTKyZAa
___x:;‘—‘xg _xl'—'xfi ‘ __x?—xl
y1— V§ y Y= }/g s Ys = l/'3—
n

L= (024 534 x3) = (ida + fuk + oma) —

3
— g k(A + 25+ 3)

*) Hanpumep, ymHOXKan o6e CTOpOHH paBeHcTBa (2) Ha ey, moJay-

uum (5). TIpH 9TOM HYXKHO YHeCTb, 4TO BEKTOp €3 B Pa3.JHYHBIX CHCTeMax
HMeeT KOOPAHHATHI

e
wmn= (o) - (),

= (%4, Ya) a*

PagencTBo (6) mosyuaercs H3 (5) KPYTOBOA mepecTaHOBKOf HHAEKCOB,
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OnHo HOpMaJbHOe KoseGaHHe (IOJIHOCHMMETPHUHOE) O4YeBHAHO:

1
1
xg ’—x‘z”—xg”—ﬁ-th- )

Jlea apyrux koJeGaHHA OpPTOTOHa/bHW  MepBOMY, HYTO NPHBOXHAT
K yCJ0BHIO *)

£+ 2P 4+ 2P = §=23, (8)
OHO H3 3THX KOJIeGaHHA CHMMETPHUHO OTHOCHTLHO OCH Xj : X2) = x32);

Rpyroe — anTHcHMMeTpHuro $xy) =0, x5 = — £,

YuntniBas (8), HMeeM
2

x(12) — 2x(22) —_ 24\:52) — V-__3__ .

1 )
1) == = 5 o

3amena

l
Ky = V§ G1— Vﬁ 9g — V2 93
npuBoAnT Gynkunio Jlarpanxa K BHRY
m o, . . 3%
=z (9i+295+2¢))~ 5 (sf+a3+4d) (O

HopmaJablibie KosneGaHHus, COOTBETCTBYIONUIHE STHM KOOPAHHATaM, NpuBe-
neHul Ha puc. 133. Hx wacrotu

_ k N VA )
—V‘*? Q==Y o

Bun o¢yurunn Jlarpauxka (10) coxpansercs OpH MOBOPOTE B 0JIO-
CKOCTH @3, (3.

*) Hcnonb3oBaHa MeTpHKa ki3 B (7), (9) MHOXHTend nNepend ¢ BH-
GpaHbl Tak, 470 xﬁ’” + x(21)2 + xyﬂ = qf.
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MoMeHT HMOYJIbCA € YYeTOM KBAAPATHUHEIX MO Ug YJIEHOB
er=m|2[ua u,]
a

MoXeT OWTh OTJHUHKM OT HYJf, eC/iH KOJeGaHHR ¢y H @3 TPOHCXOAAT
co ciABHroM ¢as.

A a7

Puc 133.

= ”’l‘h&s ""i:.fial

HHuTepecHo pa3o6paTbesi, KAKHE H3MEHEHHS MOMKET BHECTH B 9TY Kap-
THHY 3aBHCHMOCTb HOTEHLHAJ/bHOH 3HEPTHH OT yIJoB, 06pasyeMulx CBA3fA-
mu. OQueBHIHO, HAa 4acTOTY Kosie6aHHH ¢, Takas 3aBHCHMOCTb He IIOBJHAET,
Yacrora kojeGaHHi gy W ¢s H3MEHHTCH, HO JABYKPAaTHOE BHIPOXKJeHHe
coxpaHHTcs. [eficTBHTeNbHO, HAapAlAy ¢ HEKOTOPHIM KoJeGaHueM ¢ BO3-
MOXKHO TaKxe KoJjebaHue, NOJyueHHOe H3 § moBopoToM Ha 2m/3. Ero ua-
CTOTa JA0MXKHA OLITL TaKOW XKe, kKaK H yacrora kKoneGauuii q. C apyrod
CTOPOHHI, OHO OTJIHYaeTcs OT ¢ (npu noBopoTe Ha 21/3 camo ¢ coGofi coB-
najgaeT TOJbKO KojeGaune g;). Takum 66paaoM, Mu o6HapyxHBaeM KBa
He3aBHCHMHBIX KoJ1e6aHHA ¢ OAHOA yacToTod, HopMmasabHble KOOpPAHHATH
B 3TOM cJydyae AOJKHE YAOBIETBOPATb TOJNbKO ORHOMY YC/IOBHIO: OHITb
OpTOrOHA/bHLIMH §;; B YaCTHOCTH, gz H §3 OCTAlOTCA HOPMaJIbHHIMH KOOp-
AHHaTaMH,

6.50. a) BonuM KOOpAHHATH aTOMOB B Tak e, Kak B mpeanayuieft
3ajgave, 118 aTOMa A — KOODAHHATH X4, Ys, 24 C OCAMH, NapasiieibHEIMH
X1, Y1, 2) 4 HAYaJIOM B LEHTPEe TPeyroJbHUKA.

EcTb ueThipe cTeneHH c¢BOGOAH JABHXKEHHH, BHIBOAALIHX aTOMHI
H3 DJIOCKOCTH xy. TpH M3 HHX OTBEYalOT NOCTYNaTebHOMY JABUKEHHIO
BOJb OCH 2 H BPAIIEHHAM BOKDYr ocefl X4 H Y4 a8 04HO — KoJebannio
(IPY KOTOPOM, OYEBHAHO, 2| == 23==23, M 24+ m(2;+25125) =0). Yacro-
Ta 3TOro KojebaHHA ) HeBbIPOXKJAEHHAHA, OHa JIHIIbL CAY4YaHHO MOraa Ol
COBNaCTb ¢ 4acTOTOA KaKoro-Hu6yAb ApPYroro KojaeOaHHs.

PaccMoTpuM Kone6auHe aTOMOB B IJIOCKOCTH XYy, CHMMETPHUHOe
OTHOCHTEJNbHO OCH X4 OOWHHA BHA TakKOro KoJjeGaHud:

y1==0, Xg==X3, Ya= —1s, #4=0.

BeKkTop cMelleH s COMIePKHRT YeThiPe He3aBHCHMBIX TaDaMeTPa: X, Xg, Yo, X4,
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T. €. Ha TakKHe [ABHXEHHS MPHXOAUTCA dYeTHpe CTeleHH ceobonu, Oana
H3 HHX OTBeYaeT MOCTYNaTeJbHOMY ABHXKEHHIO MOJIEKY.JH BIOJb OCH Xg
04HA — NOJHOCHMMETPHYHOMY KoJ1ie6aHHIO

X1 =Xg=Xs, N=Ya=l=x4=Y4=0

¢ qactotoft @; (puc. 134, 4), a nBe ocTaibHKe — KoNeGaHHAM, HApYMAL0-
UIMM  CHMMETPHIO MOJMeKkYJH. YacTOTH 3THX KojeGaHHA ©s H 4
(puc. 134, 6, 8).

o ) )

8
Puc. 134.

U3 yeThipex ocTaBWiHXCcA cTeneHeR cBOGOAN OAHA MPHXORATCA Ha IMO-
CTynaTeqbHOe JBHXKeHWe B HaNpaBNeHHH OCH Y4, ONHA —HA BpALIEHHe
BOKPYT OCH 24, a ABe — Ha KoJseGaHHA. JT0 Ko.ieGaHHA, KOTOPHe MOryT
OhTb IOJyYeHH H3 YXKe YKa3aHHHX € YacTOTaMH @3, ©4 HOBOPOTOM
Ha 27/3 BOKpYr ocH Z4 (cp. ¢ mpeanayuieit 3agaueft).

Hrak, yacToTH @), ©3 — HEBHPOXAeHHHE, YaCTOTH ©3 A ®4 — ABY-
KPaTHO BHIPOXKIEHH. -

3aMeTHM, 4TO BeKTOPH Ko/eGaHHs, aHTHCHMMETPHYHOrO OTHOCHTELHO
OCH X4, MOXKHO MOJIYYHTb, 3Had BEKTOpP CHMMeTpHuHoro. [[ns storo Rmo-
CTaTOYHO B3ATb ONpeleleHHYI0 CYIepHOo3HIHIO KojebaHHM, MOAYYeHHBIX
H3 MocJeHero MOBOPOTAMH BOKPYT OCH Z4 Ha Yrin ==2m/3, a HMeHHO —
HX pasHocTb (cM. puc. 134, 2).

6) HMameHeHUR COGCTBEHHHX 4aCTOT MOXHO ONpEJETHTh, HCIOJbL3YA
TEOpHIO Bo3MyuIeHHR (cM. 3anauy 6.34):

bo — 2 M
0=~ A"

Jast nosHOCHMMETPHYHOTO KOJIe6aHUA B KauecTBe HOPManbHOR Koope
AHHaTH BhGepeM x;. Torma eeamunnn M u 6M onpegensiorcs kak
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K03pDUNHEHTH B BHPaXKEHHSX KHHETHIeCKOA 3HeprHH W n06aBKH K Hedl:

im . . .
am a2 M2 2 Lo D0 e
3 1=77 *p g *1="y Ao
TakK 4TO
dm
b0y = — 0, 7.

IIns KoneGaHus BIOAb OCH 2 KMHETHYECKAs SHeprus # Ao6aBka kK Hed
paBHH

3m 3m &m *
7(1—}-,;;) z1 H - 21-

TaK 4TO
oy bmm ,
bo, =“‘T 3m (3m 4 my)”

Hanpumep, a5 xa0opuaa 6opa 3aMeHa OLHOTO aToMa xJopa C aToM-
HBIM BecoM 35 Ha H30TON C aTOMHBIM BecoM 37 yMeHblllaeT 4acTOTH
H @y Ha 0,1% u [9% cooTBeTcTBEHHO.

6.51. ITycts Konebanue, NPH KOTOPOM MOJEKYJa OCTaeTcs NoA0GHOR
cama cebe (puc. 135, a), NIPOHCXOAHUT C yac10ToH ©).

YacroTa mz KojeBaHHsi, COXpaHAIOIEr0 CBOH BHA MpH NOBOpOTaX
Bokpyr och OD ma yron 2n/3 (puc. 135, 6), BooSiuie ropopsa, OTAHYHA

) 4
Pic. 135.

ot @,. Minoe pacnpenenenre cMelleHHA aTOMOB MOXKHO TIOJYYATh, IPOU3BO-
AR OTpaXkeHHe cMemeHHd B miockocty BCO, moayuurcs KoaeSaHde, OT/H-
yaolleecs OT BTOPOIO JHUIL TeM, YyTo aToMsl A u D nomeHsanch poasivH.
Yacrora 7010 KoseBains wz=wz [lonoGubiM ke 06pa3oM OTpaxeHHe
B nnockoctH AOC mensier mectaMu atomn B # D, coxpauss uacrory
©4=wy ITO yeTBEpPTOe KoJeOaHHE He CBGAHMTCA K CYNepHO3HUHH Npeihi-
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AYUIHX, TaK KaK, B OTJIHYHE OT HHX, HECHMMETPHYHO OTHOCHTENBHO MJOCKO-
ctu AOD.

Konebanue, cHMMeTpHYHOe OTHOCHTenbHO miockocth AOB n DOC
(pHc. 135, 8), HMeeT 4acTOTy ®s, OTJIHYHYIO OT © H w3 [loBopoT Ha yrox
27/3 BoKpyr ocd OD, paBHOCHABHEIA Kpyroeoit nepecranoske 4, B u C,
MPHBOAHT K KOJeGaHHIO, CHMMETPHYHOMY OTHOCHTeNbHO Miockoctel COA
H DOB, a ero 4yacTota 0= ;.

Hrtak, monekyna obianaer TpeMsi COGCTBEHHHIMH 4aCTOTaMH OJHO-,
NBY- H TPEXKPATHO BLIPOMXACHHBIMH.

B 3akJioyeHHe 3aMeTHM, YTO MOJEKYJ, PacCMOTPeHHHWX B 3ajauax
6.49 u 6.51, no-suaUMOMY, He cyulecTByeT B npHpoae. OnHaKo noAoGHHN
JKe MeTol HccaiefoBalidsi MoKeT OHTb NPHMeHeH H K peasibHEIM  Mo-
JIEKyJ1aM.

6.52. a) TIpH NOJHOCHMMETPHYHBIX H ABaXKAH BHIPOXIEHHBIX KoJela-
HHAX, YKA3aHHBIX B npeaniaymed 3afade (cM. puc. 135, a, ), aToM yrue-
po/a oCTaeTcs HenoABHXHHM. ECTb elle ABe TPeXKPaTHO BHIPOKAEHHBHIE
yactoTsl. CoOTBeTCTBYWOIHE KOJeGaHHA NOXOXKH Ha KonebaHus, H306pa-
sKeHHBle Ha pHc. 135, 6, ToabKo aToM yriepoaa KoJebnercs auGo B TOM
e HanpapJeHHH, 4TO aToM D, nu60 B NpOTHBOMNOJIOXKHOM,

6) HoGaska Kk ¢yukuuu JlarpaHxa, onucHBaiolulas LeAcTBHe 3/eKT-
pHueckoro noas § (), ectb

8L =g () Qe u,,

rje e, — 3apfl, Ug — CMEIeHHEe Q-ro aToMa.

4
B mo6om konebanun m 2 u, + mgu, =0, TaK 4To
a=1

[IpH NOJHOCHMMETPHYHOM H JBaXKAH BHPOKAEHHHX  KOJMeSaHHSX
Zeaua=0 H 9TH KoJeBaHun de Bo3byxaaworcsa. [Ipn konebanuu

pue. 135, 6, HaﬂpOTHB,Eeaua =~ 0 u nopo6Hble Koe6anua Bo3GyRKAAIOTCA.

WTak, pesoHaHC BO3MOXEH Ha ABYX 4acTOTax.

BekTOp § MOXHO Pa3NOXHTb HA TPH CJAaraeMuxX §;, NapajienbHLIX
OCAM CHMMETPHH KaXJO0ro U3 TPex KojeGaHHA MOJEKYJH C BEIPOXKAEHHOR
yactoTofi. Kaxaoe H3 ciaraeMblx §; npHeedeTr K KoneGaHHIO aToMa yrie-
pola ¢ AMOJAHTYAOM, NPONOPIHOHANBHOA §j, H OLHHM H TeM XKe Ko3(dH-
UHeHTOM MpPONOPUHOHANLHOCTH XK. [lo3tToMy us=x§ n |us| He saBucur
OT OpHeHTALHH MOJEKY/IH. MOHO y6e1uTbes, YTO aMIHTYAN KoseGanui
aTOMOB BOJOPOAA |Uyg34| TOXKE He 3aBHCAT OT OPHEHTAUHH MOJEKYJbI
H napansieibHE BeKTOpy &.
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§ 7. Kone6anna auHeilHbiX uenouex

7.1. Oyuruna Jlarpanxka cucremu

N N
L(x, x)=—r§n-2 xﬁ——g- x%+z (%0 = *n_1)2 + 5% |,

n=1 n=1
(1

rie Xxp — CMellleHHe n-f 9acTEUH H3 NONOMXeHH paBHOBecHs. Bpeaem
TakXe KOODAHHATY MOJOXeHHS PaBHOBecHa n-A vactuuw X, = na,
rle a— pasHOBecHaa AJHHA oaHOH npyxuHuxn. CHCTeMa ypabBlueHH
Jlarpanxa

mity + k(2xq — x5) =0,
mx 4+ k(2% —x, —x,,)=0, n=23,...,N—1, @

mxy+ k(2 — Xy_;)=0
3KBHBAJIEHTHA CHUCTEMe
MXn + k(20 — Xy —Xnp) =0, n=1,2,...N 3)

npH AONOJHHTENBHOM YCJIOBHUH

Xo = XN41 =0, (4)

M3 ¢usndeckux coobpaxennii MOXHO NpelBHIETh, 9TO HOPMANLHLIMH
KOJIEGAHHAMH NOMKHH GBITh CTOUHE BOJHEL Ynobuee, ogHako, BuGpaTh

n=Aet(mtd:nq:)_ (5)

[Tpn takom BuiGOpe cuctema N ypaBheHHI CBOAUTCH K OHOMY YPaBHEHHUIO

® o

KOTOPEIM OMpelensiercsi CBA3b 49acTOTH ¢ pasHocTbi $a3 KoneGauuii co-
cefAHHX uactHu @. CMuicnt noacraHoskH (D) 3akmovaeTcs B BhIGope
ANfl Xn PelleHHs B BHAe Gerylleil BOMHEL C BOJHOBLIM BEKTOPOM p = g/a,
TaK Kak n@ = nap = pX,. YpasHeune (6) ycranapiHBaer, TakuM of-
PasoM, CBf3b MeXKAY 4acTOTOfl M BOAHOBBIM BEKTOPOM.

Yenosuam  (4) MoXHO ynosneTBOpHTB, mnoAGHpas cynepnosu-
uuo  Gerywux B ofe CTOpOHH BoJH £, = Ael(©t—n0) pyilwting)
Yeaosne xp = 0 paer A = — B unu x, = 2iB sin(ng)e**t, T, e, cros-
uyio BoqHY. W3 ycaosia wa ApyroM kouwne ryy; = 0 onpegeasiorea
BO3MOXKHble 3HAYEHHA 1aCTOT («CNEKTp 4acToT»),

k
P - —_—cin2
®? =4 o sin
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YpasHenne sin (N+1) ¢=0 npHBOANT K N He3aBHCHMHM pelHEHHAM

s
q>a=1\’_-i—_—l' s=1,2,..., N. )
B camom nere, s=0,5=N+1 pao1 uyacoue pellends, a aaq
s=N+41 daza @np=—Qnx_14p+ 27,
-T. €. pelleHdd, otsevamouwne S=N-I, (o -
BHIPAXalOTCA 4Yepe3 pellieHHsl, OTBedaicUiHe p’T
s=N—1 + 2. })/ |
M3 () n (7) Haxogum N pas.amuinix yd |
4acToT g l
/ |
o, = 21/._ sin <5 /’f I
'l |
=2 ]/ 1,2,...,N /i | L
2(N+l) TT Ay Ly, 8. /2 ”
8)
Puc. 136.

Ha puc. 136 passuuHnle 4acToThl ykna-
LNhLIBAIOTCA MMCKPETHLIMH TOYKaMH Ha CH-
HycoHly. BeKTop HopManbHOro KoneGaHus oTBeuaiollero s-fi wacrore,

e sin @,
-] * _ 2 sin 2
o=l )=V ik [ o ©
N |sinNg,)

q,(f)=Re (21'889“"5') =C, cos (@, f+ @)

— §-1 HOpMaJbHasa KOOpAHHATA, 2 MHOXHTEAb

2 S —h
Yt e[§ ]

n=1

EBelleH LI HOPMHDOBKH: (re: ) = Gss/qf. OGuee peineHHe ecTh
Cynepno3HuMs BeeX HOPMaJbHLIX KoJe6GaHuH

N
\Y 2 .
K, = séi ‘/m g, () sin ng_.
Marprua nepexofa oT X, K ¢,

. 2 _. 7ns
"8‘1/N+Ism1v+1
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ABAfeTCH OPTOrOHAaAbHOA MaTpHueR, npusoxsiuef ¢yHxuuio Jlarpanka
K CyMMe KBAJPAaTOB, OTBeYaloWHX HaGopy N PasiHUHHX OCUHIASTOPOR:

L= gil‘a(qa";s)' La(qs'&s)zén'(;’?—me"e)

7.2, YpaBHeHHS ABHIKEHHS AJM7 ZaHHOM CHCTEMH Te Xe, 4TO H ypaB-
HenHs (3) npeAnAyliefl safauyd, NPH KONOJHHTENLHOM YCAOBHH %o = 0,
XN == Xy41. [lo3TOMY

_(@2s~=D=
Ps=TITNFI1 *

3 (2s D=
@ '"21/ X

X = gsin ng, « A, cos (0t + a ).

5=1,2,...,N.

Yacruu#t cryaah npr N == 2 cM. B 3anage 6.1,
7.3. YpaBHeHHs IBHMKEHHS COBNAJAAlOT ¢ ypaBHeHHsAMH (3) samaun
7.1 TpPH AOMNOJIHHTENBHOM YCJOBHH X = Xy H Xy 41 = X1. [TosTOMY

2
9, =7 s=0,1,...,N—1,

k . sm
w =2‘/-—-sn-__
s m ! N

NPHYEM YacTOTH @, H O y-s COBNAJAIOT, 8 COOTBETCTBYIOLIHE HM BOJHO-
BEe BEKTOPH OTJHYAIOTCH 3HAKOM Qg = 2N —Qpy_.. Yacrote Wy =0
OTBeYaeT ABHXKEHHe BCEX HaCTHI, MO KOJbLY C MOCTOSIHHON CKOPOCTBIO,
B cucTeMe BO3MOXHE KoaeGaHus BHAA

xf,f) = Re Asei(ms’“ﬂws)' 1))

T. e, GerylilHe no KoJblly BOJAHE. YNOMSHYTOe Bbille ABYKPAaTHOE BHPOXK-
AeHHE JacTOT COOTBETCTBYET BOJIHAM, GeTYIUUM B pasHue cTOPOHH. HaJo-
XeHHe JBYX TaKHX BOJH C PAaBHBIMH aMOJIHTYAAMH [aeT CTOSYYK BOJHY

cos nQ, cos(cn t+a)

(8) (N—s) .
o Tom 2| 3|smncp sin (©,f + @,). @

ATo H ecTb HOpManbHHe KonebGaHHA (Bce TOYKH RBHXKYTc B dase uaH
npotusodase),
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B COOTBETCTBYIOLIHX HOPMAJbHHX KOOPAHHATAX

R
*p = .21 (qsl cos n@, + 752 sin ntps) + 9o,

N—1
R= g N — HederHOe, 3)

dyukuns Jlarpanxa NpHBOAHTCA K AHATOHAJLHOMY BHAY:

R

. .9 c 2

“Amliae Y [ihrih—ol (el
8=

(Ecnn ymeno yacTHU YeTHOe, To ¢opmyas (3), (4) caemyer Heckonbko
BHIOH3MEHHTL B CBSISH € TEM, YTO YacToTa ®y,; HEBHPOXKIEHHAsN; ¢op-

myna (1) npu s = N/2 cpasy xe onpelieifieT CTORYYIO BOJHY.)
HHTepecHO 3aMeTHTD, YTO NOBOPOTH B IMIOCKOCTAX (s, Je2

z ’ .
G,y = g1 COS B, — 955 sin B
7 . ’
0y, =951 5in B, + qgpc08B,
coxpausmiomue BuA QynEuun Jlarpamxa (4), COOTBETCTBYIOT CMELIEHHIO
y3J10B CTOSIYMX BOJIH:
R ’ 7 .
ra =t 3 [oisc0s (19, —B,) + o5 (19, ~B,)]
8=
Jlns Gerymux BoaH (1) cpeiHHE NOTOK 3HePrHH Mo KoAblly (CM. 33-
nauy 6.9)*)

on/o
=.£;:_ 5‘ (xn__io—xn):;ndt=_;_klAl’msintp,
0

a rpynnosas CKOpoCcThb

rp_EE _—_—V—dCOS

*) Huxe Ans KPATKOCTH MBI BCIOLY OMycKaeM HHJIEKC §. BulyncneHHe
notoka Sgp ¥ sneprun E yNo6HO NPOH3BOIHTH B KOMIAEKCHOR opme,
POCHIQAb3OBABIUACE GopMyNaMK H3 [2], § 48,
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rie a— paBHOBecHas JJNMHA OJHOR MNPYXUHKH, p = Q/a — BOJHOBOM
BEKTOp. DHeprus

=g 3 et

n=1 n=

Mz

(*a— xn—l)z = 2N | A2k sin? % =

1
5 Nmo?| A3,

H NOTOMY,

E
Na %rp = Sep

7.4. a} YpasHenua nBuMKeHHS
X gy + B (2gn_g = Xgy_5=—%,,) =0,
Mx, +Fk(2x, =X 1 —%o,14)=0,

npHueM Xy = Xon41 =0, n=1,2,.., N.
Hem pemtenne B BuAe Gerylwiux BONH PasHOR AMIIMTYNAL

t+(2n—1
£an_y = Ae fott(2n—1)9]

@)
PR Bellottene)
Das onpeaenenua A 0 B monydaeM cHcTeMY OAHOPOAHHEIX yPaBHeHH
(= ma® 4 2k) A= k(=% + ) B =0, &

-k~ 4 ) 4+ (— Mo +28)B =0,

AMCIOMAX HeTPHUBHA/BHEIE DelLIeHHs, TOJLKO eC/IH JeTepMHHayT ofpaula-
eTCK B HYJb. DTO YCJAOBHe OlpeleiseT CBA3b YAaCTOTH C PasHUCTbIO (a3
koneGaHHA coceqHUX YaCTHIl

mM
°’(=F) = (l F Vl sm’ Q ), W= (4

JOMONHUTEIBHBIM YCJIOBUAM YAOBJETBUPAIOT TOJbKO Onpele/eHHEe
JauHeiHEe KoMOHHAUNH OerywHx BoJaH (2), a HMeHHO:

xp, ¢=A,sin(2n —1) @, cos(0t+ a,),

X, = B. sin 2ng, cos (mst +a,),

2n

s

y KOTOpuX @, = I

Tak Kak (PZN-H—S =T —@,, TO pasiuiHke
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qacToThi MPH BHOOPe ONpefeleHHOro 3Haka B (4) Mbl NOJYYHM JAHLIB A%
s=1,2 ..., N.Ha puc. 137 (ans caysas M > m) OHH yKNaiHBaOTeH
JIMCKPeTHLIMH TOYKAMH Ha JiBe Pasfiuu-

HEle KPHBble, OAHY H3 HHX (@ __,) npH- ,,/_Z_k
HATO HaswBaTh aKyCTHUeCKod, Apyrylo  ba

(®(4)) onTHUECKOA. =~ cu(+)
Of6iee pelleHne HMeeT BHI --ol/E

N ")( Lod ]ﬂ

@

o o
O
o

fonoy= D sin@n—1) 9, [A 1), X -~
s=1 /“/c |
xecos{® 0+ a )+ <A v
(Ol + ) 723 v !
+ A_jscos (@t +B)],
Puc. 137,

N
= Dsin 219, [B(4)s €08 (@) ¢t + @) + B(_.cos (@l B
s=1

rie A(;t)s 2} B(is) cBsi3aHbl, corjacHo (3), cooTHowerHeM

2
Biyy= zk?k_mm@_s (4)s*
cos @,
3aneuatenpHo, uTo B(_)g M A(_,;, OTBevalollHe aKyCTHHECKHM dua-
CTOTaM, HMeT OAHHAKOBEIE 3HAKH, a B, # A4, A1a onTHueckix
yacTOT HMelT NPOTHBONOJOXKHKE 3HaKH (T. e. COCelHHe 4acCTHUH ¢ Mac-
cami m u M konebmotca B npoTusodase). Pacnpepenenne aMnjauTya
koneGanuit ana cayyas N = 10, s == 2 mokasano ua puc. 138, rae Ha ocu
OpPAHHAT OTJOXKEHL HOMepa 4acTHL, a i1a ocH abclHeC — COOTBeTCTBYIO-
IHe UM aMOAHTYAN (@ — ANS aKYCTHUeCKHX M 6 — 1J ONTHYECKHX KO-
neGaHui).
KakuM 06pasoM MOXNO [OJAYYHTb H3 DPe3y/abTATOB AAHHOM 3alaud
npefeabHulil cayuait m = M (cM 3azauy 7.1)?
6) Hopwmasbhbie koneGanus

AQ) =4, sin2ng cos (ot +a),
R K sin2n@_ + ksin (2n —2) @,
*an—1 k+ K — mo?

cos (@ .t + o),

rie

1
0= —[K + & YK — AP T 4Kk costg, |
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a @, ofipele]seTcs H3 ypaBHEHHR
K—=Fk
tg(2N+l)q>a=—-mtgq>s, s=1,2,..., N,
n
0<p, <35

KpuBhle A/ ONTHuECKOR M aKyCTHYECKOR BeTBefl 4acToT MpeacTas-
JeHn Ha puc. 139,a (npu K > ).

&
® -
-
s 3 ‘\\\
P! | SN
’ 1 1 N\
< R S S
| 1 O m———
4 [ i AN Q,—" i N
1 ! I 1 - ' i
/I | { | \ 70 1 | “?\
i T I : 1 T 1 y :’I L - e i >
~. Y T
| { ) LN ! ! | P4 {
‘\J‘ : [ ] ) i 1 /s
- N ] 1
.-__6___,.6- N : ! I
RN ¢ ! 1V
"} { ’&
~ t
*\ [ r’/
T PR
a)
)
-
P RS
TR
; ,4’ } LAY
e Sl N N R A N
Pis S R B TN
PA I [ U \
o0 N
4% ! I ! [ 1 Q
& ! | I 1 1 | My
4 L . . 4 . T T T T T T T ™7
AR ERL
[
N | | [ I ¥
AN R b
[
ﬁ\\r [ T Y %4
\\$~~ 1 1 4¢’,’
hRv L Do o
J) '-—_'
Puc. 138.

Kak coBepiHTb Nepexol K OpeledbHOMY caydato K==Fk?

B) BeauunHa @,= ana s==1, 2, ..., N noaywaem 2N

ns
2(N + 1y
HOpMaJIbHHX KoJe6aHHA H COGCTBEHHHX YacTOT, HMEIOMIHX TOT Ke BHI,
yto K B nyHkTe 6) (pHc. 139, 6). Kak HafiTH HejocTalolee B camoe HHTE-

pecHoe HopMmasbHOe KojebaHhe Xgn =0, Xgn-1K== —X3,,,k, wuacroTa
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7.5

KoTOporo @ = 5—#- JEXKHT B «3aNpelleHHON 30HE» MeXAy OnTHue-

CKOA H aKyCTHYeCKOH BEeTBSMH?
Pacnpeieniende aMnJAATYA 3TOro KoJdeGaHHs NOKasaHO Ha pHe. 140,

rage Ha ocH abcuuce OTJIOKeHH HOMepa YacTdl, a Ha OCH OpAHMHAT —

[ (5]
VEERLL YR
. NG N
. 2K -~
e hag.
m
Qﬁ-}—“"’"’%‘ “’(:LA"",ﬁ;_'
e | T
F-g | ~ |
P i P |
L1} il S 111 11 s
123 N 123 N N+
a) A1
Puc. 139.

COOTBETCTBYIOLIHE HM aMIHTYAH KojeGaHui. UacThusl, uMelolllHe yeT-
Hhle HOMepa, HeMOABHXHH, a COCe[HHe YACTHIH C HeYeTHHIMH HOMepaMu
KoJieGoTest B npoTdBodase ¢ AMIMHTYZAMH, SKCIOHEHHHAJbHO 3aTy-
XalIWHMH [PH yIaJeHHH OT JeBOrO KOHUA LeMOuKH («NOBEPXHOCTHHIA

tonon»),

Puc. 140,

7.5. a) Pewende ypaBHeHHHl ZBHXKEHHS
min + k(2Xn — Xn_y — Xn41) = 0, n=12..,N (1)

{1omonHHTeNbHEE yCNOBHR X9 =0, Xyy =acosyl) ueM B BHA@
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CTOSIUMX BOJH Xn == A sinngcosy! Tak, 9To6H cpasy yaOBAETBODHTh
flepBOMY AONOJHHTeNbHOMY yc/aoBHi0. Toraa H3 BTOPOTO YCJIOBHS HAaXo-
IHM KoHcTanty A == afsin(N 4+ 1)@, a u3 ypaBuennit (1)— «BonHOBOR
BEKTOP»  CTOAYEH BOJHH

2
sin? - = -
2 = e

4
Tlpn y2 < iyc‘raﬂosnamneca KosneGaHus
m

sin ng

xn=amcosvt 2)

HMeloT 6OJBLUIYI0 AMOMHTYAY, ecaH 3HaMmeHaTeaw sin(N + 1)@ 6Gausok

k Hymo. Ho HMeHHO 3TO yc/OBHe H ONpefle/ifeT CHeKTp COGCTBEHHHIX

4acToT @, (cM. 3agauy 7.1), T. e. Npu 3TOM Mb uMeeM caydadl, Gau3KHA
n

K pesoHaHcy, y = o,. [Ipn y € 0, 2]/._. sin ST

(2) cOOTBETCTBYIOT MeJJIEHHOMY DACTSKEHHIO H CXKATHIO BCEX NPYXKHHOK

KakK LeJ10ra:

KoJseGaHHs

n
n=amcosvt.

Ecan 2 > Ak TO, cenab B (2) 3aMeny @ = T — i}, mosiyuaem
m

h np
_(_yN+tgm,  SBAD
xn—( 1) OGN l)chosxt,

my
rne ch? _'t)?_ =T Amrmmyam Kosebanuit vactuy ybeinaior {(npn np>> |
-—-SKCHOHeHIlHaJII:HO) K JeBOMY KOHUY Lenoukd. EcTecTBeHHOCTh 3TO-
4k
ro pesyinTaTa OCOGEHHO OYEBHAHA AAA y2 x, ——, KO[/A 4acTOT3 Bhl-
m E

HYXAAIOWER CHJIN JICKHT ropasfo Bblllle CNeKTPa HOPMANbHBIX 4YacTOT.
B sToM ciyyae KpafiHAs NpaBas qacTHUA KOJeGJeTCs ¢ MaJoi aMILIHTY-
Lol B mpotuBogasze ¢ BuHyXAawmed cuaod, a (N—1)-a uvacruua
B NepBOM NPHOMMKEHHH MOKOHTCH. 3aTeM MoxHO ABdxenne (N —1)-it
YacTHIB paccMaTpHBATh KakK BLIHYXK/eHHOe KoJeOaHHe, BhI3BaHHOe BH-
HyXaaouef cHaof GOMBIOA 4acTOTHl CO CTOPOHH N-fi yacTHUH, H T. O.

OTMeTHM, 4TO B SIBJEHHSAX MOJHOrO BHYTPEHHOTO OTPaKeHHs HMeeT
MECTO aHaJOTHUHOe 3aTyXaHHe BOJHMN (HanpHMep, NPH OTPaMKEHHH KOPOT-
KHX pajidOBOJH OT HoHOocepH).

4k

Kakolt BHA MMeeT ycTaHoBHBUIeecs KoJeGanne npn Y2 = —2
m
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_ cos(N—n-+ %)o
6 =05 (W + %o

cos y¢,
my? 4k
sin”—%—:z};— npr Y2 < -,
sh(N—n + %)
xn=(—=l)"a SV F %) P cos y¢,

Y _ my? 4k
sy T e V>

7.6 Ecau wactoTa BHIRYKZAOLlefl CHJIB JeXKHT B 004acTH aKyCTHUe-

CKHX COGCTBEHHHIX YaCTOT ) < y3 < 2k/M WIH B 00MaCTH ONTHYECKHX

co06cTBEHABIX 4acTOT %Zli << % (cM. 3anauy 7.4a), TO yCTaHOBHB-

mHecs KoaeGanus

sin@n—1)9
X1 =G ON F g COSVE
2k — my? sin2n
= + V P
=Y e smeN ¥ eV
— MY2Y2k — my?
rae cos? @ = (2k — MY*)(2k — mv?) a BepXHUA (HHMXKHHM) 3HAK OT-
2

443
BeyaeT 4acrote Yy, Jexawlefi B 06/1acTH aKYCTHYECKHX (ONTHYECKHX)

co6CTBEHHHIX 4acTOT.

Jna ua 0T2k 2 2k ux i
i T <Y < - JeXallux B «3anpelleHHOH 30He»,

N ch(2n—1) ¢
Kon—y = (= D" T Ty oS v,
= (— )N+n "ok — my? sh 2np y
Yo = =D Y GG EN F O S

(2B — my?) (My? — 2k)

sh?p = 352 s
H 1A 4acTOT y2 > k/p, JEXKAlHX BhIIe TPAHHIE ONTHYECKON BeTDH,
sh@n— 1)y

Yo 1= ON T . PREY cos ¥f,

/3% —my®  shany

_— vt
mTTYY T MpEWEN I
(My? — 26)(my? — 26)
ch? y = 7Yy ’

KOﬂeGaHHﬂ 3aTyxa}0T K JleBOMy KOHlly NEeNoUYKH.
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7.7. a) Pemense ypaBHeHHH ABHXKEHHSA
mia+ k(2% —Xpei—2%a41) =0, n=12..,N—], [¢))]
MyXy+k(2%y—Xy_1) =0 @)
(nononHHTebHOE yca0BHe Xo == () HuleM B BHAe CTOSUHX BOJH:
= A sin np cos(of + o), n=12 ..,N—1,
3)
xy = Bcos(of + a),
U3 (1)HaxopHM cBs3b

4k .o
Fsm‘T = 0f,

M3 ypaBuenndt (1) u (2), ¢ yuerom (3) u (4), nonyuaem cHcTeMy
AsinNg—B =0,

--Asm(N-—l)cp+( Nsm"‘ q>-1—2)3 0.

Orciona B = A sin N, a napamerp ¢ onpejensercs KaK pelieHHe TPaHC-
LeHAEHTHOrO ypPaBHEHHA

sin No ( N sin2 2 q> —2—cos cp) = cos N¢ sin . (5)

[Ipu my >>»> m, KpoMe OUEBHAHHX HOPMaJbHBIX Kojae6aHufi, Koraa yacTH-
Ua my NMOYTH HenoABHXHa (sin Ng,<k1),

9 = A sinng cos (v t+ a), n=12..0N,

m ¢
tg No, & 5,— cos 5, s=1,2,...,N—1,

HMeeTCs HOpPManbHOe KojeGaHHe, NMPH KOTOPOM aMIVIHTYAH 9YacTHU JH~
HefiHO YGHIBAIOT K /IEBOMY KOHIY UEMOTKH,

k 1
‘N)—BTcos(mNt-i—aN) mlz\,:a(lﬁ——ﬁ).

Yactuua my NpH 5TOM KOJeG/eTCS MeX1y NPYXHHKaMH XKECTKOCTH R
(cnpaBa) u xkecTkocTH R/N (cnesa). Tot ¢akT, uto ypaBHenne (5) HMeeT
nogo6HOe pelleHHe, YCTAHABJHBAETCH CAeldyIOIMM paccyxaeHHeM. [pen-
nosaras ¢ MaJblM H COXPaHAA JIMIIL rJaBHble WieHhl, noayuuM H3 (5)
m 1

¢ = TN—(I + b2 )B NOJIHOM COTJIACHH €O CAeJaHHHM MPeAnoJoKeHHeM,

Ipn my < m umel0Tca obuuHble KoleOaHHsA, XapaKTepHHe A1 CH-
¢TeMbl M3 (N — 1)-f 4acTHUH ¢ NPYXKHHKOH XKecTKOCThbio k/2 Ha mpaBoM
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KOHIe (MapaMeTp @, H YaCTOTH ©, ONPELENRIOTCA H3 yPaBHeHHA tg Np ==
sin ¢

T 2—cos (p)'

KOTOPOM aMIVIUTYAb! 4acTHL yObIBAIOT K JIEBOMY KOHIY LENOuKH

Kpome HHX, cylnecTByeT HopMaJbHoe KoJeSaHue, nNpm

N N sh ny
AN = (— nNing Sy cos (ont + ay),

@opMajibHO 3HAYEHHe NapaMeTpa P MOXHO MOJAYYHTh H3 ypaBHeBHA (9),
cllenaB 3aMeHy @=mx — i} H npeanosaras p GoabwnuM. DTo HOpPMaJb-
Hoe KkoJebaHHe MOXKHO paccMaTpHBaTh B [epBOM npHOIHXKeHHH Kak
npocToe KojeGaHHe YacTHLB MaJjofi Macchi MPH NOKOAINHXCA OCTaJbHBIX
yacTHLAX, a 3dTeM DacCMOTPeTb ABHXKeHHe OCTA/JbHBIX YacTHI KaK Bbl-
HyX/JeHHbIe KoJeOaHHs Mol AeACTBHEM BLICOKOUACTOTHON CHIB kxy == -
= kB cos(ont+ cy), NPHJIOKEHHOH K NPaBOMy KOHLY LENOYKH H3
N — 1 onuHakoBbix uacTHU (cM. 3amady 7.5a).

6) Ilpu ky41 < k peluenne coBmajaer ¢ pellleHdeM 3anaun 7.2. [1pu
kn 41 > k UMelOTCAd HOpMasbHble KOJcOaHHS, MPH KOTOpeIX N-g yactHua
NOYTH HENOABHIKHA:

s 4k
X)) = A sinng cos (04 + ay), ol = — sin? %,

ST
Q= s=1,2,...,N— L

[TapaMeTp @, onpenesseTcs B3 ypaBHEHUS

k
(2 sin? _‘121 — Nk“) sin N = cos N sin ¢, (6)

KOTOpO€ B paccMaTrpHBaeMoM HPH6JIH)KeHHH HUMEET BHA

k
th(p==—kN sin @.

+1
¥Ypapnenune (6) nonyckaeT ellle OJHO PellieHHe, KOTOPOE MOXHO [OJYUHTb,
IOJIOXKUB (p = L — P H npeanosaras P GOAbIINM. B 3TOM cayyae HMeem

h
N = (= pNtHigy ToE z’\l;fp cos (@t + ay),

che ¥ kN1 0% = kN._'H_,

2 3%k " N Th

T. €. aMOJANTYARl HacTHI, y6uaax0T K JICBOMY KOHUY LENOYKH,
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KakuM o6pasoM MOMHO MOJYYHTDH 3TO MOC/TeNHee KoneGaHHe, HCTIOb-
ays peaynbTaThl 3afaud 7.5?

7.8. TIycTb @n — Yroq OTK/JIOHEHHA f-TO MAasATHHKAa OT BEPTHKAJH.

a) §-e HOpMaJbHOe KoJje6aHue

1
P, = Ascos(n—-—Q—) Ps « COS (mst + o),

rie creKTp uacTor (puc. 141) HauHHaeTcs cO 3HayeHHs Wy =1 g/i:

o _ 8 4k LY
05 =7 —}—msszs,
s
lpa=—1v', s=0,1,2,..., N —1.

6) SlcHo, uTo np¥ b —a =0 Bce MasTuuku (B uHEfiHOM MpHGIH-
HEHHH) KOJMeGTIOTC He3aBHCHMO APYT OT APYyra ¢ 4actoTol Wg == )/ o7,

wf
of
2
Wy

2
(‘}(7

'
1
I
|
|
1
|
H

|
E
23 N s

~
w

)

Y

[ S
T hmmmmmmmmemmm e

|
I
[}
1
|
I
I
|
t
i
|
1

=

Puc. 141, Puc. 142,

C pocTom napaMetpa b —a npyXHHKM CHadajla 0clab/sioT BO3Bpallalo-
lyl0 B MOJIOXKEHHe PAaBHOBECHA CHJY TAMKECTH, a 3aTeM HAuHHAIOT «pac-
T4NKUBATB» COCEJHHE MAATHHKM, TaK YTO MaJjble KO/e6aHus MaATHHKOB
B6IM3H BEPTHUKAJH CTAHOBATCH HeyCTOHYUBLIMH.

Oyukuus Jlarpanxa cHcTeMbl

1 el 22 kr2

= o2 =

L-—-_2__m122q;n—-U, U—Z(——mglcoscpn—l—_;_'),
n=1 n=1

rlle yAJHHEHHe n-il npyXHuHKH (npHHUMaeM [|A,] <K a)

. A 12 o 12(a?4 3% 4
rn=Va2+4lzsmz—2"———bka—b+%An—__ﬂ(.z.a_.)_An,

Ap = P ™ Poyy e
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C TOYHOCTbIO AO YJIEHOB (Pil BKJIIQYHTENbHO

1
U=—mgl 2 (cpﬁ —aA2— 11—2 ek 4 ﬂAfl) + const,
n

1
(b—a) kl M

1 kbl3
amg * B=17

a= 17 ¢t Imga®

YpaBHenus ABHXKeHHSA B JHHEHHOM MO Qn NPHOIHKEHHH

. g
P + T [an —-a (2an =Qup1 (Pn_1)] =0

HMelOT pelieHHa B BHAE 6eryumx BOJIH

9, = Ael@EnD @
¢ yacToTaMH (cM. puc. 142)
2 __ . ﬂJ _. s .
ms—_lg_(l—a4asm2_2i), ﬂJs——_N_, s=0,1,..., N,

IpHYeM 9acTOTH g H Oy HEBBIPOXKIEHH, a OCTaJbHbie YaCTOTH ABYKpar-
HO BBIPOXJEHH.
OTciofa BHIHO, YTO NPH

4 —1>0, Hﬂﬂb—a>%§7a‘, 3)

KoNeGaHNns HeyCTOHYHBLI — HEKOTOpLIE ©2 cTaHOBATCA OTPHUATENbHLIMH.
Paublue Bcex obpamaercs B HyJMb yacToTa ©y. Eff cooTBeTCTBYET PN =
= @, T. e, HOpMa/JbHOe KoJeGaHHe THNA <«TapMOIIKH», NPH KOTOPOM
cocefHHe HacTHUL KONMeGMIOTCH B NpoTHBOGAse: @, == — Pp.;. EcTecT-
BEHHO MO3TOMY H HOBOE TMOJOMEHHE DPaBHOBECHR @ng¢ HCKATb B BHIE
«TapMOIUIKHY»:

Qio = — P20 = P30 = =~ QPag = ... = — Pano = Q. (4)

. d
3HayenHe ¢ HafileM H3 YCJIOBHA PABHOBECHS = = 0, HIH
Pn

1 3
D=2 (20, =Py = Ppq) —F Pt 2 (¢, — Pny1)® +

+ 2B (9, ~ Pu_y)® =0, (5)

YTO Jaer

. 6 (40— 1)
=41/ 82—
=TV =i
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PaccMoTpuM Tenepb Majble KodefaHus BOJH3M HOBOrO MOJOMEHHS
paBHoBecus (4). Beeaem Maible cMelleHHS

Xn = Qn — Pno,

TOrla ¢ TOYHOCTBIO A0 .\:,2l BKJIOYHTEIbHO [OTeHUHAAbHAs 3Heprua (1)

pasHa

1
U=7’”g12[(1—’7¢2)xi«<a=245¢2>x
n

X (%, — xn+1)2]+ const.  (6)

CpasuuBas (1) u (6), JerKo yBHAETB, YTO X, HMEET PellleHHe TAKOro Xe
BHIA, KaK H @, (2) ¢ yacToTaMH

2 __
@) =

1 LY
—f— [l — @2 — 4 (a — 24P @2) sin? Ts]

o 1
Onnako Temeph Ans Majablx g2 <§4—B<_2- BCE (og HOJOKHUTENbHE

(cM. (3)):
2 2
(of>i£[l=——c—g—-—4(a—-24[3cp2)}=7‘g (4o —1)>0,
T. e. Majanle KoJeGanus BOAM3H HOBOrO [MOJOMEHHMs paBHOBecHs (4)
YCTOHYHBHI.

TakuM 06pasoM, ¢ PocTOM NapameTpa o lePBOHAYAJNbHAST KOHGHrY-
pauus BepPTHKANbHBIX MasTHHKOB CMeHsIETCS «rapMowKoi». Takoe usMe-
HEHHEe CUMMETPHH NONOGHO M3MEHEHHIO CHMMETPHH TepMOJIMHAMHYECKHX
cHcTeM TIpH (a3OBBIX [epexofax BTOPOro poja. AHANIOrOM o INPH 3TOM
IBJSIETCS BHELIHHI MapaMeTp THIA TeMINepaTypPhl, MATHHTHOFO [0S K T. 1.
(cM., nanpumep, [23])

KoneuHo, ypaBHenue (5) MOXKET HMeTb U APYyrHe HEHYJIeBble pellle-
HHS, KpoMe HafiftenHoro (4). Hanpumep, eMy yLOBIETBOpPSieT 3HAuYeHHe
9, = V'8, xotopoe, oHAKO, He sBAseTCs (QUINYECKHM, TaK KaK OTBeyaer
GO/MbIIMM YIJ1aM OTKJOHEHHSl, & caMo pasjoxeHHe (1) crnpaseiaHBo
JMIOL TIPH MaJHX .

7.9. a) Tok B n-h karymke 0603HaUUM §n. DyHKkuus JlarpaHxka

1 . 1
~ 72 | 20— & (9= 0aa)? | + Vs cos v

(Tox uepes compoTHBJeHHe Z 0603HaueH ¢y 41). KoMIeKcHOe comporus-
JdeHne Z(Y) MOXKHO BBECTH B YypaBHEHHSl [BHKEHHA C IOMOILBIO
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JUACCHNATHBHON (QyHKLMH *)

I .
o —— 2
F = 5 ZgN1y-

ypaBHeHHﬂ ABHXKEHHU A

. 1
Zq1 + 7 (@1~ q3) = Ucos vt, M

. 1
.?qn—}_—c_(?qn—‘qn—-l—qn-l—l)zoy n=2r3""’N' (2)

cl‘_ (In+1—9N) = Zdn41 @)
Pemrente uileM B BHAE
9, = Re (Aetvi—in0)
npuYeM MOMeM CUHTaTh, He OTPaHMYWBas OGWHOCTH, 4TO — /2 < @ <
< n/2. Ua (2), (3) nonyyaem
+ 9 VZC = 2sin (¢/2), 4)

= 1 (o V £i0/2
Z= C( —1)=+ =

~—v,<2’+]/c(1— ZCW) (5)

[TocKOJbKY B CONPOTHBJEHHY Z NPOHCXOAHT AHCCHMALHS SHEPrHH, JOJIK-
HO 6uiTh ReZ >0, 1. e. B (5), a clefoBaTeJbHO, H B (4) HYXHO BHOpPATh
snak nuoc. Ipr stom 0 << ¢ << n/2. AMnJauTyaa MOXKeT GHITb Onpeje-
Jena u3 ypaBHenHs (1).

Mpu 42 > ZC/4 pacnpocTpaHelne GerywHx BOJIH MO ucxyccmeHHon
JIHHHH HeBO3MOXHO (cp. ¢ 3ajaueft 7.5a),

*) 3ameTrnM, UTO YpaBHEHHS ABHXKEHHSl AJ5 LleNH C TapMOHHHECKHM
HanpsxeHHeM 49acTOTH ® MOXKHO NOJYYHTb H H3 OAHOH JIHUIb «AHCCHIA-

THBHOH (GYHKIHH»
- Ez (©) 72

YpasHeHHs HMEIOT BHA Qﬁ = (0 (pynruua JlarpaHxa npuHsTa pas-

Tn
HOH HYyJIO),
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6) YpaBHEHHs ABHXEHHS
. 1
L1 ypa T T (Wyney — Ty —9y,) =0, n=2,3,..., N,

. 1
92q2n+?—(242n'—q2n—1 —09p41) =01 =1,2...., N, (9

¢ TOYHOCTBIO A0 OG03HAaYeHWI coBnamaroT ¢ ypaBHeHHAMH (1) B 3apmaue
7.4. Kpome Toro,

- 1
qun+‘5—(q1—q2)=UcosYt, @
1 .
T (9an41—%2n) =~ 20511 ®
Pellense HileM B BHAE \
g, _, = Aetvt—itZn—1o
2n—~1 ')

qz =Be‘ivt——i2ncp.
2n
He orpannunpas oGUIHOCTH, cunTaeM — nf2<S@<<n/2. U3 (1)

(l—y2/y%)A—cosq>'B=0, , 9 "
cosp-A—{(1 —vy2/y)B=0, =2l i
OTKyZa
cos? @ = (1 —v?/9§) (1 — v*/33).
IlycTs, HanpuMmep, y; <yz YcaoBua 0 << cos?p << 1 BHINOMHAKTCR
npu 0 <<y <<y (o6nacTh <«aKyCTHYeCKHX» BOJH, Cp. ¢ 3ajgauei 7.4)
H IpH Ve < Y<Vm (o6nacTh «ONTHUECKHX» BOJH). Bue sTofl

o6aacTH pacnpocTpaHeHHe OGerylUHX BOJH HeBO3MOXKHO (cp. ¢ 3aza-
geit 7.6).
Ha dopmyan (8)

LB st g B sing
B .
3pech, Kak ¥ B MyHKTe a), AOMKHO 6HTh ReZ > 0, T.e. — Sing>0.

B obnactd Y<<Y; aMnautyan A U B UMEIOT OXHHAKOBLE 3HAKH, TaK YTO
@ =>>0. B obnacty 3, < 7<< VY% + Y%» HaoGopot, B/A <0 u ¢ < 0.
[oncrasue 8 (11) 3navenns B/A, cos ¢ u sin ¢, nonyudeM OKOHYATEJILHO

- 271"!"92 glggc _Yi 2“"2,1(:?’ i
Z—V—za‘ ("“szﬁ-g’,' 2)2.=.<z>,cv=+ 2 Y21
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OrpuuaTe/bHOe 3HaYeHHe @ B O06JAaCTH <«ONTHYECKUX» KoJeGaHHA
osHauaer, uTo (a3oBasi CKOpPocTb Oeryuleff no JIMHHM BOJIHH HanpaejeHa
OT CONMPOTHBJAEHHA Z K HCTOYHHKY HanpsKeHus. [pynnosasm e CXo-
pOCTb, ONpefesolas NOTOK Hepruy (cp. ¢ 3ajaued 7.3), ecTecTBeHHO
WMeeT NPOTHBOMOJIOXKHOe HampasJeHHe (cM., Hanpumep, puc. 137, rae

do
Orp (+) <0).

7.10. ypaBHeHHﬁ KoJleGaHHN AHCKpeTHON cHcTeMHl (cM. dopmyay (3)

3afaud 7.1) npeoGpasyeM K BHAY

. a (xn-!-l—-xn xn_xn—l) 1

— kg — — — =0,
x, a— p p 2 0 N
m Nm
Beanunna — — a B NIpejieJie HMEEeT CMBIC/ JHHEHHOM IJIOTHOCTH CTep K-
a a
X, —%, _
ua p. OTHOCHTe/IbHOe yA/IMHEHHE OTPe3Ka a, T. e. BeJHYHHA ,
a

X —x
NpPONOPLHOHANBHO AeficTBYiowledl Ha Hero chie F = kg 2 1 - n=1l qo.

’
3TOMY B Npejiene ka HMeeT CMBICA MOAYJA ynpyroctd crepxHf x. Takum
o6pasoM, ypaBHeHHe (1) B mpejesie nepexoAHT B BOJHOBOE ypaBHeHUe

2 , 2 , ¢
d xa(tE )-— v? 9 xa(ggz ) =0, (2)

Tiae U=}/ y/p HMeeT CMBICA $a30BOA CKOPOCTH BOJIHAL

Bmecro cucteMnl N OOGbIKHOBEHHBIX AHdepeHLHaNbHbLIX ypaBHEHHH
MBI MOJNYYHIH OIHO YypaBHeHHe B YaCTHBIX NPOM3BOAHBIX (cp. ¢ 3aja-
ueit 4.29).

OTMeTUM, 4TO /5 AAHHOTrO BLIBOLA HeOOXOAHMO BaXKHOE MPeAnoJo-
¥eHHe O TOM, YTO QYHKUHA %, (f) CTpeMHTCH K ONpeAejeHHOMY npefeny
x(E, {), aABasoWeMycst JOCTAaTOYHO IMIaAKOH ¢yHKUHeH,

7.11. [Ipy Maablx @ MOXHO mNpHGJMXKEeHHO NPeACTaBHTb CMelle-
HUA B BHIE xn=x(& 8, Xnzi=x(Exa, H=x(E OHE

(.1, a* () a® #x(E, 0
ta—5e - t7 T 1§ T am
HHe (2) 3asaud 7.10 nepexoAHT B ypaBHeHHe

+ ....[lpu atom ypane-

xa? 0%

0%x
1—2")5?=0. 1

® 0%x
™ p 08?
B To Bpems, Kak Kaxaoe H3 ypaBHeHHA (1) 3agaun 7.10 coepXHT
EMeIleHHss TPeX COCelHHX TodeK (AanbHOAeficTBHE), ypasmeHue (1)
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COLepMUT JHUIb CMelleHHe ¥ B LaHHOM Touke § (GauskoneficTBue). Uien
xa? dx
" 1208}
JIOTO OTJHYHA CHCTeMbl OT HenpephiBHOH.
TMonpoGree 06 yueTe NpPOCTPAHCTBEHHOH [HCIEPCHH H HCC/ELOBAHHH
ypastenus (1) cm. [19], ra. 4, § 4.

B ypasHeHHd (1) cooTBeTcTByeT NPHONHIKEHHOMY yueTy Ma-

§ 8. Heanuefinvie xoaeGauus

8.1. a) YpaBHeHHe JBHXKeHHS

X4 0 = — pa? M
pellaeM MeTOAOM MOCJeL0OBaTelIbHbIX MPHOAHKeHHH (cp. ¢ 3apaudeit 6.34):
x == xy+ Ox = Ae'Ot |- Are— 00l | 8y, (2)

«Cuna»
— Bxg — BAseSiwut . 3ﬁA2A*eim°t _ SﬂAA*ze*im“t _ BA*ae-—simot

COJIED2KHUT pPe3OHaHCHbIE cJjaraeMble
— 3pA2A*e'®! 3B AAR 0 = _ 3B1 4|2 x,

2 o
KOTOpHIe YI06HEee NPUCOSAMHHTD K C/1araeMoMy @yt B JieBol wactu (1),
310 NpUBOAHT K 3aMeHe

- 0?=0243p[A[2.
o §x moayuaeM ypabHerHe
8x + w28x = — B (A% |- xomnn, conpsxk.),
OTKyAa
S6x = ‘8%2 30t | gomna. conp k.
Hrak,
x = acos (of + @) + -362%::05(30)! +3p) A =—é—aeiq’

(cp. ¢ [1], § 28). Ha puc. 143 usobpazkeusl rpaduxu x(%).

Mpu P > 0 npoHcxoIHT orpanHyeHHe KojeGanui, mpu P << 0 Mak-
CHUMYMbl CTAHOBATCSH GoJjiee OCTPHIMH. ITH 0COOEHHOCTH KosleOaHHH M 3HAK
NOnpaBKH K 4YacToTe HETPYAHO ycMorpeTh M3 rpadmka U(x). Hpyrue
cnocoOul pewenus cM. B 3aadax 1.9 g 11.258,
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6) Pewas 3apauy TeMm xe cnocofoM, uTo H B MyHKTe a), MOAyuaeM:

2 . 2 *2 .
x = “_Az 2ot __ 201 AR | ad= e—2i00t

2 2
“g @5 30

x = acos (0, + @) — 2 —l— 2 cos (204! 4 2¢).

Hckaxenne koneGanuii HecHMMeTpUUHO (pHc. 144).

z B crenyomeM npuSAHKeHHH B
«CHJIE» —a (x-46x)2 HYXHO

\ -

Puc. 143. Puc. 144.

YUHTEIBATb cllaraemoe — 2axodx, cofepxamiee pe3oHaHCHbIE WIEHH

2 Oa
?iAzA* ﬁﬂot_.__AA*? —1w.,t+4iﬂ 1 |A|g €.
30 0 30 ‘”0
3TO NPHUBOJHT K 3aMeHe
© 5a2q?
D= 1205°

82,

1 !
% = @ cos 0f ——— ya® cos 20¢ + —~ ya?,

vzazw
0 =0+ .,
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83.
aQ? a2Q¢ ]
0 =g cos ¥ + To(g —1am (g — aim) o 2
(o603nauenns 3anaun 5.9).
84. x = xO4 x4+,
A0 — [, cos ,? [» cos w,t
= 2 2 2 2y’
m(mo—mj) m((oo——(oz)
2 2
A =— 2 °‘1;1 e 2 al;z 2\2
2mm0(m0—m1) 2me} (0f — 0f)
af% cos 20,1 af% cos 2w,!

—

- 2m(m%—-4m%)(m§—-m%)2 - 2m((03—4m§)(mg-—~m§)2
— af1fy cOS (0 — @) ¢ .
m|od— (o —me)zl(m%—m%)(mg—mg)
aff, cos (@) + w,) ¢
mlm% — (O + mz)zl(m%—— 0f) (0§ — i)’

-—

KakHe KOMGHHAIHOHHBIE YacTOTH BO3HHKAWT MPH YYeTe aHrapmo-
mPxt
?

HHYeCKON MonpaBkH §U = 7

8.5. dyukuus Jlarpanxa
m . . k N
= () =5 (VI=97 F &~ 1) —mgy =

m e . 2
=—2-(x’+y’-—m%x2—-(0§yz‘_3‘ﬁys+20"‘“.'/)+ veey

rae
2_ & ,_ me 2 _ k.
o=, I=l+ 3. =7,
ki, 3kL,
a=-g.m B="7"
DefictBys Ranee Tak e, Kak H B 3agaue 8.1, mosyuaem
N aab
x=agcos (0t + @)= 20, (20; + o) cos (0! + 0t + ¢+ ) +

aab
1 26, @o, —ag) °08 (O1f = @l + @),
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aq® — b2 Bb?

=beos (gt )+l o Oy cos (gt +29) +

aa?
-+ ) cos (2w,¢ 4- 2¢).

2(03 — 40}

AHrapMoHHyeckHe MONPaBKH Pe3KO BO3PACTaiOT MpH 20 = w, Cay-
gafl 20;== ®z paccMoTpeH B 3agaue 8.10,
8.6. a) Pewenne ypaBHeHHS HlleM B BRIe

x = Agiot | A *g—iut,

IMpupaBHuBas KoapPUUHEHTH NPH €9, noayyaem

(03 — 0 + 2h0+-38 | A12) 4 =%f,
OTKyJa

[(03—o0? +3B1 A2)2 + M2 AP = %

HccenenoBante 3Toro ypaBHeHHs, KyGHuecKoro oTHOcHTeabHO |A |2 MoxHO
npoBecTH NMOAOGHO HCC/eJ0BAHHIO AHAJOTHYHOro ypasHeHHs (29.4) B [1].
8.7. a) Pewenne ypaBHenus xKoneGaHuil

¥+ 2k + 02 (1 + A cos 20f) x + Bxd =0 0

HuleM B BHI€
x = Ae'® 4 Are™!OF, 0l

[pHYEM COXpaHAeM TOMbKO YJeHM, collepiKatlne e L0t *y [pupasuusan
+iwt
HYJI0 KO3(pdHuLLHEHTH npH e , Haxoaum

h
Tm%A+((o2——(o(2)—2imh—36|A|’)A*.—=0,

(3)
h :
ngA* +(mz—m§+2;m,x —3PAPR)A=0.
He pasuoe nyaio A BO3MOXHO NPH ycaonua
I 9 .
—2’—(,)3 w2 — 02 — 20k —3B| A2
A =0, (4

w? — 03 + 20k —3B| A2 —2-(03

*) Mpeanosaraem, 910 wieHn ¢ e*3/9?, 3naunrtenbho Mensluue, GyayT
KOMMEHCHUPOBAHH BKJAAOM B (Z) TpeThed [APMOHHKH, KAK 3TO BHIHO

Ha naJbHefilnero.
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OTKyZa

lAﬁ:QI—B[ _m0+l/( mg) (2mk)2]. ©)

U3 (3) noayuaem *)
. A 4A
sin 2¢ = Im o= " oy

(6)

_ 2 A \2
cos 2¢ = + 3o (7@0)—(2mx)2.

Hrak,
x = acos(o! + ¢), (7)

e A= % ae'®,

3asucumocts |A]2 oT ©? H306paxena ma puc. 145 (ana onpeleneH-

poctH cuutaeM B > 0). B HekOTOpLIX 06jacTiX 4acTOT BO3MOXKHH fBe
HJIH TPH (CYHTas HYJeBYyio) Das3jny-

lz Hble AMIIHTYAB YCTAHOBHUBIUHXCS KO-
JaeGanufl,

AMnauTyAE, COOTBETCTBYIOLIHE
yuactkam AD u CD, peanbHo He ocy-
IeCTBJAIOTCA, TAK KaK Takue KoJe-
GaHus HeyCTONUYHBHE (LOKA3aTeJbCTBO
3TOr0 OTHOCHTEJbHOro ydactka AD
CM. B Cile[yloIeH 3a1ade, a HCCIeN0-
BAaHHE YCTOMYHBOCTH KoJeGaHHA Ha
yuactkax ABC, CD u DE cm. B [8])

6) C yueroM TpeTbell rapMOHHKH
X HMeeT BUJ

X == Aeimt+A*e—imt+ Be3‘imt+ 3*2—31'&)!. “ (8)

Mu npeanonaraeM, uto |B| < |A|, uto 6yner moaTBepxAeHO pe-
syaptatom. Iogcrasnsas (8) B (1), BELIeNHM WiIeHH, comepkamue €%,
NpH STOM OINyCKaeM NpousBefeHHs B na maunie napaMerprl. OKa3uBaeTcs,

BAZ)

1A

Puc. 145,

16 + 3ot ©)

u, ReficTBuTeNbHO, |B| « [Al.

*) ®opmyan (6) omperensioT $haszy ¢ TOYHOCTBIO JO C/AAraeMoro A,
Onpenenenne ¢asn ¢ GOMbIIell TOYHOCTHIO He HMeeT CMhic/Ja, TaK Kak
H3MeHenHe a3kl Ha N COOTBETCTBYeT MPOCTO CABHIY Hadyajla OTCUeTa
BPEMeHH,
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Takum o6pasoM,
x = acos(of -+ @)+ b cos(3w! -+ P), (10)

rae b=2|B|, p==arg B.

Hetpyaso 3aMerntb, 9TO MNATAs TapMOHHKAa OKaXKeTcs Masofl BTO-
poro nopanka (~ h?A), ceapmas — tpersero (~ h%4) u 1. 1. D10 cay-
KHUT OGOCHOBAHHEM HCMOJb3yeMOro crocofa BbHIUHC/EHHs aMmiuTyd. er-
Hbie TaPMOHHKH He BO3HHKAIOT.

8.8. a) MmemMm pelleHHe ypaBHeHHS B BHAe

x(f) = a(t)cos ot + b(#)sin of, (M

rge a(f) m b(f)— MemneHHo Hu3MeHsolmHecs QyHKUUMH BpeMmend. [lan
onpefenenus a(f) u b(f) moayuaeMm cucreMy ypasHenmh (cm. [1], § 27)

. hw,
a+(m—w0+T)b=0,

@
5—((0_(00_’%9)41: ,
Ecan |w; — wo| << hwo/4, TO €e peurenue
a(t) = a1 (Cie~** + Coe®t),
b(t) = ag(Cie—*t — Coest), (3)
rue
s= - VI —T6@ =, ay =V e, £ Ao —=0y).
Otcona
x = C’e® cos(wt — @)+ C”e~*t cos(wt - @), 4)

rae tg g=a,/as (puc. 146).

Takum o6pasoM, KoseGanHs, BooGule roBops, HeOrpaHHYeHHO BO3pa-
craior. CKOpOCTb HX DOCTA, XapaKTepHayeMas BeJHYHHOR §, nefCTBH-
TeJbHO MaJia. B pealbHHX YCIOBHSIX BO3PACTaHHE BMIJIMTYAH KoseGanHi
npeKpaniaercs, HANPHMEp, eCJH CTAHOBUTCS CYIIECTBEHHOR pOAb aHrap-
MOHHYECKHX MONpaBoK (cM. 3ajavy 8.7) HAH o6paTHOe BJIHAHHE KoJeba-
HHH HAa YCTPOHMCTBO, MEPHOAHYECKH H3MEHsIOllee JacToTy.

[TonesHo 0O6paTUTh BHHMAaHHE Ha AHAJOTHIO MEXAY MOJYYeHHbIM
pe3syaLTATOM H OCOOHM peilleHHeM 3ajaud O HOPMAJbHEIX KoJeGaHHAX
IleNOYKH YACTHI, COeMWHEHHHX NPYXHUHKAMH Da3jHUHOM KeCTKOCTH (3a-
naua 7.4). HeonHOpPOAHOCTb € MEPHOAOM 2a BJOAb LENOYKH NPHBOAMT
K HAPACTAHHIO BIOJb LENOYKH AMILUIHTYAH yCTaHOBHBIIErocs Kojae6anusd,
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npuueM «[JHHA BOJHHI» paBHa 4a (pwc, 140), nopo6no TOMY Kak mepuo-
AHYECKOe H3MeHeHMe CO BpeMeHeM 4YacCTOTH OCHH/ATOP3 MPHUBOAMT
K BO3PACTAHHIO CO BpEMEHeM aMIIHTY/bL

z

Puc. 146. Puc. 147,

Ewme Gosiee NOJHYI0 aHAJOTHIO MOMXHO OGHApYyXHuThb ¢ 3anadeft 7.6.
O6nacTd HeyCTOMYMBOCTH OTHOCHTEJBHO MapaMeTPHUYeCKOro pe3oHaHca
COOTBETCTBYET 3amnpellleHHasi 30Ha COEKTPa KojeGaHUfA HENOYKH.

K NofoGHEM e YpaBHeHUAM IPHBOJAHT B KBAHTOBOH MeXaHUKe
3ajaya O [BHMEHHH YacTHUH B NEeDHORHYECKOM nose. B sToit 3anaue
TaKke NOABJAIOTCH «3aNpelieHHbe 30HbI» H «10BEPXHOCTHBIE COCTOSHHSAY,

6) Ecan |0 — o] >hwo/4, TO

x = CP; sin (Qt + ¢) cos ot — CP, cos (Rt + ¥) sin v,

1
rhe Q =TV16(m—m0)2— (hog)? ,
V(o —0,) + ho, npr © > oy,

N Ao ks
L2 + Vi(w, — o) T ho, npr 0 < ,.
Koae6anusa npeacTaBisioT cobolt GueHua:

x=C V4]0 =0, — A0, cos (2Q{ ) cos (ot + 8),

rae 0 — measnenHo Mensomasca ¢asa (cM. pHc. 147). Ecam uacrora
npuGankaeTcs K rpaHdie o6JacTH HeYCTOHYHBOCTH, TO FJIyOHHA MOAY/A-
nuH KoseGaHui npuO/aMAKaeTcss K NOJHOMN, a NepHOfA, HX HeOrpaHHYEHHO
pacrer.

Kakos sug kosne6anuil npu | — og| = hwo/4?

8.9. ITycTb npu 0 < ¢ < ¥ KoseGanue x = €101,
Tt << 2,

Torza na otpeske

x = gel@t 4 pe—i0st,

rie a ¥ b onpefesislOTCS YCJIOBHEM «CLUIMBAHHsA» NPH { = Tt

x(x—0)=x(x-0), x(T—0)==x(t+0),
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oTKyAa
= ©; + @ RICRAE
20, '
p=22 "% iwtanr,
20,

AHaJOTHYHO HAXOAHMM, UTO NpH 21 < ¢t < 37
x = aem,t + ﬁe—w,e‘,

rae

2 2
i 07+ o3
o =¢ T (cos 0,1+ i _12___2 sin m,‘r),

0,0,
2 2
L0 — @
B=isinwyredit 12,
20, w,
SlcHo, uTo KoseGanue BHAA
Aeioit 4 gt (1)

npu 0 << { << T nepexoAHT Yepe3 nepHoa 2T B KoJeGaHue
A (aeimlt 4 ﬁe—im,t) 1B (a*e_i""t + B*ei"’“) —
= (A + B*B) '™ 4 (BA + a*B) e— 0.

Haitnem Ttaxkyio JuHefinylo KoMGuHaumio (1), 4ToGnl uepes nepHoa 21
KoJieGaHHe COXPAHANO CBON BHA C TOYHOCTBIO 10 NOCTOSHHOTO MHOXHTEJN:

(@A + B*B) ! + (BA + a*B) e 101! = (Aeit’ 4 Be—10F'), (2)
afech ' =t — 21,
ad + B*B = pe—2ionty,
BA + u*B = pei®itp,
CHcreMa (2) HMeeT HeTPHBHAJIbHOE PeLIeHHe NPH YCJIOBHH
(o — pe2100%) (o* — pe?7) — B = 0,

OTKyla

Bpo=7vE V¥V -1,

rge

v = Re (222'17) = cos 0,7 cos 0,1 —

o+ o] ,
o S0 @ TSIn 0T,

Wy g
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Yepes n nepHonos KoaeGanue
By g=Agp (607 Ry ge™ ), 0t <L,
e—Zimﬂ

— oL
Ma=Hy B

nepexoauT B
x, 0 (H)=n?,A gl + A et , 0Lt =t —2nt <.
1,2 () =1y 524 o 1,2

Jlto6oe Kose6aHHe MpeAcTaBAseT cOGOH CYNepHO3HUHIO KOJeGaHHA BHIa
X1,3, B YaCTHOCTH AeHcTBHTeJabHOe KosMeOaHHe (TOJMLKO H HMemllee Hero-
cpe/icTBeHHHR (QH3HYecKHH CMBIC)

x(t) = A0t L axe—iot | ooty
ecTb cyMMma x;(f)+ x2(f) ¢

A*— XA MA— A
Av="g 3, A=,

Ecan ¥ < 1, 10 |p1e] = 1 u KoneGanus x1,2(¢) (a ¢ muun u x(f))
OCTAIOTCS OrPaHHYeHHBIMH.

Ecan xe y > 1, o puy > |, 0 aMmnanTyna KoJeGaHU HeOrpaHHYeHHO
BO3pacTaer, ATO H eCTb c/yyall BO3HHKHOBEHMS NapaMETPHYECKOrO pe3o-
Hauca. Hertpyano  yGeantbest, YTO NpH MaJofl pasHOCTH  yacTOT

~ N G N Oy

Puc. 148.

®; — w2| € @, 3T0 YCIOBHe BLINOMHSETCH, eCAH YaCTOTH GAH3KH K anjt:
(0 — )27
©; + 0,

Ha puc. 148 (BasiromM H3 [20]) nokasanbi oGmacTu HeycTofiumBOCTR
OTHOCHTEJIbHO NapaMeTPHYECKOrO Pe3oHaHca,

.

{0 + @,) T— 210 |
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8.10. Ypasuenus ABHXKeHHs
X b — 2avy = 0,
v4+do'y —ox? =0,
Peunrenne uiem B sHpe
X=AP{“"+A ‘8—1‘0’4—5,\’.
y = Be%iet 4 Bre=2wot 4 §y
MpUHEMAs, 4T0 A ¥ B — Me[JIeHHO MeHSIOUHecs aMIIATYAW KojeGanui,
a GoJsiee GLICTPO OCUM/ATHPYIOLIHMHK caaraeMbiMid 0x H 8y MOKHO mpeHe-

6pean: |A] < 0]d] < 0?|4], |B] < 0]B] < 0?|B], 6x ~ by < |A|.
Coxpansisi TONbKO claraemble ¢ ei%f (cOOTBeTCTBEHHO e2i®!) W mpewe-

Gperas |:1i|, 1'31, nosyyaem
oA — iaBA* = 0,
(H
d0B — icA? = 0.
Jlerko Bupeth, uTo U3 (1) caeayer
|A]?+ 4]|B|? = C = const (2)
(37" 3aKOH COXPaHEHHsi BHePTHH) H
A*B 4 A2B* = D = const. (3)
Hcenoabsys (1), Haxozaum
a . 2
077 1A =ia (A4*°B — A2D%). (4)

Bossenem (4) B KBaapat H yutem (2), (3):

(o 148) = =145 + 4269 — 41 411 B ] =

o2
=-mlAP 1A —-D. (5

VpaBHenue (5), aranOTHYHOe 3aKOHY COXpaneHHs 3HEPTHH A/ 3aia-
9H 06 ONHOMEPHOM ABHXXEHHH W9acTHUH ¢ KoopAHHaTo# |A|% ymoGuo
nccheoBath ¢ noMotibio rpaduka U(]A|?) = (|A|2— C) |A|* (puc. 149).

Takum o6pasoM, amnantyna |A| dcnerTbisaeT kone6aHAS — NPOHCXO-
RAT GHeHnsi. 3aBHcHMocTb aMnaHTYR |A| u |B| OT BpeMeHH MOXeT GHTh
BhIPaXKeHA Yepe3d S/MJHNTHUeCKHe QYHKUHH (Mbl He GymeM 3TOTO feaTh).
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OTMeTHM, 4TO, B OTJHYHE OT KOJeGaHHA OCLUMJIATOPOB ¢ JHHelHOM
CBA3bI0 (3anava 6.8), B NAHHOM Clyyae OT HauaJbHHIX aMOAHTYA H (a3
3aBHCHT He TOJIbKO IMyGHHA GHeHHH,

U HO H mepHoA.
|A|2 dTa 3anaua uMeeT OTHOLIEHHe,
HanpuMmep, K CBA3H NPOAOAbHLIX H H3-
—ﬂz rubunix  koneGanufi mMonekyam CO,
(Tak HaspiBaeMbift pesonanc Pepmu,

eM. [21]) u K yABOEHHIO H JeneHHI0
YacTOThl CBeTa B HeJHHeHHOH om-
THRe (cM. [22]).

242
8.11, w2 =?—TY2‘ -_t—?- (cp. 1], § 30 3amaua I).

8.12. a) Usps =;% [_fsi +3_(r“8r_)2] n
ot a®  3(ar)?
6) Uspp = m (0 — 0F )[ rs }

rle 0y — cOGCTBeHHAn YacToTa OCUHJIATOPA.

OdbpaTHM BHHMaHHe Ha TO, 4TO 3aBHCHMOCTE U 44 co r=% xapakTepHa
I MeXMONeKyaapHux cHa. Ecan moactasuTs B (1) 3HauenHs. BesH-
ypH *): o ~er ~ (5.1071% ex. CTCI)?% m ~ 1077 2, a ~ 10~% cu,
© ~ 10" cex~!, TumMuHBle AN aTOMOB, TO noayuuMm Ugpqe ~
~ 10-% ape-cmMB/r8, uTO NO NMOPAAKY BeJHUMHBI GJIH3KO K MPaBHALHOMY
3HaueHHI0 [Jf BaH-Aep-BaanbcoBa B3aMMojeificTBua. Takoll pesysbrar
MOXeT CAYXHTh YKa3aHHEM Ha (H3HYECKYI0 NMPHPOLY 3TOrO B3aHMOAeM-
ctBHA. [lonHbIA Xe pacueT BaH-fAep-BAaajJbCOBLIX CHJI BO3MOXEH JHIIb
B KBAaHTOBOH MeXxaHHKe. ‘

8.13. JIBuxKeHHe BAOJb OCH Z MOYTH paBHOMEpHoe, z == vf. B myoc-
KOCTH (X, Y) Ha vacTHIy JefcTByeT GObICTPO OCUHJJHPYWOLLAass cHAa
[= = 2Ax sin kvt, fy = 2Aysin kvt. CoorsetcTBylolHA  sddekTHBHH

2 /9
notenunan U gq = ,12%- (224 y?), rhe Q = %—}
e? (lO”mk)2

*) B cucreme CH: a ~ m~ 10—3%,

dmeo™ 10— p/m. 10°

a~ 10710 4, Uam ~ 1018 ( . ) 0%,
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CorJlacHO YCAIOBHIO 9acToTa KojeGaHHA cHJb kv 3> Q, Tak yTo CHJa
RelCTRETebHO 6LICTPO ocumanpylomas. HMrak, B nnockoct (%, y) ua-
CTHIA COBepluiaeT rapMOHHYecKHe KoJleGaHHs ¢ YacTOTofl £ OKOJO OCH 2.
Orta 3ajaua MAJIOCTPUPYET NPHUHLHN MHeCTKOH (POKYCHPOBKH MYYKOB
qacTHIL B YCKOPHTEJsX.

8.14. YpasHeHus ABHKeHHUs

mx = Z_%’(x) g},
my = — -Z_.%‘(x) X

UieM 3aKOH IBHXKeHHS B BHAE
rie caaraeMule §, 1 onHchiBalOT ObicTpOe ABHXKEHHE M0 MOYTH KPYrosoOH
op6ute, a X, Y — meanenHoe cMeiente ee uentpa (cpasuute c {1], § 30).

IMoacrasaaa (1) B ypaBHeHHs [ABMXKeHus, pasnaraeM JB(X + §)
no crenenaM E:

X+E=oV+ mn+ ¢ 6” E(Y + ),

Vpn=—oX—of =2 ‘”‘f’ 9% e (X+§

H pasjpeaseMm 6HCTpO OCHUMNIHpYIOIHEe H MeINJeHHO MeHSIlyeca caa-
raeMmule. as OCLHJJHUPYIOUINX CJjaaraeMbix

§=‘Dnv 7l='-"(0§. m=t§c—%(x)’
OTKYyAa
t = rcos 0!, = —7 sin ol.

Jna MelJIleHHO MEHSIOIHXCA YIeHOB HMeeM

X= oV +.2 2% &,
2

rae © me < §>’

G = = r2e cost ofy = — _rTm. GhH =0

[Mockoasky X, Y ~ ewX, eoY, To neBble wacTH (2) MOMKHO MONOXKHTH
PaBHHMH HYJIO,
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Hrag,

(CkopocTh cMellleHHst ueHTpa OPOHTE (CKopocTh Apefida) B Gosmee 06-
ueM caydae paccMotpeda B [2], sajaua 3 k § 22 u [8], § 25.)
8.15. YpaBHeHHe ABHXKEHHs LIdpHKa

my = T ] ().

Co6CcTBEHHOR [BHXKeHHe mapuKa nojg peficTBUEM NPYXHHKH ONHCBHIBAETCSH
«HH3KOYACTOTHBIM» CMEIILEHHEM X = [ — ly COS ’Yt, IJi KOTOpOro

iy = dU (x + o cos vt)
dx

VepenHss 0O NepHOAY 2m/y BLICOKOYACTOTHOrO ABHIKEHHS

1

((cosz"'l'1 vt) =0, (cos?yty = - ¢cost Vi) == _3_),

8
nosyduM 3¢ GeKTUBHYIO CHIY H COOTBETCTBYIOILYIO 3(deKTHBHYIO noTed-
{IHAJLHYIO 9HEPIHuio

Uppp () = Ax® 4 Bxt, A=—C +% By?.

Tpaduk dyukumn U, (x) n3obpaxen na puc. 150.
Mpu A>0, wm T =y%> T,=4C/9B ImapHK Kose6JeTcs

pOaus TOuKH x==0 ¢ uactotoh ® =V 2A/m NVT — T, Ilpu

A<0, wu T <T, MUHAMYMD
Yopd) Uspo(x) pacrookeHBl B TOYKax
+ x5y =+ V' —=A/2B ¥ WapHK Ko-
A>0 ne6aerc BOJH3H OJHOTO H3 HHX

Acg] ¢ wactorol @ =TV A/m o
-y Ty NVTC'_-T'

BosnuKalollas KapTHHAa BecbMa
6nM3Ka K KapTHHe (ba3oBRIX mepe-
X010B BTOPOTrO POJA, OMHCHBAaeMBIX

Puc. 150. (eHoMeHoJIorHueckoil Teopuei Jlam-

nay [23]. BecTphle BHHYXKIEHHEIS

ko/seGaHus SBAAIOTCA aHAJONOM TEIVIOBOrO JBHXKEHHsA (COOTBETCTBYIO-
IIer0 ONTHYECKHM MOfaM KoJeGaHHX CHCTeMbl, HE CBA3AHHHIM C Mepexo-

aoM), a Beanunnal = y%—-aﬂaﬂor remnepatyphl. IIpn Goabmux T cucre-
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Ma KoJeGJaeTca BOKPYr mojoxeHus paBHoBechs x = 0. [Ipn 3ToM uMeer-
CA CHMMETPHs OTHOCHTENbHO 3aMeHH X ~»— X, [Ip4 yMeHblleHHH TeMIIe-
paTypul 10 3navenus T<CT. WapHK HayHH4eT Kone6aTbCA BOKPYr OJHOrO
H3 HOBHIX MOJIOXEHHH PaBHOBECHs: Xo HJIH —Xo. IIpH 3TOM CHMMeTpHs
X ~» —x, OYeBHAHO, pa3pywaercs. 3HauenHe T, — aHaJOr TemmepaTyphl
dasosoro nepexoma Broporo popa. B oxpectnocta ToukH T=T.
BEJIMYHHA Xo MaJjla, X c\a]/Tc —T, 4 Mala yacToTa COOCTBEHHHIX
KoJe6aHull .

§ 9. Jisuxenune TBepaoro teaa. Hennepuuanbuoie
CHCTEMbl OTCUETa

9.1, a) [2a?(m+4 M) 2a% (m— M) 0
<2a2 (m— M)y 2a%2(m+ M) 0 ),
0 0 4a? (m + M)
6) [4a?m 0 0
( 0 4da?M 0 )
0 0 4a? (m + M)

9.2 Nlna ofeux ¢uryp oJHOH H3 rJIaBHBIX ocell sBJfeTcs OCb, Mep-
NeHJMKyAApHAs K [VIOCKOCTH PHCYHKA M NPOXOAAUlAs uePe3 LEeHTP HHep-
uu GHrypr (och z). [naBras ocb x moBepHYTa Ha yroa ¢ K cropoue O'x’
Kaxaod u3 ¢uryp. TaBHas ocb y nepneHaHKyaspHa kK ocu x. O6e 3TH
OCH NPOXOAAT Yepe3 LUEHTP TAKecTH QHUrYp.

a) Koopaunats uenrpa B ocsix O'x'y’ (&' =b, y = a)

1,,=2(a®+b%) (M+ m),
Iy = (@409 (M4 m) F V= a®) (M + m)? + 4a%T (M — m)?,
Ly = (a® + 6%) (M 4 m) 1 V (0¥ — a®)? (M + m)® + 4a%5% (M — m}?,

vy
1 _ 2ab (M — m)
npuazb,cp—Tal‘C'fg @) (M m

6) B ocax O’x'y’2’ (puc. 151) koopnunaTh uentpa Macc O:
¥ =y =a, 2 =0. B cucreme koopaunat Ox"y”z"” ¢ ocamy, napai-
JeJbHBIMA ocsaM X, ¥/, 2/, TeH30p HHepUHH

. 310
Iyy=4ma®(1 1 0).
00 4

[Ipn nepexome K cucteme Oxyz, moBepHyTofi na yroa ¢ BOKpYr 27,
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KOOpAHHATH npeo6pa3yioTes clelyloumuy o6pasom:
x=2x"cosp+ y’sing, y=—x"sing+y’cosp, z=2",

a KOMIIOHEHTh TeH30pa HHEpUH!! — KaK NPOH3BEAEHHs KOOPAHHAT:
I =1ax cos® @ + 2/, sin @ cos @ stin’ ¢ =
= 4ma? (3 cos? ¢ + sin 2¢ + sin? @),
1yy = 4ma?(3cos? ¢ — sin 2¢ + sin? @),

1., = 16ma?,
1y = 4ma?(— sin 2¢ 4 cos 29),
Ixz = [yz = 0.
Yroa @ BH6HpaeM Tak, 4To6bl BHINOJHANOCH YCIoBHe /¢y == 0, nanpumep
¢ = n/8. Toraa
4 = -
I, =4ma(2+V2), 1, = 4ma2(2—V'2).

y//

9.3. I, = Zh Iun;ny.
1,

9.4. LleHTp Macc: TOYKA HA OCH CHMMETpPHH
(R—nr r) r3
R3
T BAeBO. TeJ10 -—— CHMMCTpH‘{ECKMH sosuok. OTHO-
m 2
KE—r3 5
Puc. 151. X (R® — r®);0THOCHTE/NILHO MePNERAUKYAAPHBIX
ocefl, IPOXOAALLUX Yepe3 LEHTP Macc,

__m 2 5y _ (R—n)2r*R3
’1=’2—“RT:F[‘5—(R5*’ )—‘ﬁa—:,‘sr]'

9.5. D,k=(21nn) 31, (cm. (2], § 99).

9.6. LlenTp Macc pacnojioxeH Ha OCH IOJYyIIapa Ha PACCTOSHHH

IN

Ha pAacCCTOAHHH 0T UeHTpa wMiapa

V4 Z7 CHTEIbHO OCH CHMMETPHH [, — x

%R oT uentpa wapa (R — paguyc wapa). MoMeHT HHEDUHH OTHOCH-
TeabHO MoGOR H3 OCeld, MepneHAHKYAsIPHBIX K OCH CHMMETpHH (m —

Macca noJayuapa)

l=-2_mR2—-m(_3_R)2 83 Re,
5 8 320

Mpu KoseGaHMsAX LEHTP MACC MOXET [BHIaTECA TO.IbKO NO BEPTHKAJH,



9.8 § 9. ABM)XEHHE TBEPAOIO TEJIA 247

[Mycth @ — yroa noeopoTa noJyuwiapa, 2 — BhHICOTa LeH1pa Macc Had

3
fII0CKOCThIO 2 = R — 5 Rcos 9. @dysruua Jlarpanka cHCTeMHl

1 . 1 . 1 -
L=—2—I(p2+—2~—mz“‘—mgz, HJIH TpH MaJ‘lbIX(PL="‘2—1CP2—‘

3
_Tgngch‘ Orciona yacrota Maiaux KoJaeGanuft

W = @ . _g..

8 R

8.7. OyeBHAHO, CKOPOCTb WIAPHKA MOCTEe CTONTKHOBEHHS V MOXKeT

6LiTb HaMpaB/ieHa TOJLKO BAOJb WM npotus V, 1. e. v=0V/V. CkopocTb

TaHTeNbKH Nocle yaapa U HanpasjieHa BAOJb V, ee yrjioBas CKOPOCTb @©.

3aKOHH COXpaHeHHS HMIYJ/bCA, SHEPTHH M MOMEHTa HMNyanca (OT-
HOCHTE@/bHO LeHTPa raHTeNbKH):

mV = mv 4+ 2mu,

1 1 1
~2—-mV2 =5 mo? 4+ mu? + —2—'10)”i

mVr = mour + /o,

14
rie m - wMacca Wapuka, r —ero PajHyc, [— - mr2— MOMEHT WHep-

LHK FaHTEeAbKH.
Orciona

1 7 5
v=—mViu=qgV.e=T3

|4
A

9.8. B Hacrosimee BpeMmsl PAacCTOAHHA OT [ERTPa HHEPUHH CHCTEME

3emass — Jlyna no 3eman n JIyHn papHBl

m M coOoT-
M4 m Rwu M+m R
BETCTBEHHO, 8 MOMEHT HMMYJ/bCa CHCTEMBI

MR \? mR \? ,
m (m) Qn4+M (m) Qu+ 193 =725+ 1Qg,
Mm
I = ME+m R3, (1)
rie Qp n Q3 — yraosble CKopocTH Bpaulenus JIyHw BOKpyr 3eman
u 3eMH BOKpYT coGereenHof ocu (R /Q =~ 28). [Ipu sanucu (1) mum
cautanH JIyRy MartepHasibHOA TOuKoff, a y 3eM/aH yUHTHIBANH BpallleHHe
BOKDYP LEHTpa HHepUMH B BOKDPYF COGCTBEHHOR ocH (C MOMEHTOM HHep=
2
un | = = Ma?),
il 5 )
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B MOMeHT, KOIid CYTKH CPaBHSIOTCSl C MeCsilleM, YrJoBas CKOPOCTb
BpallleHHs 3eMJH ® COBNafaeT ¢ YrJoBoi cKopPocTbio JIyHH, paccTosiHHe
or 3eman xo JlyHel (no TpeTbemy 3akoHy Kemsepa) craHer paBHHIM

R (Qn/m) ’/', & MOMEHT HMMyJbca
Q_-\*%,
[.7 (_ﬂ) + /] ©. 2)
®

®
Wz (1) » (2) Hallgem ypaBHeHHe afn X = T;—:

3
QJI
x(1 Fh—xp =k 5, 3)
=3
. ﬁui(ﬂf#%ws
ret=7q, =2 \a ) M¥ma; =%

YpasHenue (3), nan x(4,8 — x)3=2,01, umeer ABa AefiCTBHTEJbHLIX
KOpHA: x| = 1/55 u x9=24. [epBbifi 3 HHX OTBeuaer GyAyiuemy, BTOPOH —
npomioMy. CoOOTBeTCTBEHHO B NEPBOM CJaydYae Mecsl CTaHeT paBHoM 55
COBpPEMEHHBIM CYTKaM, BO BTOPOM — Ghl1 paBen 6 uacam. Paccrosnue
ot 3eman o JIyHbl cTaner paBHHM 1,6R, a 6bi10 — 2,64.

(O 6osee peasIHCTHUYECKHX, Y€M DACCMOTPEHHAs, MOLENSAX 3BOJIOLHH
cucreMbl 3emast — JIyHa cM., Hanpumep, [24], ra. 2.)

. 2
9.9. a) Teno Bpamaercs ¢ yraoBoft CKOpPOCTHIO = ®; B TelJo MNepe-
110 _?I HayaJbHOH KHHETHYECKON SHeprHH.
V2
7
HanpasJeHds Momenta M, cocraBasiomero ¢ Heft yron 45° npu stom

6) JInHHA HEHTPOB BPAaLLaeTCs ¢ YIIOBOH CKOPOCThIO

® BOKpYr

TEJO BpallaeTca BOKDYr JHHHH IEHTPOB C yl'JIOBOﬁ CKOpOCTBIO I—i—(l).

19 .
B Tensio nepeuuno 5 Ha4yaJbHOR KHHETHYeCKON SHepruu.

v?
9.10, fi.2=m(g i_14_r)

9.11. Moment wunepnum sanuncoupa (cum. [1], § 32, samaua 2e) or-
2 .
HOCHTE/IbHO OCH BpallleHHs /3= S—Maa; OTHOCHTE/ILHO JI0GOf Neprnenan-

2 2
KyJIpHOH el OCH, NpoxoAsllefi Yepe3 LEHTD Macc, Iy = ﬂ‘l%_)

(M — macca aanunconsa).
Haneraomas vactuna Maccel m<&M Nepefiaer /IJMNCOHAY HMITYJbC
P=1(Px, Py, Ps) =mu(0,—1,0) n MoMent umnyibca M=muv(p,,0, —py).
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B \ ; —P . uan .
CHCTEMe, ABHXKYUeACA CO CKOPOCTBIO MTm naftnem (cm. 1],
§ 33), uto aaumncona Gyler BpamaTbCA BOKPYT MOAYOCH € € YIJOBOH
M 5mup,
CKOpOCThIo Q3 = _I_’ = — "5}ig3’ OAHOBPEMEHHO DELECCHPYH BOKPYr
3
npapijeHda M ¢ yrioBo# cKopocThIO
Q—-IMI _ 5mUV_p%+p%
Iy M@y

9.12. OGo3HauuM YrJOBYI0 CKOPOCTb BPALIEHHS JHCKA BOKPYT €ro
OCH ', YroJa MexJy 3TOH OCbI0 W HampaBJeHHeM Ha ceBep . YrJjoBas
CKOPOCTb RHMCKA B HHepUHaJbHOH cHcTeMe ©@=Q-1¢@+1, ee npoekiuuu:

Ha OCb JHCKa m3={p+9 COS O COS (), HAa BePTHKaJb u)l=q;+9 sina, Ha
FOPH3OHTAJIbHYIO OChb, TIEDPICHAHKYJAPHYIO OCH IHCKA, wo=Q cos o sin ¢.

@yukuua JlarpaH:xa paBHa KHHETHYECKOH SHeprud (yuTeM, 4YTO
[1=[2):

| . 1
L=-2—Il(cp—I—Qsina)”—i—E-Ilgzcos”asinch—k

-+ % Ig (1I) + Q cos 2 cos ¢)2.
WccneposaTh ABHXKeHHe YAOGHO, HCNOMb3Ys HMHTErpanibl ABHKEHHS Dy
H E=P¢'1P+Pq,EP‘—L:
Py = I, ({p—}—Qcosacoqu),
E= —12—11 (c'p2 — Q2%sin? @) —-%IIQ2 cos? @ sin? g 4-
.1_—;- I ({pz — Q2 cos? o cos? @).
Hcxrmoyus 113, HaXxoJHM

1 .
=73 L¢? + Ua[bd) (p) + const,
rae

1
an)q) Q) = — pwﬂ cosacos @+ 5 1,Q2 cos? o cos? .

OrpaHuyuMcs caydyaeM 1i>>> Q. Torpa py=~ Iati),
an)cp (p) =~ — p\PQ cos @ €oS Q.



250 OTBETH W PEMIEHHA [9.13

Oynxuna Ugypy (@) nnmeer MunuMy™m npu 9=0 (T. e. B HanpaBJIeHHH Ha
cesep). Ocbh rHpokoMnaca Koge6jeTcs OKOJIO 3TOro HampasJerus. [aa
MaJbX KojseOGaHHA

P .
Uapp (@) = 5 159 cos & - ¢* + const

—~

. I .
H yacToTa KoJeGaHnui ocu pasHa V I—” Q1 cos a. Hanpuwmep, ansa ru-
1

pockona, Aeiawllero okoio 10 Teicssd 0GOPOTOB B MUHYTY, DePHOA KO-

o !
ne6aunii OpHOIH3UTEAbHO MOJIMHHYTbE (zuml_acosa~l .

1
KaknuM o6pasom MOKHO yyecTb MOMEHT HHEDLHH PaMKu?

9.13. Y106HO HCHOAb30BaTh TMOABHXKHYIO CHCTEMy KOOpPAHMHAT ¢
ocbio X, NPOXOAfllel yepe3 TOUKY KacaHHs JHCKA C MOBEPXHOCTBIO CTO/A.
B 3Toh cucreme

’

d'M .
a4 T le M=K, )

rie M — MOMeHT HMMyJbca BOJYUKA OTHOCHTENbHO HENOABHKHOM TOYKHA
0, K — moMment nefictyromux Ha Hero cua (cp. [1], § 36). [Ipoekuus
(1) Ha ockb x
M;-, —_ q)My = Kx.
Ouepnano, M, =0, K,=0, Tak uro M,=counst.
Myctb [y=1Iy5%1; —rnaBHbole MOMEHTH HHEPUHH BOJYKA OTHOCH-
teabHo Toukd O. B Hawa/bHb MOMEHT

M=Q[l;, M,=Q[;cos0.
Koraa mpocKafb3biBaHHe NPEKPATHTCH, OCb X CTAHET MTHOBEHHOA OCbIO

BpaIlleHHs, T. €. YrJoBas CKOPOCThb BOJAuKAa ® GyleT HanpasjeHa BLOJb
ocH x, a My=1/30 cos? 0+/,0 sin? . Takum o6pa3som,

_ Qly cos O i
I5cos? 0 -7, sin20

OTMeTHM, 4TO MocJe NpeKpallleHHs MpoCKa/ib3biBaHHA ¢=—o tg 0.

9.14. Myctb a=bz~c— noayocu 3iuncouna, R, 8, ® — chepunue-
CKHe KOOPAHHa1bl LEHTpA HHepUMH 3JaHnconna, 6, @, P — sfieposn
YIE, NPHYEM OCh X3 ABHXKYLIeHca CHCTEMBI HATPABJAEHA BJOJb [10JYOCH
c. Kunertnueckas sueprus tena (cM. [1], § 35)

. . . Iy . N
T = % (R* + R?@? | R*0? 51n? ) + 5 (92 sin? 0+ 62) +

I,{ . .
+ 3 (@cos®+¢)? (1)
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2
T g = [, = % @+ uly= _gnlaz— MOMEHTH HHEPUHH SJUIHMCO-

HAa ofHOCHTesbHO oOcell X, X3, Xs.
MpeanoxenHas mnOTeHuHANbHAs SHEPTHS B3aHMOJEACTBHA S/AHN-
COHJA8 C KYJOHOBCKHM LIEHTPOM MOXeT ObiTb npeoGpasoBaHa K BHAY

ymM YMD 3cos?a—1
=TTR T 4 y R3 ' @)

rie D=2(l,—Is}, a ot — yroJi Mexjay paaHycoM-BeKTOpoM R # 0CbIo X;3.
EAHHHUHLIA BeKTOP €x3, 3a4aOLIMA HAmpaBjieHHe OCH, HMeeT KOMMHO-
HEHTH! €x3= (sin O sin @, —sin 6 cos @, cos 0). Otcoaa

Re
cos ot = Rx’ == cos 0 cos © -+ sin 0sin O sin (p — D).  (3)

s (1), (2) v (3) nosnyuaerca OKOHuaTeNbHOE BhpakenHe Aaf GYHKUHH
Jlarpauxka L=T — U.

9.15. PaccMoTpuM BHauade BAHsHue Todbko Connua. Hawano cucre-
MHE KoopauHaT coBMecTHM c¢ CoJiHleM, och X3 (cM. 0603HaueHHs npejbl-
AyIefl 3aKagn) HanpasHM NepneHAHKYAAPHO K IJIOCKOCTH OPOHTH 3eMJn,
OCb X3-— Ha CeBep.

MoxHo 0XHMaaTh, 9TO Yr/oBas CKOPOCTb NPEUECCHH 3eMHOR OCH ¢

Majaa 70 CPaBHEHHI0 CO CKOPOCTAMH cyTOuHoro ¥ M roauudoro @ spa-
menna 3emau. [MostoMy B ¢yHxkuun Jlarpanxka coxpaHHM JHWDL 4JieHBb!

nepporo nopaaka no @. Kpome TOTO, MOJIOXHM HOCTOAHHLIMH BeJHYHHbI

R, 6=n/2 u O, npuuem

2% o ]/.Bi = Irox, (1)
) M

H ycpelHHM cos?a 3a rog: {cos?ad=1,sin?0 T[locne storo
1 ' 1 N o . 3yMm (a® —c?) .
L= ?1162—{—-5/5:(\[7’“!-2\!7@6059) ————WRT-——)SIHZG.
M3 coxpauenus p¢=13({p+(i>cos 0) u p.,,=13\|; cos O chaepyer, uTO 1p

M 6=23° coxpaHdiorcs (C TOYHOCTbIO R0 BEJHUHH NOpAiKa ¢) YpasHe-
Hug ABHXKeHHs MO yray 6

1.6+ 150y sin 04 3¥Mm(a® — ) g0 =0
) 10R3
¢ yueroM TOro, 4to 6 ~ 06? ~ @?, naer
. 2__ 2
f=— 3YA:’ 87— os . 2)

4Rey @
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a2——czz 2(a—7¢)
a? a

[Togcrasans cootHowenne (1) u »  TOJY4HM

o= — da—c E:)—‘A-COSG%—IG”B roi.

¥

Ckopoctb mpeueccHd, Bui3biBaemofi JIyHol, nosnyuwaeres u3 (2) 3a-
meroll Maccw Connua M Ha maccy JIyHel # R — paccrosiHHeM oT 3eMaH

2 a

no JIyHel u okaspiBaercs pasHoii — 31”7 B roa. [losmas ckopocTh =
y

=—48” B roa. HaGmonaeMmas BeAHYHHA @Pexcn==—50,2" B rox (cMm.
[24], rn. 2).

Takum o6pa3oM, 3eMHasi ocb BpallaeTcs BOKPYr OcH X3 € MepuoioM
OKosio 26 ThICAY JeT B HanpaBJeHHH, IPOTHBONOJOXHOM BpALIEHHIO
3emau Bokpyr CosHiua (Tak HasbBaemoe IpeJBapeHHe DPaBHOJEHCTBHI).

. 11
9.16. M, + (1—2 - Ts) MMy = Ky,

. 1 1
Mz + (73— - Tl—) M3M1 = Kgy

Ms‘i‘(li-—-[l—)Mle = Ka?
1 2
npu [y=1,
My = Beces (of @), M, = Bsin(of+ ¢), M;=const,
1 1
@ :(1—3 —r) Mz (em. [1], § 36, a Takxke cp. c 3agaueir 10.20).
9.17. PaccMoTpuM [BHXKeHHe BOKDPYr ocH, G/JH3KOH K OCH HHEPUHH
x1. U3 ypasuennii Ditnepa (cm. [1], dopmyna (36.5))

. Ig—1
Q, + 32 Q. Q=0
/1
noiyuaeM Q;=const ¢ TOYHOCTLIO [0 4JMEHOB, [PONOPLHOHANBHEIX
Q,,3/Q, < 1. JlBa ApPYyrHX ypaBHeHHs NpPH 3TOV YCJOBHH CTaHOBATCA JIu-

HeHHLIMH OTHOCHTENBHO Ry H Qs. [peanonaras

Q, g0, (1)

nonyqaeM ana § ypaBHeHHe
Uy =1 Uy — 1) 2 )
52 = T Q. 2

Tpu ly<<l <<I3 wau I3<<I;<<ly ypaBuenue (2) uMeeT feficTBHTe/b-
Hble KOPHH, 4TO, cOr/IacHO (1), COOTBETCTBYeT HeyCTOHUHBOCTH BpallleHHs
OTHOCHTEJIbHO OCH Xj.
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Ecin ke MoMeHT HHepuHH [, siBAseTCS HaHGOJbIINM HJH HAHMEHb-
IMHM, TO ypaBHeHHe (2) HMeeT MHHMBIE KODHH, T.€. H3MeHeHHe Qg M Q
HMeeT XapaKrep OCUMJJIALMHA H BpameHue BOKPYT OCH X; YCTOHYHBO.

9.18. JIBHKeHHe IIapa ONpefenseTcs ypaBHeHUsSMH

mv—mgf, (N
Io = [af], )
v+ [0a] =0, @)

2
rge m — Macca mapa, 1:5—”1(12 ~— €r0 MOMEHT HHepLHH, a — paauyc

wapa, NPOoBeJleHHHE B TOYKY ero KacaHus ¢ UMJauHApow, f-— cuna, mpu-
JIOXeHHas K mapy B 3TOH ToYKe (CyMMa CHJ DeakUHH H TPeHus), v —
CKOPOCTb H @ — YIJIOBasi CKOPOCTb Iapa.

Y 106HO BOCNOAb30BATLCA LHJAHHAPHUECKHMH KOODJAHHATaMH C OCbIO 2,
HamnpaBJeHHOH TNo ocH UMJHHApa. [IpH sTOM HEOOGXOAMMO YUHTHIBATH,
4TO MPOEKLHsS CKOPOCTH H3MeHeHHs Jo0oro BeKTopa A Ha NOABHXHBIE
oCH onpefefasercs Gopmyaamu

(A), = A, + [9Al, = A, + ¢4,
(A),= A, +[9Al, = A — A, @
(r = b—a, ¢, 2—KOOpAHHATH LeHTpa Iapa, Ep=vw/r). U3 ypasHennit

mug=fy, lo,=afs, vet+aw,=0
noJyuaeM
vy =corst, @;=const, f,=0.

U3 ypasuenni
mu, — —mg+f, v —awe=0,

H@e+9o,) =—afs, 1(0r — pog) =0

caegyer
(]+ma2)a)‘p+1€p2m@=0,
OTKyJa
T 1 EY
= Qt , Q= ]/____ = V_ -9,
o, C cos (Q + a) ]—i—maZ(P = =
5gr /7 )
0 =— %a0, + 5 Csin (R +a),

z=zoea%sin(9t+a).
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Takum o6pa3soM, wap cosepilaeT rapMoOBHYeCKHe KoneGaHHs MO Bhl-
COTe, H B TaKT STHM KOJEGaHHAM H3MEHAeTCH paaHa/ibHasg KOMIOHEHTa
yrioBofi CKOPOCTH.

9.19. a) B xauectse 06o6LieHELIX KOOPAUHAT BiGHpaeM KOOpAHHATH
X, Y uentpa ¢ sitneposn yraw @, 8, ¥ ([1], § 35). Oce Z sepTHKanbHa,
NOABHKHAA oCb X3 HalpaBJ/ieHa MO OCH AMCKa. JIHHHA NepeceyeHHs naocKo-
CTH JHCKa ¢ nJjockocTbio XY (AMHHA y3/0B) COCTaBAfeT yroi @ C OCblo
X. ®yukuus Jlarpanxa

L=%()'(’ 1- ¥ -+ 262 cos? 6) 4-.;_11 (6® 4 g2 sin? 0) -
4 le_ls (('pcosﬁ—i—{p)?—mgasinﬁ,

rae Iy=1I; u I3~ MoMeHTH MHEPUHH AMCKA OTHOCHTENLHO OCel X1, Xy,
X3, @ — paaMyc, m— Macca Aucka (BHCOTAa LeHTpa AMCKa Hajg maoc-
KocTbio Z=a sin B).

HurterpanaMu aBHXeHHA ABAAIOTCR 0GOCLIEHHbBIE HMIYJbCH

mX = Px: my = Py
1,¢ sin® 0 + 7, cos B (¢ cos 0 + ) = p, = My, )

I3 (pcosO+P)=p, = My
u 3Heprus. B cucTeme KOOpAHHAT, ABHXYLIeAca € MOCTOSHHONH CKOPOCTHIO
('X,' Y, 0), ueHTp AMCKA ABHXETCA TO/IbKO B BePTHKaNALHOM HaMpaBJ/eHHH,
Hs (1) naxoaum
« M, — MgzgcosB . M, — MgzcosO
=t 3 1p=’_wﬂ —Z 3 cosB, (2

1y sin2 0 B 1, sin? 8
H, NOJACTABJAA B MHTErpaj HEPrHH, noayduaeMm
M (M, — Mg cos B)2

1, + ma® cos? 0) 62 3 Z 3
Uit YO 21:,+ 27, sin® 0

E =

+ mga sin@,
3)
Ortciona 4epes KBajpaTyphl onpeaensercss 3asucumocts 0(/), a sartem

¢ nomoutbio (2) 3asucumocTs Q(f), P (f).
Yron Hak/OHa AHCKA coaepmaeT KosneGaHufA, H B TaKT ¢ HIMH H3Me-

L
2

HSIIOTCA CKOPOCTH fpelLlecCHH (p H BpalleHHs BOKDPYl OCH \p YpaBHeHHs1
(2), (3) noso6HBI ypaBHeHHAM /BHXXEHHSl TAXEJOro CHMMETPHUECKOro
Bo/MuKa (CM., Hanpumep, ypasHenus (4)—(7) mu3 [l1], § 35, samaua 1).

Kauenne JaHcKa yCTOAYNMBO MNpH Q§> mga ll/lg, BepueHHe— npH
Q% > mga/l;.
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6) B orcytcTBHe npoCKa/Ab3bIBAHHA HA JAHCK, KDOME CHS TAMKECTH
mg u peakuuy onopsl R, nefictayer eme cuia tpenus f.
YpasHeHue

M — [aR] = [af]

ya06HO 3amucaTh B NPOeKIHAX Ha ocH Z, X3 H § (ocb § — aHHHA y310B)*):

Mz = [qacos 6, .’1.13 = fxa, (4)
d 3dL gL
E'Ew'%:fgasiﬂe. (5)

3nece a — geKTOp, NPOBeJEHHbLI M3 LEHTpAa AHCKA B TOYKy ero conpH-
KOCHOBEHHSH C IJIOCKOCTBIO.
3anuiemM ypaBHEeRHe
mV=f{+R+mg

B NPOeKUHAX Ha OCH E H ), Te OCh 1 FOPH3OHTANbHA H NEPHeHAHKYJsAp-
na ocd § (cM. dopMyay (4) npeasipyiiefi 3ajaum):

fe=m(V)i=m(VetoVa),

. . ‘

f=m (Vya==m (Vo — @V). ®)
YcnoBHe Kauenus Oe3 npockanbabiBanMs V4 [Qa]=0 npusoaut K pa-
BEHCTBAM

Vi=—a(P+gcos 0), Vi=a6. @
Monacrasass (1), (6), (7) B (4), (5), noAyuUM CHCTeMY ypaBHEHHH OT-
HOCHTeNbHO yraoB Oinepa. [BHkeHue Ge3 npockaJjb3biBalua H 6e3
OTPHIBA QHCKA OT NJOCKOCTH BO3MOJXKHO, €C/H
(fl<wm(g+Z), g+Z=0

(1 — Ko3pHuMeHT TPeHHs).

[Monaras é=0, nojyyaeM c.13=117'=0, npUyeM 9.'cp H 117 CBA3aHH
COOTHOLIEHHEM

/‘.; (.p (q.>cos 0+ 11;) e‘u’ne-—llcp'2 sin@cos0+ mgacos6=0  (8)

’ o
(3nech W nanee Iy g = 11,3 -+ma?). LlenTp AHCKa, ABHTaACh C MOCTOSHHOM

[0 BeJHYHHE CKOPOCTBIO V=al£23|=a|11;+;p cos 0], onKchiBaeT OKpyX-

*) B OTCYTCTBHe CHJbi TPeHHS 3TH YpaBHEHHS MPeACTapIAlT co6of
ypaBHeHHs Jlarpan®a Aas yraos ditnepa,
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~3
o

Hoctb panuyca R = V/|@|. Vciosua (8) MoXHO mpelcTaBHTb TaKie
B BUJe

I3RV? = [ 1,aV? cos O + mga®R? ctg 0.

B uaCTHOCTH, €C/IH Macca JUCKa COocpPefloToueHa B ero uentpe (/,=/li=

=0), To mosydaeM 3JeMeHTapHOe cooTHolieHue: V?=gR|ctg 0].
Iupockonuueckue 3¢dekTh, BO3IHHKAIOLIHE NPH OTJAHYHBIX OT HYyAS

l1,3, MOryT okasaTbc BecbMa 3HauMTeAbHbiMH. Hanpumep, ans onuo-

poAHoro uucxa(2ll =1l,= lﬁma2 ) B caysae R>a nonyqaem—g- Vi=

=gR|ctg 6]; nam obpyua (2/,=I;=ma?) B TOM Ke ciyuae 2V2=
=gR]ctg 8].
[pu KaueHHU AMCKa B BEPTHKA/IbHOM [OJIOXKEHHH

e=;, 9=0, P= Q= const. 9)

Jna uccaeqoBaHus YCTOHUMBOCTH TAKOro JABHMXKeHus IOJIOXKHM B ypap-
Henuax (1), (4)—(7)

0=2—8 B<l, o~P~BU«Q ~B~0 <o

H COXpaHMM TOJIbKO 4J/eHbl NepBoro nopAjlKa ManocCru. HonyqaeM

Mz =1qg+1:Q:p=const, Qs=const,

138+ 132 — mgup = 0, (10)
OTKy/a
e [ 18l 1
I1B+( ~ Qg—mga) =7_3M293.
1 1
Ecnn
o> Limea (11)
I4lg
TO MpPH OTKJAOHcHUM yria € or :/2 Bo3HHKAIOT Majbie KodeGaHua P n cp
1,Q.M .
p= 311;, 2 + By cos (0t + 8),
. M
p=— mea¥z _ 13%Bo gy (ot + 6),
Ifm’ i
151,
rae 0% = 31? Q — %.
Iy !
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Hanpassenne apuKendss JHCKa TaKXe HCIBITHIBaeT Masble Konreba-
HHsl, NPUYEM JMCK [BHKeTcA He BO/IH3W NpPsMOH, a BONH3H OKPYXKHOCTH
paanyca aQJI%m’/mgaMz.

TakuM 06pa3om, HajHuMe MaJOr0 OTKJIOHEHHs HadasJbHHX YCAOBHA
or (9) MOXeT MPHBECTH JHGO K MajabM KojeGaHusAM BOMH3H «paBHOBEC-
HOro» MBHXeHHs no mnpsmoR (ecnd Mz=0, By#0) /mbo k HOBOMY
«paBHOBecHOMY» nsuxennio (ecan Mz 50, fo==0).

Ecau nepasencteo (11) He BHINOJHEHO, TO ABHXKEHHE HEyCTORUUBO.

MOXHO CKa3aTb, YTO ABHIKEHHe NPOHCXOAUT ¢ O =const, ecau B «npo-

crpancTBe» 0, @, P TOUKa JIEXKHT Ha MOBEPXHOCTH, ONpejeiseMoll ypas-
HenneM (8). HerpyaHo yGeantbes, 9to mpH yciaosud (11) nBuxkeHue

yCTOAYHBO OTHOCHTE/NbHO BO3MYyIMeHHA, BHBOAAWMX Touky (0, @, V)
¢ nopepxHocTH (8) ¥ 6e3pa3MHYHO OTHOCHTEJILHO ee MepeMelleHHH no
5Toif NOBEPXHOCTH. AHAJOrHUHO OGCTOHT AEJIO H C YCTOHUHBOCTLIO ABHMe-
N ’
HHS JHCKA Ha [MafKOM IJIOCKOCTH (HYXKHO TOJbLKO 3aMEHHTh [y 5 Ha 11,3)-
BepueHHe AHCKa BOKPYr BepPTHKAJbLHOrO AHaMeTpa yCTOHYMBO, eC/H
2 ’
Q7> mgall,.
B) OTCyTcTBHE BpAalleHHss BOKPYr BepTHKaJbHOR OCH (BepueHHs:)
NPHBOJHT K YCJIOBHIO

. 3 -
Q, =¢-4Pcosb =0. (12)
Ha muck B stom cayuae AeficTByeT A0GaBOYHBIA «MOMEHT TPEHHS
pepuenns» N, HanpasieHHbll BepTHKaJbHO, H BMecTOo (4) moJydaeM

MZ=f§ac056—l-N, Mz = fra 4 N cos 0. (13)
VinTerpHpoBaHue ypaBHEHHH JBHKEHHl OTHOCHTENbHO JIETKO CBOJHTCA

K KBaJpatypam (B OTJIHUHe OT ypaBHeHHH nyHKTa 6)).
JIByKeHHe C NOCTOSHHLIM YIJIOM H2KJOHAa BO3MOXKHO, eC/lH, Kpome

ycaosus (8), Bbimoausierca u ycaosie (12), T.e. @ H ) onpedensorcs
yraoM 0. B stom cayuae

. aS H
R=a|sin0tg0}, VZ_—__.I_'ﬁg_ﬂi.
Ig—17,ctg?6
KaueHHe JHCKA B BepPTHKAJLIIOM TOJOXEHHH YyCTOH4HBO TMpH
’
Q2> mgally.

r) [Ipy nanuuum Manoro HAK/JOHA MOCKOCTH K $yHKuun Jlarpanxa
caenyer 106apHTh uieH §L=-—mgaX (oce X HappamneHa BBEPX BIAOJbL
1110CKOCTH, ocb Y TFOpH30HTanbHA, OCb Z MepHeHJHKYJIAPHA MJAOCKOCTH).
[Tonarasa s (1), (4)—(7)

Oz-g——ﬂs Pk, ¢~B<Q‘Z. {p’~ﬁ~f2z<\.p9z
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H, foGapass skaan 8L, noayuaem
I f+ (1= l;) Q2p — I;QZ\I: ~= mgaP = mgao sin Q,t,
Iy %+ (I3 + 2ma?) Q,f = = mgac cos Ryt

OTKyAa
¢=—(2+&’.’,i’_+ mga )acosQZI, B = = 20 sln Q.

02
13 3"z

IMoncrapass (7) u 0, p=RQz¢ P b
X = Vgcoso—V, sing, l;nvgsinqa+vncosq>
H YCPENHSI MO NePHONY BPAINEHHS, HAXOLHM

. . 2
Xy =0, (¥y=ew (1m0, MmEa 0
TAREETI N s

T. . JHCK CMel[aeTcsl, He TePss BBICOTHL

9.20. a) ITosoxeHue wrapa onpenensieTcss KOOpPAHHATaMH ero HeHTpa
mace X, Y, Z u yraamu Dfinepa 0, @, ¥ (cm. [1], § 35), KoToprie 3anaior
noJioXeHus rJaBHbX ocedl uuepuud. Och Z HanpaBJeHA BBEpX, OChb X3 -—
OT LEHTPA MAacC K FeOMEeTPHUECKOMY LEHTPY Imapa, AJS KOTOporo xs==b,
pamuyc ;mapa a. Mcclenosanne ABHKeHMS Imapa MPOBOMUTCA TaK XKe,
KaK H B npeawayuiefl sanage.

Ecan Mz#=Ms, 10 Uspge (0) uMeeT MuHUMYM npH 0,550, m u npn
sHeprud E=U,¢ ¢ (0¢) mporcxonuT ycTOAuKBOE BpallleHHe mapa ¢ MocTo-
SHHEIM yrioM 0==0,, npu stoM Z=a—b cos 0,. Touka mapa, kKoTopan
B JaHHHLIi MOMEHT CONPHKACAeTCs € MJIOCKOCTHIO, HMEeT CKOPOCTb U=

= (bEp—I—axIJ)sin 0o, HanpaBJeHHYIO BAOJb JHHHH Y3JIOB.

YuteM Tenepn Maaylo cmay cyxoro Ttpenns f. Oma HanpaBseHa
B CTOPOHY, NPOTHUBONOJNIOMKHYIO U, H NpHBEXeT K H3MeHeHHio yria 0.
Ipu v=0

Mz=Ffbsin@, My==Ffasin O, ()

oTKyaa
Mza — Mzb=C=const. (2)

Ins Guictpo Bpawamwuierocs mapa MasM; Mz M cos 0o, nan ¢ yue-
ToM (2)
M(acos By — b) =C. 3)

Orcmua BHAHO, YTO MNPH yMEHbUICHHH MOMEHTa HMNYJ/bCa H3-32 TPEHHH
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yroa 0p DOMXKeH yMeHbIIATHCH, ecan a cos 8g— >0, H yBeJHUHBATBCH,

eciu a cos 8y — b<<0. [pu stom B cuay (1), (3) éo=—fb/aC(a cos 0g—
—b)2.

LlenTp Macc Mel/leHHO ABHIKETCH BLOJb ocH Z, a B mIocKocTH XY
nepeMeHHass cuaa TpeHHs fx=—fcos @, fr=—fsin ¢ Bu3nBaer Bpa-

LleHHe leHTPa Macc No MajJol OKDYXHOCTH ¢ YIVIOBOH CKOPOCTHIO @.
Koneuno, saxke Majass cuna TpeHHs NIPHBEAET €O BpeMeHeM K TOMY, WTO
NPOCKa/Nb3blBaHHE HCUE3HCT H CKOPOCTb HHXKHEA TOYKH MIapa CTaHeT
paBHOH HyJIO.

6) MNycrs Ry== (X-+bsin 6 sing, Y — b sin O cos ¢, a)— KoopaHHa-

THl TEOMeTPHUeCKOro ueHTpa mapa; Q= (Qzx, Qy, Q z)=(écos¢+

+1|J sin 0 sin @, 0 sin o— 1|J sin 6 cos @, (P-I-ﬂJ cos 0)— yryoBaf CKOPOCTh
ppaniesus mapa ¥ a== (0, 0, —a) — paanyc, NpoBeJeHHHIH H3 reOMeTpHYe-
CKOTO UeHTpPa Wapa B TOUKy Kacanua., Torza ycJaoBHe KaueHHf mapa

6es mpockaab3nBakus Ry-+[Qa] =0 npeacrapaaer co6ofi HeroJOHOMHYIO
CBA3b:

}'('=é(a — b cos B)sin ¢ — (a1|;+bc'p)sin 0 coso,

4)
;'=——b(a —bcos B)cos p— (atl'a—l—bq;)sin 0 sin g.
YpaBHeHHst JBHXKeHHS
m)'(: = A.[, mi; = A.z, (5)
= (A1 cos p+Agsin @) b sin 0, (6)
1'Vla=(7»1 cos p-+Ag sin@)asin 0, Q)

oL
%%——ﬁ:(——klsin(p-i—}»zcosq))(aabcose) 8)
0

cofiepXaT B MPaBbIX YacCTAX CHAB TPEHHS H MOMEHTH STHX cua. Mio-
®uteau Jlarpamxka Ay, A; ¢ moMombi0 ycaoBuft cBA3H (4) MOryT GHITb
BbIpaxeHHl uepe3 yraw Dfinepa. Tak, NPOEKUHH CHAB TPEHHS Ha JHHHIO
y3J10B f) H HA NepIeHAHKY/spHOE HanmpaBJeHHe [, PaBHH

fu=m'0;p(a—-—bcose)s—sm-;—t[(a{p-i—b;p)sine], 9

f_l_=-==m.5_t[é(a—bcose)] — m@ (ap -+ b@) sin . (10)

3amertum, aro (6), (7) conaayt ¢ (1), ecan 8 ypasHenuax (1) sa-
MEHHTH CHIy CyXOro TpeHHs T Ha cmay tpenus mokos [y (9)., Kak
u panbtie, Mza — M;b=C aBnserca nuTerpanoM ABHMkeHHA (2).
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9.21. [Ip peuleHnn 3ajaun HeO6XOAHMO Y4eCTh, 4TO BHICOTA Tena
Haj 3emJefi A Ma/a Mo CPaBHEHHIO ¢ paanycoM 3emaH R # neHtpolex-
Hoe yckopeHne RQ? (Q — yrnosas ckopocTb 3eman) Maidé Mo CpaBHeHHIO
¢ ycKopeHHeM CBOGOXHOrO MajieHHs Ha MOBEPXHOCTH 3eMJH g. Takum
o6pasoM, B 3ajaue eCTb IBa Ma/lHX napamerpa:

e,=h/R<Se;=RQ?%g ~ 0,01,

B ypaBHeHHH [BHXeHHA (]— IpaBHTallHOHHaA mocrosHuas, M —
Macca 3eMJH)

(1] . R+r
= = yM UETe 2 (vel (@ R+, @] (1)
pasOXMM NepBOE claraeMoe B PAAl O MajoMy MmapaMmerTpy riR<ey:
r=g+2[vQ]+g +[Q[rR]], r(0)=h  v(0)=0, @)
g== R+ @ mon, g - gj(sﬂ%_.—)uw(am

KopuoancoBo yckoperne 2[vQ] ~ giQ ~ Ve®28 B g1 ~ £18 HMeOT
nepeMii NOPAACK MaJlocTH, a [Q[rQ]] ~ e,esg — BTOpOIL.

Beptekany h anTHnapajsientHa BeKTOpDY g M COCTaBJasieT Mauuf
yron a==ggsin A cos A ¢ HanpaeinenneM Bektopa R (3nmecb A — ceBepHas
mupoTta (reoLeHTpHUecKas) — yroJl MeXAy MJOCKOCTbIO SKBAaTOP@ B BEK-
tTopom R). Bu6upaem ocb Z MO BePTHKAJH BBEPX, OCb X — NO MEPHAHAHY
K IOTy, OCb § — MO WHKPOTE K BOCTOKY, TOTAa

g=(0,0,— g), R=R(sing, 0, cos &), Q=Q(—cos (a+4-4), 0, sin(a+2)).

B HynesoM NPHOMMKEHHH 4YacTHIA JBHXKETCA € YCKOpeHHeM — g
BAOMb OCH 2. B nepBoM npHOJHKEHHH KODHOJHCOBO YCKOpeHHe IpH-
BOJHT JIHIIb K OTK/IOHEHHIO HA& BOCTOK, NPHYEM BeJIHYHHA CMEILEHHS Y ~
~7Yeieg git~7eesh. Vckopenne g HMeeT BAOJb Z COCTABASIONIHE
~g,g, a BAOJb X H § — JHUIb BTOPOTO NOPsiKa, N03TOMY B NMEPBOM MPHO-
JIHXKeHWH BJHSIHMEe @ TMpHBeleT JHUIb K YBEJHYEHHIO BPEMEHH MaJeHHs ¢
BLICOTH h Ha BEeNHYHHY ~ g, }/Q’;,_/E OTK/IOHeHHe K 10Ty, TAKHM 06pa3oM,
BO3HHKaeT JHIIb BO BTOPOM nopsiike. 3anuweM YypasHeHHe (2) B
NpOEKLHsX Ha BHOPaHHble OCH, Y/AepXHBas [J7 KOMIOHEHT 2, y, X cna-
raemMble HYJEBOTO, MEPBOrO H BTOPOro MOPAAKOB MAJOCTH COOTBETCT-
BEHHO:

——g, y——-—2zQ cos A;
¥=24Q sin A4+g (32 sin @ — x)/R+Q22 sin A cos A.
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Pewas metomom nocjaea0oBaTeNbHbIX npuﬁnmxeunﬁ, Hafilem

] 1
2=h— —Q—gtz, y=—3 g13Q cos A, x = 2h1222 sin A cos A.

HoxncraBass spemsa najenust =)/ 2h/g,HafleM OTKJOHEHHE K BOCTOXY
H 1ory

1 —_—
v=-3 V 8eie, hcosh, x=2e,e.ksin 2A.

9.22. Bocnosib3ayemcst CHCTEMOH OTcueTa, Bpamawoweficas BMecTe ¢
COCYIOM; OCb X HampaBHM BJoJb AB, Hauano KOOPAMHAT [OMECTHM B He-
NOJBHIKHON Touke — nepecedeHuH ocell AB u CD. Yraosas ckopocTb
cucTeMbl Q=0;+0y= (02, ©;cOs Ozf, —w; sin wef). Ha kaxayw ua-
CTHIy XHAKOCTH MAacChl m B 3TOH CHCTeMe OTCueTa Hapsaiy € CHJAOH Td-
KECTH mg AeHCTBYIOT cHabl HHepuuH (cM. [1], § 39): cuna Kopuoauca
d mQrl2
or 2
CKOpOCTb M3MeHeHHs BeKTopa £ B HeroABMIKHOR CHCTeMe OTCUeTa.

Mpn 3aTeepieBanHH CMOMBLI CKOPOCTH 4YacTHL, (OTHOCHTEJBHO COCY-
na) ofpamaiorca B Hyab H cuna Kopuoanca ncuesaer. Ocranbhmie Tpa
caaraeMble Hy)XHO YCPENHHTb IO NePHOJAM BpalleHHS:

2m[vQ], nentpoGexHas cuaa H cuia m[rQ], roe Q@ —

<mg> = «~mg({cos £, <sin @7 sin 0at>, <sin @f cos wy#d) =0,
eclIH ©;% Mg,
<m[rQ]>=rm[KQ), <@>=<[0,0:]>= [{@>0,] =0.

Haxkonern,
I Mg = m U
\or 2 / 2 or
rae
U= Qr]?) =<Q%* — (Qn)?) =
= (0f+ ©3) 12 — ((x0, + yo; cos 0yt — 20, sin 0,1)2) =

2
= 02x? + (ﬁ;_’ + m%) r+27. ()

[MoBepxHOCTH IKHAKOCTH PACMOJOKHTCA MO JAMHHH yposHa U(r) =
e=const Cmosa 3aTeepaeeT B $opMe 3/UIHICOHIA BpaleHHs.
Uro H3MeHHTCH B 3TOM De3yJ/bTAaTe NPH ;== WaP
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Mpn g=0 B wg—0 u3 (1) nonyuyaercd, OYEBHAHO, HENPaBHJBHOE
pewcuue, [lovemy?

9.23, { = l/.ﬁj‘ dr '
2 JVYEF MUy

(p= -r_n._

2 JYET MUy

rae E-——SHepl‘Plﬂ, M — momenT HMIyAbCa BO Bpamalomeﬁcsi CHCTEeMe
2

orcuera, Ugyy = U+ 2/:;1—,2- Hanomuuwm, uto E=E;— MQ, M=M,,
rae Eg u Mo — 3Heprus ¥ MOMEHT HMMy/Jbca B HHEPIHAJbHOR CHCTEME.
VIHTepecHo, uTO LEHTpOGEKHas NOTeHLHaJbHAs IHePrus -— mQ?r?/2
He BXOAHT B Usgg.
9.24. B cucreme KoopaHHat, cBAsaHHofl ¢ pamkofl, dynruua JlarpaH-
’a JaHHON 3ajdyH COBNAJaeT ¢ PAaccMOTPeHHOR B 3ajaue 6.36 (npH

z=0 u ¢ napaMetpamMi © 4, = — 20, ‘”12-——2—( 2+f12)_92).

I1pn m1 9 = ( JBHXXEHHe 4YACTHLH COBMAajaeT C [ABHIKEHHeM aHH30TpOM-

HOro OCUHANATOPa B MArHATHOM none 36 = —2mcQfe. Tpaek-
TOpHA YacTHUH IAs clydasd @) = Qg u3obpaxena Ha pHc. 97 K sanaue
9.32. B 4acTHOCTH, ecJH ®©; = @ = 0, JBH)XKeHHe YacTHIL COBNANAET
¢ ABHIKEHHeM CBOGOAHON YaCTHILI B MATHHTHOM f10JIe X == Xo + acos m%t,

y=y,—a sin m%t, T. €. 4acTHUA paBHOMEPHO JIBHKeTCA NO OKPYMKHOCTH

palHyca @ c LeHTpoM B Touke (xo yo). HutepecHo pasoGparbed,
KAaKOMY ABHXXEHHIO YaCTHIL B HEMOLBHKHOM CHCTEMe KOODJHHAT COOTBET-
CTBYET NOCJeHHH cnydadl, B YaCTHOCTH NpH @ = 0 nau npu xo = Yo = 0.

Ecnu neHTpoferHass cHJA MPEBLICHT CHJAB BO3BPALIAIOIIKE, neh-

CTBYIOLLHE CO CTOPOHH OGEHX NPYXHHOK, 0)1’2 < 0, To yacTHUA MO-TIPeX-
HeMy coBepmraeT MaJble KoseGaHuA. XoTs TNOTeHUHAAbHAs SHEPrua
HmeeT Np x=y=0 MAKCHMYM, yCTOAUHBOCTb STOTO MOJONKEHHA PABHO

pecus oGecrieunBaetcsi chaofi Kopromuca.

Ecan xe m% H co22 HMeIOT pasHule 3HakH (T.e. x==y=0— cepnoBas

TOUKa [/ TOTEHUHAJbHOR SHEPrHH), TO 3TO MOJOXKEHHe DPaBHOBECHA
HeYCTOHUYHBO.
HuTepecHo CONMOCTaBHTb STH Pe3y/bTaThl € OTBETOM 3ajaiH 54.
B cHcTeMe oTcuera, Bpallaiomlefics ¢ yraoBot cKopocTbio £, TouKa
ro, Po JEKHT Ha TPeSHE €HOTEHIHAJLHOTOUHPKA»; MOTEHUHA/BHAR SHEPTHA
o mQ3r?

U=— e 2 HMeeT MaKCHMYM OTHOCHTEJbHO CMCIIICHHAA B HAa-
r
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NpaBJeHHH pafHyCca-BeKTOPA H He H3MEHSeTCS NPH CMEILleHHH B a3HMYTaJlb-
HOM Hanpap/eHHH. B 3TOM ciyuae oAHO H3 HOPMaJbHHX KoJaeGauul mpo-
HCXOMHT C 4acTOTOH ®, 9acToTa xKe Apyroro o6palulaeTcs B Hy/Ab: MoJO-
KeHHe paBHOBecHs 6e3pasNHYHO OTHOCHTENbHO HEKOTOPHX BO3MYIIEHHI
(HanpuMep, H3MEHEHHS Qg).

9.25. ®ynkunsa Jlarpanxa

m
L=—7(v+[or])? 4 mgr=
=—'g—[(5c—coy)= (5 + ox)? +z'z~g<i‘i+ y-’)]
a b

Ina Maabix KoneGaHHA MOJXHO ONYCTHTb 2, TOrAa YypaBHeHHsl JBH-
KeHust

X~ 20);-{-(_5__(1)2))::0,
a
§+2m?c+(%=am’)y=0-

Hmem pelieHue B BHAE

10t 1t

z = Ae™™, y=Be

d o 22 nonyuaeM ypaBHeHHe

94._<_£.+i+2m2) a+(_£_-mz)(_g__mz)=o,
a b a b

Jlerko yGemuThesl, 9TO KOPHH ero AeficTBHTepHH. OfHaKo npu

(&= (=) <o

OJIHH H3 KOpHefl Q% < 0, TaK 4TO COOTBETCTBYIOIEE [BHIXEHHE
= AIEIQ'“ + Age—lgx”.
g = BNl B eIt
NPUBOAHT K YXOAY 9acTHUH OT Hadana KOOpAHHAT. 10 H 03HAUAeT, 4TO

HHKHee [0J/02eHHe JacTHUH Heycrofiunso, Cuntas /s onpelefeHHOCTH
a>>b, noaysaeM 064acTb HeyCTOAUHBOCTH

L L
a<m<b'
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O6paTiM BHHEMaHHe Ha TO, 4TO MpH W*>>g/b nBHKeHue yCTOHUHBO,
XOT# TMOTeHUHaJbHAs 3HePrHA BO BpamIAlOMEACs CHCTeMe OTCYeTa

U=swT[0% o & )ate ™ 03 v= & y?
2 a 2 b
npefcTaBafeT He MOTeHUHANLHYIO MY, 8 MOTeHuuanwumh ropS. Yeroii-
YHBOCTL B 3TOM ciydae obecrieuHBaeTcs ReficTeueM cua KopHosuca,
9.26. a) [loTenunasnbHas sxeprus (BK/AOUAs UeHTPOGEKHYIO)

243
U (x) = & (x e @) e T,

Yenosue U’ (xo) =0 onpeseasier nonoxkeHue PaBHORECHS

2ka
*o = Ok =yt

HuTepecHo, 9T0 npu 9actoTe Bpalleyus ¥, Goabuled gacTOTH COGCTBeH-
HbIX KOJie6aHHl YacTHIbE VZk_/m_, oxassiBaetcsi Xo<<0, a mpu my*>2k
NOJIOKEeHHe paBHOBecHs GJIH3KO K OCH BpAaIeHHs.

3uark U”(x¢) =2k — m7y? onpefenseT YCTOUHBOCTE TOJOXEHUS
paBHOBecHsi: npH my?<C2k paBHOBEeCHE YCTOHYHBO; npn. m'{2>2k—He-
yCTORUUBO. -

6) OueBHAHO, MoJOXKeHHe PaBHOBeCHS TaKoe Xe, KaK B MyHKTe aj.,
Ins uceaegoBanHs YCTORYMBOCTH PacCMOTPHM MOTEHUHAJbLHYID 3HEPruio
[IpH MaAbIX CMeUIEHHAX W3 MOJOXeHHs PaBHOBECHA:

ky2? (x ~— x,)?
Ut gy 9= U (. 0, 0) + 0 4 B2 p 0D
rae
k1=2k“mva,
f+ k(x,~—a) f— k(2o —a)
k,: l+xo'—a l—-xo—l—a —my2=~m?2+k3.

CpaBHenune ¢ 3afauefi 9.24 NPHBOAHMT K 33K/AIOYEHHIO, 9TO PaBHOBE<
cHe HeYCTOMYHBO JIMIb B TOM Cydae, ecaH R; M Rz HMeOT pa3Hble 3HAKH,
B uactHocTH, npu my?>>2k--2f/l pasuoBecHe ycTORYHBO, B OT/IHUHE OT
pesyabTaToB nyHKTa a). Ecan xe kk; << 0, TO OTK/JIOHEHHe 9acTUUH OT
TOuKH (%o, 0, 0) HapacTaer co BpeMeHeM (NOKa He CTAHET CyLIECTBEHHHM
BO3JIefiCTBHe CTEHOK PaMKH, KOTOPOe Mbi He paccMaTpHuBaem).

9.27. Bocnosnb3yemcs [eKapTOBHIMH KOOpAHHATaMH BO Bpamaiomeft
cs cHcteme orcueta. Hawamo koopausat momecTdM B LeHTP Macc, CHCTe~
Ma Bpallaercs € YraoBofl CKODOCTBIO ® BOKPYF OCH 2, 3 3Be3[b pacnos
foXeHH Ha ocH x (puc, 152),
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. — m2 1“
nyCTb pacctofaHusi OT 3Be34 A0 UEeHTPA MacC dy o =~ + ——
2=t e

rae m;s— Macch 3Be3], @ — paccrosHuie MEXK/AY HIMH, 5! paBeHCTBa

my My ® Yy

my -+ my = 4 L

(Y — rpaBHTauMOHHAA NOCTOAHHAA) NOJY-
gaeM

m

my - my /e

LR
0F =y ——5—=, fox

TNoTenunanbHas sHeprus Tena Maccw My 7 1y z

m (BK/IO4aS LEHTPOGEKHYIO SHEPrHIo)
Puc. 152.

ymm mm mo?
Ulx, y, z)=_~-———1———z——2+—72-—(x2+y2),

Ty Ty
rae ryp — paccTosnie Io 3Be3fl, r==(x, y, 2Z) — paAnyc-BeKTOp Teda.

ou
[lonoxenune paBHOoBecHs TeJsia oOfpereaeTcs yCJIOBHEM —0—r_=0' HaH

ou my  my  mi+m X (myay | maay\
Femm (F g o () e
U my  my  Mytmp)

dy v r? rg a? y="

ou my my _

—az- = ym ( f'? -+ rg ) z2=0U

Otciona z==0 n (npn y+0) ri=ry=a.
Taxum 00pa3oM, 3Be3[tl H TOUKA pAaBHOBECHS HAXONATCA B BEpLIH-
Hax NMpaBiABIOrO Tpeyronbuika, EcTh aBe TakHe TOUKH, TaK HasLiBaeMbie
'3
- zp = 0.

a a
Touku Jlarpauma, Xo=— 41 =dg= Xp = -5 Yo =+ o

B6aun3n Touek JlarpaHxa
U (%o + %1, Yo + 41, 20+ 21) =
2

3 9
= U (%5, Yo, 20) — 5~ O3 — 2maxyyy — 5~ moy? + = mo,

=1 34'/3 ¥ (my — my).

ad
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JlBHXKeHHe B BamnpaBJ/ieHHH 2, OYeBHAHO, YCTOAUHBO. YpaBHeHHS JBHXKe-
HHS, B IJIOCKOCTH X, ¥

3 .
n—-7 0y — 20y, = 20y, = 0,

o

9 .
nT w?yy — 2ax; + 20x; =0,

[ToncrasoBka x=Aei%, y=Bei® npupoAUT K ypaBHeHHI A1 Q:

00 —aser 4+ Zor o
Ero xopuu paefictBuTenbHN npu 64a?=2304, r.e. mpr (mi+my)ix=
=2 2T7mymy. DT0 yCJOBHe BHIIOJHSAETCS, €CJAH Macca OfHOH 3Be3fn 60Jib-
e Apyrofi He MeHee 4em B 250 pa3. B stoM cayyae aBuxeHue Ten B
OKPeCTHOCTH TOYeK Jlarpaxka ycTOWYHBO. YCTORYHBOCTb [ABHKEHHA
oGecneunBaerca cunami Kopronuca (cp. ¢ 3agaveft 9.25).

ou
Ha ocu x ecTb emte TPH TOUKH, B KOTOPBX —~ = (), OJHAKO JIBHKe-

ar
HHe BOJH3H HHX HeyCTORYHBO.

Jaa cucremun Connue — IOnut1ep B Toukax Jlarpamxka HaGawogaoT-
CSl acTepOoHAL.

9.28. Bynem paccmaTpHBaTh KOJefaHHR B CHCTeMe OTCUera, Bpama-
ouleficst BMecTe ¢ MoJiekynof. ynkuus Jlarpanxka nonyuaercs u3 (1)
3ajayn 6.49 samenoft u, Ha s+ [, Top+uq], a yraoBas ckopocTs Bpa-
IeHHA CHCTeMH orcyeta Q BniGHpaeTcss PaBHOH YrJOBOf CKOPOCTH Bpa-
[IeHHA MOJIEKYJ Bl B OTCYTCTBHe KoseGanuil Qm 2 raz0 = M. Ycaosne (3)
safagu 6.49, skBHBaseHTHOe TpeGoBaHHIO Y +Yys+y3=0, oTcyrcTByer.

1
Bseas ¢4 = T/—é (yi + y» + ys) unpeneSperas kpagpaTHUHBIMH N0 Q yJle-

HaMH *), MoXeM NpeAcTaBHTL GyHKUuIO Jlarpanxa B BHIE
L="2(9q%+ 242 4292 +4}) 3k o o o
=5 (9A+ 295 +29f +4i) — 5 (¢f+ e+ 0}) +

. - 2 . .
+ mQ(q19: = 9491) + 3 M2 (9,95 ~ q3q,).

*) Yder 3THX nmompaBoK NMpuBea GH K 3aMeHaM:

k- ko T80 ! mQ1 — me2)
e 14+ 50) e a1 -2
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ypaBHeHHﬂ OBNAKCHHA anBO}lﬂT K HopMﬂ.ﬂbelM KOﬂeﬁaHHﬂM
a» (1) Q o
= Ay cos (0! + @y), g, =2 o, Ay sin (@4 + ¢y),

3k
=0 0 =1 2%,

gED = Ay 508 (0, gt + By g), 952 = & A, 35in (0, 58 + 9, 5)s

£
om

2,3)
‘7(1,4)—0' Og,8 =
¢ == c 95% =0, ¢i¥ =ct 4 D.
BmeCTo yenosus (3) sagaun 6.49 moayuaem

; {[rao.ua] +20 (raouc)} =0,

L]
HIH g4 ~=2Qg,=0, aro coorBercrayer Buibopy C=0 T[locrosuuyio D,
OnpejesiOmyl0 HavaJbHHA NOBOPOT MOJEKY/H OTHOCHTEJbHO Bpalia-
jollefic CHCTeMH OTCHeTa, TaKke YAOOHO MOJOKHTH PAaBHOM HYJMIO.
Kak BurasasTt KoneGaHus, eca¥ BO BPALLAIOMIEHCA cHCTeMe OTKJO-
HeHHs B Haga/bHeIfi MOMEHT MMEIOT BHJA, H306paxedHmiA Ha puc, 133,
a HayaJbHEIE CKOPOCTH PABHBI HyAIO?
§ 10. Ypasuenus Famuabrona. Cko6ku I[lyaccona
10.1. ITyctb & — BeKTOp GECKOHEYHO MaJOro CMellUeHH#A; NMPH 3ITOM
1 14
f,>fp=1,+8 p,>p,= Py
’ 7
H(r, p)=H (ra, P, )-

Orciona BT- =0. Henoas3ys ypasnenue [aMHABTOHA, Moaydaem:

e oH __ _
P=2pa—ﬁ=2(F =0, P == const,
a a a

lpu GeckoHeuHo MajoM nosopote B
t,>fe=r + [S¢r ] p, —»p,,=p + 89 p,1s

Ta a) H(l‘a,pa) 2{ lﬁ¢rcl+dp [atppa]=0—

= E (=P, [09r,] +r[dgp,}=—o¢ 2 ERULAL
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Rnag
M == Z [r,P,] = const.
Pe (Pg=pycos B)?
10.2, H= LS DR
T 2/, sin? 0 213
10.°. H = fl_-—llj-’ém—)'—l_ o + ax3. B uacTHOCTH, AAS Manbix

koneGann (lax] € 0?, |px| < 1

o= B 80 ot 2 —

M ¢ TOYHOCTBbIO 10 JHHEAHHX N0 o, § waeHoB goGaBka K dynkuux Ta-
MHJIBTOHA TapMOHHYECKOrO0 OCUMJJIATOPA CBfI3aHa ¢ J00aBKOA K (yHK-
ruu Jlarpanxa cootHowenneM 0H =—~&L (cp. [1], § 40).

10.4. x=acos (wi+¢), p=—0woasin(wi+ @), rae o= (14+21E;) w,,

. c cp On cp on
10.5. r=_p.___§_,p__ L% p=1p]
np n? Op n? or’
[Mpennoxennas ¢yukuus [aMuibTOHa ONMHCHIBAET pacmpPOCTPAHEHHE
CBeTa B NPO3PayHOH CpPele ¢ MOKa3aTeJeM NPEJOMJEHHS 7 B NPHBIHKE-
HHH reometpudeckoil onThkH (cM. [3], § 65). «UacTuueil» sasasercs Boa-

HOBOA Naxer, r(f) ecTb 3aKOH HMEHHO €ro JBHXEHUs; I — 3TO rpynnosas
CKOPOCTb, & BEKTOD P, NMepneHAHKYAAPHEIR K BOJHOBOMY (POHTY, ompe-
JeasieT BOJHOBOH BEKTOD.

Tpaekropus npu n(r) =ax

= Wit
x=Cyc (C1 +C2),

rae C;, C; onpeieJsioTCs HAayaJbHOM H KOHEUHOR TOYKaMH TPaeKTOPHH,

-— 2
10.6. 3) L=ﬂ2—a); 6) L=0;
MOAOGHBIE «YaCTUUH® HeJb3s ONMHCHBATBL C HOMoWbio (yHkiun Jlarpan-
xKa (cm. [2], § 53).
10.7. JanHbili BeKTOPHHA IOTEHUHAJ Onpeae]sieT MATHHTHOE [Ofe
J. HanpaBaeHHOe Mapa/Ie/bHO OCH 2,
®yuruna aMuabTOHA

p2+ p?

1 2
H(X, y: z’ Px, Py, pz)BT I 2m (py——- z Z’?,y) .
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Tax kak H ue 3aBHCHT OT y M 2z, AMeeM py==const, p,=const. Tlpex-
2

PE | mot P e
craBup H » suge H = 2_m’°. T(xe-sxa)’ +§mi, rae ‘D=,‘,§" Xy =

cp
= _g_é.’., BHJHM, 4TO AJA X, p. MoJydaeTcs Takas e (yHKuHA [aMuib-
e.
TOHA, KaK IS rapMOHHYeCKOro ocunanatopa. [Toatomy
r=acos(0f+@)+xy, px=—measin{f+ge).

D,.’Iﬂ onpefesienust Yy U 2 HCNONAb3yeM ypaBHEHHA

. JdH 1 e
Y =G5 =‘n7(py*775")=’“‘”“°°5(‘°’+¢”
¥
z’:._p_z_,
m
OTKyAd
g = = asin (0f + @) - Yo, =—i7—nz—t+zo'

Yactuna ABHKETCS MO BHATOBCH JMHMUM € ocbio, mnapaanenbHoil J{.
OGo6meHHLIA HMNyJbLC py ONpejefsieT PAacCTOAHHE 3TOA OCH OT nJjocC-
KOCTH Y2.

10.8. MaruuTHoe moJe HanpapJeHo MO OcH 2 U pasHo 2hx, Ipuxe-
HHe (10 ocH 2 paBHoMeproe, OTBJIeKasCh OT HEro, PacCMOTPHM ABHXe-
Hre B nJaockocTH xy. ®yHKnus amuabrona

2 2
H=Px J.(,,y_ﬂxa)
c

He 3aBucutT oT y # £ [losToMy mHTerpajaMH [BHKEHHs ABJIATCT 0606-
IEHHbIA UMNyabC py H 3Heprua E:

. eh
= m — x2?,
Py Y+ P

mx? 1 eh ,\?
E = —- + Ua';bd) (%), Uad);b (x) = 3 (py-—__c_xz) .

Oas py<<0 rpadur Uasgg (x) H306paken Ha puc. 153, a npHMepanit
BHA TPaeKTOPHH — Ha puc. 154. Cienyer yuecTh, 4TO CKOPOCTb

y 1Py | eh a

BCIOAY OTpHLaTeNbHA H KoneG/eTcAd BOAH3H 3HAYeHHs p,/m.
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Hdas py, >0 rpadpnk

e2h2 9 p.c
Uppep (1) = mc? (xz - xo)z' Yo = -‘( '#'

H3o6paxeH Ha pue. 155. Ckopocts
< eh .,
—_— — z)
Y="Tnc (xO *
npu Jo6oM sHaueHud E npuHHMaer KakK MOJOXKHTeJbHbE, TaK H OTPHIUA-

TesbHBEle 3HaueHHA, [IpUMepHbI# BUI TPAeKTOPUi H306paxen Ha pHc. 156,
Cay4aaM @ — 0 COOTBETCTBYIOT YMEHbINAIOMHecs 3HAUEHHS SHEPTHH.

S\

Puc. 153. Puc. 154.

IIpn GosbIIUX 3HEprHsix E>>Um= pz/Qm pasMax KojeGaHHfl no

OCH X BeJHK U CpPejiHee 3a NepHoj 3HaueHHe <x2) GoJblie x%. [Tostomy

CpeiHeE 3Ha4YEeHHQ

orpuuatenbso (cM. puc. 156, a), Ilpn yMeHblueHMH SHepruu <:1/> BO3pa-
craer A0 Hyaa (pue. 156 g), a 3a-

spp TeM CTaHOBHUTCS IOJONKHTEALHHM (pHC.

156, 8). [Tpu sueprun B = U, uactuua,

EMelomass B HAaJadbHHA  MOMEHT

/. xX>xy H x< 0, acHMMNTOTHYeCKH MpH-

61HKaerca K ocH y (puc. 156, 2).
Hakonent, npu E < Un uactnua

oy % z IBHKeTCA K60 B 06/1aCTH BOAU3H (—X,),
Puc. 155. au60 B o6aacTH BOAN3H Xy (puc. 156, d).

MoxkHo nokasats, 4TO <{Yy) NpH STOM
Gonbie Hyas. TIpu | —xo| < %o ¥acTULA ABHKETCA MO OKPYXKHOCTH,
LieHTp KOTOpORl MeAJieHHO ApefihyeT BAOAbL ocH y. UTOGH HaATH CKOPOCTL
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apefida, Heo6xoAUMO nph BHUKCAeHHH {X?) yYHTHBATb NEepPBLIE aHrapMo-
HHYECKHe MONPaBKH

a?
x=x, -} acos ol — E(:"“COSQ@’)-

qTo Aaer
. cE
o= Qhxle

(cp ¢ 3agauei 8 14)

AN
I g B g
| [}
/[ | | ,
! "z\ I
i PN :
9 E>> Uy < T
C '
| i
b ! i ¥
1 | H !
L &
T oL
- Z
M
d) £<<l,

Puc. 156.

10.9. Beeas KoopAHHaTH HeRTpa Macc R M OTHOCHTEJRHOrO ABHXKeE-
Hps ¢ {cp ¢ sajauamy 225 u 226), npeicrasiseM QyHKUHIO Jlarpanxa

B BHAE
Ret o= (KR Li(r, ©) 5 [HRI T,
M=my4m (1)
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rre dynkuua Jlarpanka

Li(r, 1) = _’lr=+ [J‘C’r]r—i—__ ('—m;:::.‘fc)

COOTBETCTBYeT YaCTHLe ¢ NpUBENeHHOR Maccoft m, ABHXYyuwefcd B Mar-
HETHOM none J{’ B KyJOHOBCKOM moJe.
ITocnentee cnaraemoe B (1) nmepenuuieM B BHIE

¢ * e s d e
%[Rm r 2_(:[}6:1 R+ —— (JR] .
Ot6pacriBasi NOMHYIO NPOH3BOAHYIO MO BpEMEHH, HMeeM
L==— Ra+—[&Cr1R+L1 (r, .

Ora dyukuus Jlarpanxa He 3asucuT ABHO OT R, M03TOMY COXpaHAETCSH
0606ILEeHHbIH HMIYJIbC

P = 55 = MR + = [3r] = const. @
Oyrknns TaMHNLTOHA CHCTEMH HMeET BHR
1 e 2 1 e , N €
H=2—M(P—713{Iﬂ) +2_m(P"‘2_C[JC l']) —

Orcioga ¢ yuetoM (2) BHAHO, YTO 9aCTHNA MAcCChl M JABHXETCA B OJHO-
poMHoM MarsuTHoM nose J{’ B CHAOBOM NOAe € NOTEHURAJIBLHON 3Heprued

e? 1 e 2
U=—7 +§7n("‘“7 [‘E'l) -
Ecau uanpasuth och 2 no J{, T0

2
U = — fr—+ % mo? [(x — a)? 4 (y — b)%] + const,

e Py CPII
O=—r—=, a=-——2, b=57-,
¢V mymy e e

Tocse naxoxpenus r(f) 3aKoH ABHIKEHHS LEHTPA Macc onpejensercs
u3 ypasHenns (2)

P:
R()=73— M [Jﬁj (t)dt]+R0
10.10.

p=pot+ef !, e(p) —e §r=E,,
(r—ro)e §=e(pote§t) — e(po).
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b=e8+-§[v J*)

10.12. a) e (p) = E, Py = const, rae P yg— MPOCKUHS HMNYJIbca Ha
Hanpap/eHHe MarHuTHOrO noast J{. TPaeKTOpHA B HMNYALCHOM NPOCTPaK-
CTBe onpefensieTca JHHHeH NepecedeHHs ABYX NOBepPXHoOcTel: e(p) == £ 1
Po= const.

10.11,

. e -
6) M3 ypaBuenns aBuKeHHs p=-c—[rJ'C] BHAHO, YTO MPOEKHMH

TPAaeKTOPHH 3JIeKTPOHA HA NJIOCKOCTb, MEPNEHARKYAAPHYIO K MArHHTHOMY
noaro J‘C, foJly4aeTcss U3 TPACKTOPHH B HMMYJIbCHOM npocTrpancTee Nnoso-

¢
poToM Ha yron m/2 BoKpyr J, U H3aMeHeHHeM MacwTala B e P
€I

10.13.

E
¢ dp  dp oS
T=—1% fv 1 S= XdEgplvll’ T==3E

Emin

de
Tle V), — OpTOrOHaAbHAA K J{ cOCTaBJIOIAS BEKTOpA 5"

10.14. a) _ge”kxh ) _kzeilhpk’_§ €M
6) ab,
{aM, br} = {;aimi, Ej]bjxj} =Zaibj (M, x
=— Z;a b e, u%, =— [ablr, —[ab] i
i

B) 0, nrr2, 2a (ar).
10.15. {A,, Aj} hZ snlee {A;, A;}=0; azecn i, j, & npnua-

MaroT 3HaueHna 1, 2, 3 (cp. ¢ 3anauch 10.14a).
Rl
10.16. {M,, Ay} = _21:' e — zz' ey (A Ay} =
=8, My 8, M+ 8, My + M,y rae Mai==pixi — pxs.

*) IonpoGHee 0 ABHXeHHH 3JEKTPOHOB B MeTalle (3apagn 10.9—
10.13) cm., nanpumep, [18], [25], § 4.
**) eyjy — NONHOCTHIO AHTHCHMMETPHYNLIR TeH3op,

ep3 == 231 = a3 = |, €192 = €30 = eg3 = —I;

OCTaJibHbLIe KOMIIOHEHTH €4jx PaBHH HYJIO,
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10.17. Tlpu noOBOpOTE CHUCTEMBl KaK LEJOT0 Ha GECKOHEUHO MaJblil
yros & BOKPYr OCH Z H3MeHeHHe 8¢ /M060R (QyHKUHH KOOPAHHAT ¥ HM-
MyJLCOB B NMEPBOM MOPALKE NO & PaBHO

bp=9(x—ey, y+ex,z,p —ep, p,+ep,p)—
— Q% Y2, p Py P, =

99 99
=8< 6xy+6y ~op, pu+6p )28{Mz'q’}'

Ecan @ — cKansip, TO €ro H3MeleHHe Npu nosopoTe pasxo Hymo. [lo-
atomy {p, M:} =0. Ecnin @=[. — KOMNOHeHTa BEKTOPHOH (YyHKLUHH, TO
ee H3MeHeHHe NpH nosopote 8f = —efy, sHauwT,

{Ms, fx} =—Ff, wan {M,, f} = [nf]

(cp. [11, § 42, 3amaum 3,4). Uemy panuu ckoGkn [lyaccona {M,, Txx},
rae Tyx— KOMIOHEHTa TEH30PHOH (HyHKLHH?
10.18.

(f, aM) = (1, a],{iM, IM} = [fI] M + %MiMh {F1r 1)

10.19. IMonaras Bo BTOpPO# dopMyJe npeablayweid 3anaun f=e;
u I=eg, rae e; u e;—optul ocefl § u § B NOABHXHOA CHCTeMe KOOpAH-
HaT, NOJNYYHM

Mo, Mi} =+ M. m

10 PaBCHCTBO OTJ/HYAETCA 3HAKOM npaaoﬂ 4aCTH OT aHa/JIOrHYHOro Co-
OTHOLUCHHUA Aand HPOEKLlHﬁ MOMEHTa Ha OCH HeMoJBHXHOA CHCTEMb KO-

opauHar
{Mn Mx} =""My. (2)

[}

Kak 6ua0 nokazauo B 3adade 10.17 (cM. takxe [4], § 8.7), ckoGku

[Myaccorna (2) xapaKTepH3YyIOT H3MeHeHHe KOMMOHeHWTw M, npu nosopote

CHCTEMBI KaK Llesioro Ha 6eCKOHeuHo MaJawlii yroa & (puc. 157, a) Mz =
=g{M,, M,}=—eM,. Cro6ku [Tyaccona (1), paBHHe

{eM, e:M) = (M, e} M,
xapaKTepHay}OT H3MeHEHHe npOeKuHH HEMMOABHKHOIO BeKTOpa M Ha OCh
(23 HPH 6ECKOHellHo MaJiOM nOBOpOTe nOﬂBH)KHOﬁ CHCTEMH KOODAHWHAT

BOKpyr ocu § (puc. 157, 6; Ha pucynke ocu &, 7. § copnanawt 10 noso-
poTa ¢ ocAMH X, Y, 2).

10.20. M, = B% eapy (I )ysMgMes
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B YaCTHOCTH, €c/H BHOpaTh NOLBHXHYIO CHCTEMY TaK, 9TOGH TeH30p
HHepuuu [*F GnA AMaroHa/seH, MOJAyuHM YypaBHeHHAa OSiepa (cum. [1],
§ 36 ¢ yueroM cootHowenus My=1,Q4).

’
Vi \\ &7
\
\\ M
\ |
\ I\we__o!
A
/’/re | ‘! z&
M O ’
J/’le=+€”7
&)
Puc. 157,

10.21. YpaBHeHNs ABHKEHUA

M;={H, M‘}E'Ye"ij%k,H-nH M='—’Y[JCM]’

T.e. BeKrop M spamaetcs ¢ yriosoft ckopoctsio — Y J.
a) Bexrop M npeueccupyer Boxkpyr HanpaejeHus JH:

My.==M.(0)cos y &+ M, (0)sin yo6.!,
My=—M_,(0)sin y 3Bt +M, (0)cos y !,
M, =M, (0).
6) Bektop M ppamaetcs ¢ yrnoBoft ckopoctbio —YJ{, Koropas
B CBOIO Ouepe]b BPALIAETCs BOKPYT OCH Z C YIVIOBOfl CKOPOCTbiO ®. ¥ 1006-

HO BOCMOJIb30BaTbes Bpamalollefica cHcTemofl OTCYeTa, B KOTOPOR Bek-
Top J{ HenoABHxeH. B 3TOA cHCTeMe KOMIOHEHTH YIJOBOH CKODOCTH
BekTopa M paBHH
’ ’ ’
0, =—y#i. my=0, 0, =—VH,—0=c¢,

[Tpn 3apanHOM HauanbHOM YCJIOBHH KOMNoOHeHTHl M Bo Bpauiawouiefics
cHcTeMe
’ € ’ R
My=—=a~5 My (1 = cos Af), M, = aM,sin M,
) &3
M, = (ﬁ + a?cos M) Mo,

rae A=V e+ vad a=ve/V et vl
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276

B HenoaBHXHON cHCTeMe
’ »
Mx = M_cos of — My sin of,
M, =M_sinot | M, cos ot
r

M,=M,

Ipn 28, Ky 3aBRcHMOCTb amMnauTya Ms,y OT ® HocuT pesoHanc-
Hblfi XapakTep: BOOOLLE OBODH, 3TH AMIVIMTYAB Maan ~ Me6\/#,, o

npa |e|=|o+75%o| <96, onn pesko BO3paCTAOT, AOCTHras 3HaueHHI
~ My, B gactHOCTH, npH 0 =-—Y3,

My=—M,; sin y76,t sin Y786,
My ==Mq sin 156, cos Y,
M1=M0 [oe]) ’r%lt.
10.22. {0, 0,}= m%E €, inHn-
B

Fr2
10.23. a)p () =p+Ft, r(t)-r—l— +2m,

6) p(t) =pcos ol — mag sin of,
£ = { + 2= sin ot
g (f) =gcosw —f—mmsmw.

PagymeeTcs, 3TH BEeJIHWYHHL NPOILE BBIYUCAUTD, HE KCNOABL3YST CKOGOKR
Ilyaccona. Ho npeasnoxesnbli MeTOL JerKO MOXeT GbiTb nepeHeced B

KBaHTOBYIO MexaHuKy (cm. [26], § 34).
10.25. a) Corsacso npeamayueii 3ajaue

d oH
G=unn =5 (.0 =o.

6) ®yukuns amnrabTOHA

2o
H= g5+ gm [ (9 pg py)s

raoe
2

s, o
f (0, P Pg) = Pi -+ T30 I 2ma cos 0,
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Huterpant neuxenns: E, py W, coraacuo npexuiayuemy, f.

10.26, a) {4,, 4, “*‘_2 &, mMps
k=1
3

{Ai,Mj}=akgie”kAh;

6) {H, 31,0} =0, {J11, J25}=0,
3

3
{15 ‘/11'}=—k211 eimdin (Vo g} =— kg 1n om0
mao,2
H=— ——.
4(3213)

Bekroprr J; # J, — HesaBucuMBle HKHTerpa/isl AsHxeHHs. Kaxanifi
13 HHUX HMeeT Takue xc ckobku [lyaccoHa A1 CBOMX KOMIOHEHT, Kak
H OObIYHBIA MOMEHT HMmy/bca. Hanwuue ABYX TaKMX «MOMEHTOB» TECHO
CBAA3aHO C TaK Ha3HBAEMOH «CKPHITOM CHMMeTpHefi» aroma Bodoposa

(eM. [27], ra. 1, § 5).

§ 11. Kanonuueckne npeo6pasopanus

oP —
1.1, a) g = V%sin Q, p= "V 2mwP cos Q,

.

o . o
Q:m—{-%sin?Q, P:——P'5C052Q.

B nauuom cayuae P m Q — mepeMeHHble feficTBHe — yros. DTH me-
peMennble yno6Hee, 9eM p ¥ ¢ AJs DelICHHA 3aJa9H MeTOLOM TEODHH

BO3MYLIEHHH, €ClTH 4YacToTa ® MeHAeTca MeAneHHO: ®O<Ko? (cM, 3afa-
uy 13.9).

6) g mcoz -+ ]/-—- sinQ, p =1V 2moP cosQ,
Q=0w 4 F Vgll—?-cosQ, P = F V%maP sin Q.

p?
11.2, ¥(p, Q = — Q(l + lnm).
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11.3. Oynxuna ®(qy, g2,..., o, Py, P2, ..., P,) onpenenser Kano-
2

920
HHYecKoe NpeoGpasoBanne, ecnn det 39, 0P, # 0.
1

114, MNycers Q=qcose—psina, P=gsina+tpcosae. Torna
{P, Q}p, ¢ = —{q, P}p,qsin?a -+ {p, q}p, qcos’a = 1. lna cuctemn
¢ OfHON Crenennlo cBOGOAH 3TOro AOCTAaTOUHO, 4TOGH mnpeoGpasoBanue
OblJI0 KAaHOHHYECKHM.

11.5. Herpynno coo6pasuth (M 3TO NOATBEPIKAAETCA MOCASLYIOUUMH
BHIUMCJICHASIMH), YTO KaHOHHUECKOe Mpeo6pa3oBaHHe AOKHO GHTbL G/M3KO
K TOXJECTBEHHOMY, H uleHt! ax?P u bP® B npouspoasuieil dyHKIHH Ma-
abl, UTo6hl paspeluuTh COOTHOMIEHHS

p=P+2axP, Q=xtax2+3bP2,

olipefie/isIONIHe KAHOHHYECKOe Npeo0pa3oBaHHe, OTHOCHTEILHO X H p,
3aMeHseM B MaJHX YneHax X Ha Q u p Ha P:

) p=P+2aQP, x=Q—aQ?—3b6P3, (1)

[Mono6ubiM Ke ofpa3oM moctynaeM, Bopaxkas ¢ynxluio ['amMnibrona
B HOBBIX MepeMeHHHX:

P ©2Q?

H'(Q,P) =5 +—5~ + Q'+ BQP? + 2aQP? ~a0?Q’ ~
e 3602QP? - unennl yeTBepTOH cTeneuu mo Q, P.
Nonarag o — aw?=0, f+2a — 3bw?=0, ofpaTuM B HyJIb M UYICHH
tpetheit crenetin. TakuM o6pasoM, B YKa3aHHOM B YCJOBHH 3afau¥ NpH-
G6auxenny Q=Acos wf, P= —wAsinot un cornacio (1) x=

=4 cos 0l — a0~24?—(B+aw~2)A?sin? of (cp. [1], § 28).
11.6. Ilpuseas ¢yuxnuio [amuabTOHA K BHAY, PacCMOTPEHHOMY

i@_ 3 gﬁ 2
B 3anaue 10.4, nonyuaem x =Q — Sl Q3 = fol QP2, rne Q=4 cos 0,
P=—wuA sin of, o= v, + %5. at cp. 111, § 28).
(1]

11.7. H (P, Q)=H (P, Q).

[lpy X=Asin{wt+¢), Y=0— ocunanrsatop cosepiiaeT ABHKeHHe
10 3anHACY

x=A cos A sin(o!+9),

y=A sin ) cos (! +¢).

11.8. Ins Toro utobu cHENAThb 3anHCb MeHee rpoMo3nkofl, yao6Ho
BPEMEHHO NMOJIOXHTh M=y==¢==xC==|. B OKOHUaTe/JBHLIX BEIpaMEHHSX
TH MHOXHTEAH JNierKo Oyler BoccTaHoBHTh. llpeofpasosanne 3amaun
(11.7) npeacrasasier coGofi MOBOPOT B NJOCKOCTH XPy H YPx, MOITOMY
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OHO coxpaHfieT BHJA yacTH ¢yHKUHH ['aMuabTOHA, paBHOH

-é—(xa + 2 + pZ + p).
Jo6aBKa Xe, BO3HHKAIOWLAA OT 4ICHOB ;_%zxz — %’xpy , paBHa

—;— 3 (X2 cos® A + P% sin? A + 2XPy sink cosA) +

+ 5 (X"‘ - P%,) sin A cos A = 3 (cos® A — sin®A) XP,

Heanaronanouuft aned XPy HCue3HeT, eCsiH MONOXKHTh

2
sin? A == cos? AL - g sinAcosh =0, T.e. tg2x=9-§.
Tocne HecmoxHuX npeoGpasoBaHufi ¢yHKuus [amuabToHa npHBojHTCH

K BHAY

H _I_. p2 p2 2 % ﬂxztzx ye
= 5= (P% + P ctg?A) + —5— (X* tg? A 4+ V9), )

Takum oBpasom, nepemeHuble X, Y HCOHITHIBAIOT TapMOHHUECKHE KO-
Jeb6aHHsA C 4aCTOTAMH, DABHHIMH COOTBETCTBEHHO

[ ——

eH\2 eR
o =0atgh = ‘/(D"‘-{-(m) ~ T

e \* ez
w2=wctgx=1/w”+(m) + 2me

(cp. [2], § 21, samaua). Kaxpmoii n3 koopamsar X, Y coorBercTByer
JBHKeHHe MO SJJIHINCY; NPOH3BOJbHOE KoJaefaHHe — CyNeLno3ulHa ABYX
Takpx ABHXKeHHA (cp. 3amaunm 6.36, 11.7).

HurepecHo, 110 npm ¢ — 0 okaswiBaercs A=mn/4 (a OTHIOAbL He
A=0). DTo 3HauHT, 4YTO AaXKe NpPH ouelb caaloM mnoje € <«HOpMaJb-
HbIMH» OKa3biBaloTCA KoJeGaHHS, «noJsSpH30BaHHHE N0 Kpyry». Koneba-
HHSl e, oTBedaiomue KoopauHaram X (Y) npu A=0, KoTopsle B OTCYT-
cTBHE MoMsA 76 Guin OHl JAHHEHHHIMH, NPH HAJHYHH Noaa J6 MeAJeHHO
H3MEHSI0T HanpasJeHHe NOASPH3aLHH,

Ecsu MarHeTHOe noJsie mepemeHHoe, To K ¢yHKuun [amunabroHa (1)
cllefyeT A0GaBHTb HACTHYIO TPOH3BOAHYIO [0 BPEMEHHM NDOH3BOAAMLef:
byHKIHH

P P xPy + yP
Y X Y
®=—moxyclgh— 25~ leh+ —ggx
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(supasuB ee uepe3s X, Y, Px, Py) (cM. TakKe CHOCKY K pelleHHiO 3a-
naun 13.25).
11.9, [Tonaras B KaHOHHYeCKoM NpeoGpa3oBaHHH TpelHAYyWeR 3a-
2(0%(1),

faun @ =y, g2 = —5———F———, noayuuM
0% +oj—o

2

1

7
= =2m

92
2 m
(Pz + 5P+ p?) +5 ( 1x2+ojye+of2),
2

rae Q2 onpefeseHs B 3agave 6.23.
11.10. TpeoGpasosanne (A==1/4)

1 PYs . 1 PXs
‘%1%("&*%@)’ e

coxpansieT BuA ¢ynkuud [amuasTona (cp. ¢ 3apaueit 11.7)

2 R 2 2
Py | P+ p2,  Nmo?
H=2Nm+2[ oNm T 2 qs1+qs2
s=1

P%,+P%, Nm

s 3| Pt + <x2+v2>]

s=1

Kone6aune, coorsetctaymoumee X,=A cos{w.f+§), ects
A
x, = 1—/—5 sin (ot + ne, +B),
a cootseTcTnylomee Y,==B cos(w.!+p) — ecTb koneGanue

B .
£, = 375510 (= 0,0 + 19, — ).

11.11. Hosas ¢yuxuua Tamunsrona fA’=@P, YpabHenns napixe-
HHS B HOBLIX NepeMelHbIX HMEIOT BHJI

IID|=1.D2=Q2=0, Ql-——'(l)-

Kax usMenutcs pua bynkunn Camunbrona f’, ecan Jj aasucut or
BpeMeHHu?

11.12. MpennoxenHoe npeoGpasopanne p=aP, r=Q/a ecTb npe-
o6pazosanue nonolus.

11.13. Tpanuentioe npeoSpasosane A'=A+V[(r, £),¢' =¢—

1 of

—_ ———a—t MOXHO RpencraBuTb Kak KaHOHHUeCKOoe npeoﬁpa3onamxe
4
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of

r'=r, PP= P—--Z-vf,H’:H—-—% 5 ¢ NMoMomBI0 NpoH3BoAAmel (yHKiHH

O P =P —</ (.
11.18. ®(q, P)=4qP — (g, t).
F
.15, 6) F, (q,Q>=—§(q+Q)+§’l,(q-Q)’a

8) F (q,Q= Zsm o7 [20Q — (¢* + Q) cos 1],

11.16. a) Q=r+8a, P=p — cABHr CHCTEMH KaKk Tenoro Ha 8a

(MAH CABHT CHCTEMB KOOp/HHAT Ha —ba).
6) C ToyHOCTbIO M0 GEeCKOHEUHO MAanEX MepBoro nopsjika BKJANOYH-

TeAbHO
Q=r+[6g, r], P=p+ [, p].

[MpeoGpasopanne npeactasiser co6of MOBOPOT CHCTEMH KOOPAMHAT Ha
yroa —5¢.

B) Q(f) =q(t+8v), P(t)=p(t+61), H'(P, Q, )y=H(p, g, t+6v).
[peo6pasosanue npeacTasiser coGodl CABHF Bo BppeMeHu Ha 6% (cp.
[1],§ 45).

r) Q=r+2pba, P=p — 2réc.

IMpeoGpasosanue npepcrasasier coGoft nosopot Ha yroa 26ct B Kax-
Roft mape miaockoctefi x,p; (i=1,2,3) B $a3oBOM NpOCTPAHCIBE.

11.18, a) O(r, P) =rP+nP8u+n[rP]8¢, rae Sa — cMemenue BIOML
HampaB/eHHs 1, a 6@:% Saq — yroJ oBopoTa BoKpyr n(h — war BuuTa);

6) O(r, P, t) =rP — VPt+mrV;

B) ®(r, P, t) =rP — t6Q[rP].

11.19. Gf(q: p) =A’{W» f}P’ q-

B camoM fede, MOACTaBAsAs 3HAaueHHS HOBBIX NepeMeHHBIX P ==
=p—A %%7— Q=g+ A ?3_"1; B [(Q, P) u pa3naras moaydyeHHOe BEIpa-
MeHHe no CTemeHAM A, NOJNYYHM C TOUHOCTBIO IO MEPBOrO MOPSAKA
BKJIOYHTEJIBHO

of oW @.p) _, 9 oW (q.p)

11.20. INonaras B npexbiaymes 3agaue ®=rP+ArP, nonyunm npe-
o6pasoBanne noaobusa ¢ w=14+A (cM. 3anasy 11.12) [Ipeanoxennan

¢yukuna [amnnbtona rtakosa, aro f'(P, Q) =a’H (P, Q), u nosromy
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MH, rp)=H'—H=2AH(A—>0)}. C napyrof cropoun, [/, rp} =
= 37 (rp). Orcrona rp — 2Et=const (cp. c 3agauei 4.136).

11.22, Tlycrs 81 1 8,p *) —H3MeHeHHS KOODAHHAT M HMIYJbCOB,
cpsizapnne ¢ npeo6pazoBanueM, sagasaeMeiM @y, Torza

f(g+ 8,9, p+ 81p) =
=f(q,p) +M{Wi(qn), ) +Me@p. O

K kamzaoMmy H3 cinaraeMueix npasoft qactH (1) nmpumenuM janee npeobpa-
3oBauHde, 3ajapaeMoe Qpynxuuesr @y,

F(g+ 8019, p+ 8010) =F + 2y (Wy, ) + 2y Wy, ) +
+ Mhg (Wa, (W4, )} + Ados + A20,. ()

[Tpeo6pasoBanue h%q)i (9, p) maer moGaBKy Bhille BTOPOro MopsAka Ma-
AocTH. PesysbrTaT npuMeHeHHs 9THX npeoGpasoBanuii B ofpaTHoM fo-
paaxe

F(q9+ 8129, p+ 81ap) =F + 2 Wy, [} + 3y (W, [} +
+ hhy (W1, (Wy, f}) + A0r + 230, ()

oTAHYaeTcst 0T (2) TOJAPKO UIeHaMK BTOPOTO MOPsAAKA, MPONOPLHOHAIb-
HEIMH AjAg. Briunras (3) u3 (2), nomyaum

MA({W2, {W1, [}} — W), {Ws, }}) =MAe{f, (W, Wa}}.

[Mostomy, B uactHocTH, casurn AW=8aP (cM. sagagy 11.16) nepecta-
HOBOYHLI, a MOBOPOTH BOKPYr pasuux ocefi AW =0¢[rP] — uer.

CnpaBea/uBO Jid YTBEPXKIcHHe, o6paTHoe coOpPMyIHPOBaHHOMY B
3agaue?

11.23. KaHounueckoe npeo6pa3oBaHHe € NEPEeMeHHHIM MNapaMmeTpoM
A MOMHO paccMaTpHBaTh KaK «BHXKeHHe», MPHUEM A HrpaeT poJb Bpe-
venn, a W(q, p)— dyuknus [amuabToHa (cp. ¢ 3agauedr 11.168). Ypas-
HEHHS ¢ABHXKEHHA»

dQ aw(Q, P) dp v (Q, P)

#="9F + &= 0Q

*) Ykaxem, HampuMep, H3MEHCHHe HMNYJLCA € TOUHOCTBLIO A0 BTO-
poro mopsaka:
bp=P—p=

ey Wi@P 0W1 (9. ) a2 %W (9, p) 9W1(q,P)
3 2] 1 op dg o
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DTH ypaBHeHHA Jerko mnonyiHth H GopMajpHO H3 pesynabTaTa 3aja-
yu 11.19.

a) DBeckoneyHo masoe u3meHeHHe KOOPAHHAT H HMIYJbCOB MPH JAaH-
HOM KaHOHHYECKOM Mpeo0pa30BaHHH HMEET BHI

A A
5r=.1_v. W.r)=— {Ma,r}===n, r] bp,
6p=—[ﬂ, p] 6@,

rie M=][r,p]l, n =—Z—, fp = _%Va. 310 npeobpasoBanye NpeAcTaB-

nseT cofoft NOBOPOT CHCTEMBl KOOPAHHAT Ha yroa ¢ BOKpyr Hamnpab.e-
HHA n HanpaBuB och 2 MO a, MoOJyyacM OKOHYaTeJIbHO

X=xcosp—ysing, Y=ycosp+txsing, Z==z

B aHaJoTHYHLIe (bopmy.nu IJi KOMIIOHEHT HMIyJbCa,
6) Beckoneyno manoe n3MEHEHHe KOOpAHHAT H HMIIYJbCOB NpH Ka-
HOHHYECKOM Hp606p33OBaHHH, 3agaBacMoM A\, HUMEET BHA

0x = p. 8, 8y = —p,8p, Bp:. = x6¢, Bpy = ydq,

A
ree 8¢ = SN - 3ro npeofipasoBanue npeacTapiseT cofofi MOBOPOT HA

yron +6p B njIocKoeTH Xp: M Ha yron —0@ B IJIOCKOCTH ypy.
[TosTomy

X=xcosp+p:sing, Y=y cosp— pysing,
Pyxy= —xsingp+pscosQ, Py =ysin g4 pycos .

Ananoruuno Ag(As) samaer moBopoT Ha yroa @ (—@) B IJIOCKOCTAX
xpy M Ypz(Xy B pzpy) u A;— NOBOPOT HA yros 4 B IVIOCKOCTAX XPx
H Ypy.

OtHiofp He N106ofi moBopoT B $a30BOM NMPOCTPaHCTBE ABJAAETCA Ka-
HOHHYecKHM mnpeoGpasoBaHHeM. Hampnmep, MOBOPOT B ILIOCKOCTH Xpy —
He KaHOKHYecKoe npeobpa3oBaHue.

HHTepecHo CpPaBHHTb ABHXKEHHe IBYMEPHOTO H30TPONHOrO rapMOHH-

weckoro ocuuanstopa (pysxuua [amuabroHa H==";— A,) H RBHXKeHHe
YacTHUH B NJIOCKOCTH Xy B NPOM3BOMBHOM [0Je, 06aajaimolleM oceBol
cummerpreft, U(x*+y?%). B oGoux coyuasx HHTerpanaMH fBJfeTCA MO-
MeHT EMnyJbca 243 COXpaHeHHe KOTOPOrO CBfI3aHO ¢ HHBAPHAHTHOCTBIO
CHCTEMH [O OTHOIUEHHIO K MOBOPOTaM BOKPYr ocH 2. Ilns ocumaastopa,
KpOMe TOTO, ecTb HHTerpansl XBmkeHHS A; B Aj CoxpaHeHHe KOTOPHIX
CBA32HO CO <CKPHITON» CHMMeTpueil — HHBapHaHTHOCTbIO Qynkuuu Ta.
MUJbTOHA OTHOCHTENbHO ONpejeseHHHX MOBOPOTOB B (a3oBOM NpOCTpaH-
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cree. B 3ToM CMbiC/ie OocuMaasTop nofoleH 4acTHUe B TPeXMepHOM LeH-
TpAJBHOM MOMe, A KOTOPOA €CTh TPH HHTerpana ABuMeHHS Mz, y, s

Haaugue AONOAHUTENBHBLIX HHTErpajioB [LBHKEWHR Yy OCUHAJATOPA
NPUBOAMT K TOMY, 4TO ToukKa (X, Y, Px, py) B (asoBoM mpOCTpaHCTBE
ABHIKETCA 1O 3aMKHYTOR JHHHH, B TO BpeMd K2K AJA 49aCTHUH B MoJe
U(x*+y?) odasoBasi TPaeKTOPHA «3an0JHAET» [BYMEPHYIO [10BEPXHOCTH
(cm. [11, § 52).

11.24. a) B wmnyasciom ¥ $a3oBOM [IPOCTPAHCTBE BHIAE/MEHHBIN
00beM ¢ TeueHHeM BPEeMeHH He MeHFETCs, B KOOpAHHATHOM MOPOCTPaH-
cTBe TPOMCXOLMT €ro «paciibiBaHye». Tak, eclH B Haua/bHBI MOMEHT
COCTOSIHHE CHCTeMHl H3oGpaxanoch npsMoyroasiukom ABCD (puc. 158),

Y

8 ¢ g ¢

YL

Po

|
I
I
|
|
|
i
I
|

{
|
|
|
| |
Zy LAz, Ty J‘+JI+'0[' "’zf

Puc. 158.

To uepe3 BpeMs f, ou nepefifer B mapaijesorpamm A'B'C’'D’ (AD=
=A'D"), npuqeu paccTosHHe MO OCH X MexAay ToikamH A’ n C’ paBHO

Ax=Axy+ =7 Apy . Co ppeMeHeM 3TOT MNAapasejorpaMM BhIPOXKIAETCH

B Y3KYIO nonocxy GosbuIofl AMHHH.

6) Ecan B Touke x=0L pacnojoxeHa cTeHKa, TO BhilleJeHHBIH ¢a-
30Bbii O6BEM Yye He OyAeT napainenorpammoMm A’B’C'D’, a Gymer
HMETL BHJ, H3o0paxkeHHHH Ha puc, 159, a. C TedeHHeMm BpeMeHH mepso-
HayaabHulli dasoBuifi 06beM ABCD npeBpaTHTCd B PSil OYeHb Y3KHX na-
panjeAbHBIX NOJOCOK, KOTOpPble NOYTH PaBHOMEPHO pacrpefesarcsl BHY-
TpH ABYX NpaAMOyroisHakoB 0<Cx<CL, po<p<<po+Apy v 0<<x<L,
—po — Apo<< ps5x —po (puc. 159, 6).

B) (dasosas TpaEKTopHﬂ AJi OCUHAJIATOpA C suepmeﬁ E n uacro-

Toft @ — BAJHIC f—- + =1le¢ IOJYOCSIMH 4 = VZE
mmz»

Bce Toukn nuneneuuoro ¢)33OBOI‘O o6beMa ABHIKYTCA 110 TAKHM 3J/TUIICAM

2n
H uepe3 MepHOA T=5_ BO3BpaIlAIOTCA B HCXOAHOe COCTOnHHe. Pa3mepn
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BHIIEJIEHHOrO0 «06beMa» N0 KOOpAHHaTaM Ax H HMnyascam Ap myiabcH-
pyoT ¢ uacrotod 20. B oTaHuHe OT npeibifylller0 NyHKTa, 3[1€Chb He
NPOHCXOAHT DPAaCHJLIBAHHA BbileJeHHOro ¢a3osoro ofLeMa NO BCeA 10-
CcTynHo# obaactH ¢(a3oBOro npocTpaHcTBa.

Y/
L

&Y

/it

Fof

_,00 _______________

Prlpyl-———-——-—--

Puc. 159.

r) Has ocuuanstopa c¢ TpeHueM (cHsna TpeHHA Fpp=—2mAx)

x = ae—M cos (0t + ¢),
p= my = — mae [0 sin wf + @)} A cos(of + )],

H KoneGaHuR CO BpPEMEHEM 3aTyXawT, NOITOMY a3oBas TPaeKTOPHS
npejcTaBiseT cofoH cnHpasb

CI (e il A LY
a? maw :

Buigenennnfl ¢asoBufi 0o6beM ¢ TedeHHeM BpeMeHH yMeHbIIAeTCs M0
Hyas. Hecoxpanenne dasoBoro o6beMa 31ech CBSI3aHO C TeM, YTO CHCTe-
Ma He sBJseTCS KAHOHHYECKOH — /Il NOJIHOTO ee ONHCAHHA HeoOXOAHMO

$a1aBaTh He TOJbKO ¢GyHKuHIO Jlarpamika =—;i(§z — m%xﬁ), HO
R nHccHnaTHBHYIO dyHkumio F =% mix2 (cM. [1], § 25).

Ecan xe nas panHofl cAcTembl BHOpaTh «pyHKUHIO Jlarpanxkas o
BHIE

L= % g2M (JE’ - wfx?)
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(cp. ¢ samaueli 4.17), T0 ;1A COOTBETCTBYIOUIMX KAHOHMYECKHX NepeMeH-
,

HEIX X Hp' = —— BHJejeHHHA da3oBwfi o6beM OyaeT COXpaHATHCA, OX-
ox v

HAKO B 9TOM Cayuae 060GwWeHHB uMmyabe p'==mxe®! He uMeeT, Kak
npexpe, NpocToro Gpu3HYeCKoOro CMHCIA,

) Tak Kak nmepHoOA ABHXKEHHA B 9TOM C/lyyae 3aBHCHT OT 3HEPIHH,
BHJeNeHHas o6aacte a30BOro NPOCTPAHCTBA € TEYEHHeM BPEMeHH pac-
TArHBaeTCs, €3aNOMHAsS» BCIO ROCTYNHyl 06JacTb ($a3onoro npocTpad-
cTBa (Cp. ¢ MyHKTOM 0)). .

IycTs BHauade BuaeaeHa obaacts Xo<<x<Xo+Ax, po<<p<<pot+Ap.
HetpynHo OueHHTs Bpems, 4Yepe3 KOTOpPOE camble OBICTPbe HACTHUH
CHeJaI0T Ha OAHO KogeGaHHe Goablie (HIH MeHbille), deM camble Mel-
JIeHHblE!

T dT poAp

dU (xq)
T~ AT AT~dFAE AE ~— | ——

dx

e} Iycto uMmeercs N gacTHE TakHX, 9TO TOYKH (a3osoro npocTpan-
cTBa, H3o6paxalomue HX COCTOSHHe, pacmpefeseHbl B HayaabHEA Mo-
MEHT ¢ MJIOTHOCThIo Nw (%o, po, 0) H mepeMemaloTcs COIMIACHO ypPaBHEHHAM

x=f(xo, po, t),

Ax.

(1
p=9(xo, po 1).
3aech
f (%0, pos ?) —xo+ 2 ¢, @ (%o, o, 1) =po
a8 cBOGOLHOTO IBHIKEHHS H

[ (x4, pgs t) = xo coOs 0f + -r:—z) sin of,
Q(*0, Po, ) =—mwx, sin wi-+p, cos wl

A5l FaPMOHHYECKHX OCHHANATOPOB. TOraa KOMMYeCTBO 9aCTHIl B BhIAEJNEH-
Hoi o6JaacTh (a3oBoro NMPOCTPAHCTBA, BCE TOUKH KOTOPOH [ABHXKYTCA MO
TAKOMY e 3aKOHy, OCTaeTcd MOCTOAHHLIM; B YaCTHOCTH, AAR OeCKOHed-
HO MaJioro ¢asoBoro ofbema dx dp uMeeM

Nw(x, p, t)dx dp=~Nw(xo, po, 0)dxo dpo.
0(x,p) ..
0 (%o, Po)
w(xl p, t)=W(x°, Po, O)' (2)

—

CoraacHo Teopeme Jluysaana (cM. [1], § 46) , TNO3TOMY

Bupaxas u3 (1) %o 4 pe
xo=[(x, p, =1), po=0(x, p, —1)
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H moAcrasass B (2), moayvaem
W(x, D, t) =w(f(x, D, —'t)) (P(xr p, —t)r 0):
HJIH
exp[—a{(x—X)2?—Bx=X)(p—P)—7v(p— P)?
2nApoAx, ’

rae X = f(Xq, Po, t), P = @(Xo, Py, t), a Ko3GdHUHEHTH o, B, ¥ A7 CBO-
GOMHBIX 4aCTHILL

w(x, p, t) =

P M
2Ax% mAxj 24p3 ' 2m2Axd
A AJ8 OCUHAJIATOPOB
cos? f  m20?sin? of cos? of sin? of
* = Toaxt g P 28p2 " 2m20*Ax’

sin wf cos wt o !

= sin o — — )

¥ Ap:  moAx?

Ha puc. 160, 161 nokasano, Kak nepeMemaiorcs ofsactd dasosoro

1
MpOCTPAHCTBA, B KOTOPHX 2nAXoApy @ (x, p, £) 2 ~5 (Ana cBOGOAHBIX

lo ——{> ‘\L\\

A oo

|
!
|
|
Ao

S ——— 2
&

Puc. 160. Puc. 161.

9aCcTHL H OCLHANATOPOB COOTBETCTBEHHO). 3DTH 006JMACTH MPeACTABAAIOT
cofoft samunch, Aedopmupylowuecs co ppemeHem *). LleHTpw HX

*} Ecau Macwralu Mo ociM p H X B ($a3soBOM NMPOCTPAHCTBE rapMo-
HHYECKUX OCLHJ/VISITOPOB BHIGpPaHnl TaK, 4To mw=1, To (a3oBsle TPaeK-
TOPHH MNPENCTABAAIOT COGOH OKPYMKHOCTH, a BhHAeJeHHas o6aacth B ¢ha-
30BOM NPOCTPAHCTBE BpalllaeTcsl BOKPYF Hayaja KOOpAMHAT, He pedop-
MHDYSCh,
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nepeMellaoTCsi N0 TaKOMY e 3akoHy (1), Kak u yacTuusl. B cayuae cgo-
60HOrO ABHMKEeHHMs 3TOT 3JJHIC HEOTPaHHYCHHO pacTArhBaercs, B CJaYy-
yae xe [JBHKEHUS OCHHJIATOPOB — JHUIb NYJAbCHPYeT. 3aMeTHM, 4TO
pacnpelleieHHsl [0 KOOpAHHATaM H N0 HMNY/ibcaM YXe He fBJIAIOTCA
He3aBHCHMHMH (w(x, p, {) ne pa3buBaeTcsi Ha JAB2a MHOXHTels BHIA
wi(x, Hwy(p, 1)).

[Mpencrasnsier HHTEpec paccMOTPeTb GYHKUHH pacnpeneneﬂuﬂ 1o
KoopAuHaTaM (He3aBHCHMO OT 3Ha4yeHHH HMMyabca)

wir, )= [ wip0dp

—0

H 10 HMITyNbCaM
o

Bip, 0= | wi, p pax

—_—c

3TH pacnipefeNeHHsi OKa3bIBAIOTCSl FayCCOBCKMMH € MakcHMymamu B X u
P cooTBeTcTBeHHO;

| _x—X)?
w(x, £) e 24%
( V2nAx i
(p—Py?
w(p, [)_:‘-/—2__&—Ape 2APz ,

rae Ans cBOOOAHOrO ABHXKEHHUS
2

Ap
A=A+ —z 2, ApP=4gd,

a AJs OCUMIAATOPOB

2
Ax? = Ax2 cos? Apo 2
X% = Axg cos? of - e Sin of,

Ap? = Ap} cos? ©f + m20*Axd sin® of,

11.25. a){a*, a} =—1i, [[;=wa*a.

6) Tlepemennbie P u Q kanounueckne, mockoavky {P, Q}=1. Uz
pasenctBa df =p(x, Q)dx — P(x, Q)dQ omnpeneasercs NpoH3BOAANLAA
GyHkuss

f ' : —
F(x,Q, 1) = moxd -é— Q22 — | V 2mexQe™ 0t
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Hopas ¢ynknua Tamuabrona

. aF
Hy(Q,P)= Ho-j-—(x—Q—-’t) 0.

B) Bujenus B

Qe-—lmf - l‘Pe;ml ]
4 | ——
¥ YV 2mo )

cnaraemoe — 3Q2P?[2m2w?, He cojepiKaliee BPeMEHH, HOJydaeMm ycpen-
HeHHyio ¢yHKuHio [aMuiIbTOHE

3
CH (@ P> = — g QP2

B nasnenefimem ckobku { D, o603Havaiomue ycpelHeHHe, OMyCKaeM,
Ouesunno, uto —iQP=|Qy|?==|a|? — uaTerpan ABHKEHHI,
YpasHenna [amuabTOHA

Q:aieQ, ﬁ:[aP, 62%'
OTKyna
Q=Qe ™, P=iQ",
TaK 4To

I 2on’ .ir ,
~ Ve (Qoe™ ™" - Qge™t) = %o cos (@'t + ).

Bausinne po6asku §U cBoaHTCS K H3MEHEHHIO 4ACTOTHI

3B Qo 3pxg
O+ ~Zmet 4mm? =0 0

(cp. ¢ sanauefi 8.1).
r) Hosas ¢yukuus [amnasrona

H (Q, ?’ l) — mzmza( Qe—imt_ipeimt)a gliat 4+ —hiot

T 2mo 2

noche yCpeAHeHus CBOAATCA K

CH' (@, P> =4 (@' + PY.
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Iaa nepemennofl §=—iQP==|al|? nponopunoHanbHOll KBappaTy aM-
IVIKTYAB KoJeGaHul, ypaBHeHHe RABHMKEHH:

E= (<, §) = — g (P4~ QY.

Yuutnisas, 910
S (@ PY = A= const,

HAXOANUM
B2 = —447 4 o2kt
Takum o6pa3oM, E u3MeHseTCR TaK Ke, KaK KOOPAHHATA YACTHUH
(c maccoli, pasHoli ennnnne) B noae V(E)=— —(-1215;4 npu 3ueprun —242

(cp. ¢ 3anaueft 1.2). AMnauTyna 3a KoHeuHoe BpeMs Bo3pacTaer .o fec-
KOHeuHOll BenMUHHbHl (TaK HA3EIBaeMbil B3PBIBHOA pPOCT AMILIHTYIH).
PasymeeTcs, HCMoAb3oBaHHe ycpefHeHHON ¢yukuwn [aMEabTOHA

crpasefsHBO TOABKO NMpPH ‘é<<u)§, T.e npy E<Ko/a.
11.26. BBog#M HOBBle NepeMeHHbIE:
max + ip ot me,y -+ ipy it
— ", b= ——r=——=—0 "
V 2mo V 2mo,
mosz + ip, eimat.
V 2mo,

(0=} ®;) B KAHOHHYECKME COMpAKEHHble MM HMIYyNbcH la*, ib”,
ic*. Hosas dyuxuus [amuasTona, ycpeisensas no mepuonam 2m/was,

a=

C =

{H'y=¢|a]?+n{a*bctab*c*),
a

E=0; —®, = =,
t K 4V 2mow,0,

VpanHeHHA NBHXKeHUs
a=—iea ~— inbc,
=—inac*,

==—inab*
MMeIOT MHTerpann *)

H>=A, la|’+|b]*=B, la|*+][c|?=C.

*) Hnrerpaau B u C HasuBawl uuTterpaname Msuan — Poy,
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YpapHenne
d .
= la 12 = in (ab*c* — a*bc)
MOXKHO NPeJCTaBHTL B BHAE, YAOGHOM [/ KaYeCTBEHHOro HCCJeLOBaHHMS:

V(R =0,
rae E=lal?, 14 52<4y26’
V(E) = (A —ef)?—4n% (B —8) (C—8).

\ W e
B navanbHmii  MomedT ¢=0, no3TOMY \/ \5
a)

A=¢eC, B<Cn
V(E) = (C—§)2(e2 — 48) — e2>4p%
—PE(C—B) (C—8). [N\ /\\e
1A

lpadukn V(E) aas cayuaes e2<4n2C u e2>
>4n%C npuBefieHn Ha puc. 162, a u 6. 7]
B nepsom cayuae & menmThiBaeT KoseGa- Puc. 162,
HHS, TaK YTO HPOHCXOAAT OHeHHA. ODHeprus
NEPHOJHYECKH MEPEKAYMBACTCA OT OCUHANATOPA X K OCUHJVIATOPAM Y, £
u obpato. Bo BTOpoM cayyae (T.e. mpH GoabIIOf «paccTpofike» &
H MaJdblX HayaJbHbHIX aMIIETYAax) KoneGaHHA y U 2 He BOBéY)KAaIOTCSI.
[Toppo6Ho 06 3rofi 3anaue cM. [22].
11.27. a) <H'>=¢|a|?+p[a]*+n(a?+a *?), rae

38 ho
E=0—Yy, Wp=g 5, N=-g.

6) YpaBHeHus ABHKeHHS

~3

—a=i(e+2p]a|?)a+2ina*,

a*= —i(e+2nla|?)a*+2ma

HMEIOT NMOCTOAHHBIE pellieHHs

2n—e
=0 |af= o
Ias E=]a|? nonyyaem ypasHeHue
= 2in(a *? — a?),

YuntniBasg, uro {H’'>=et+pnE?+n(as+a*?) =C=const, nonyuaem

824V (8) =0,
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rae V(&) =4n?[(a**+0%)? —4|a|] =4(C—ef ~pt?)?—16n'E%. B
HHTEpeCyiolleM Hac clydyae, CONIACHO HAYaJbHHM YCJAOBHAM, BEIHUHHA
C mana. B oGnactu pesonanca |E|<<2n rpaduk V() (puc. 163) mosso-
JAfeT 3aMeTHTb, YTO £ HCOHITEIBaeT KOJe-

1% Ganna B Npefesax OT HYJs A0 Emz2101'|".
5”,/ TakuM o6pa3oM, nepexol K yCTaHOBHB-

memyes pexumy KoneGamni E=|al?

\/ ¢ (cp. ¢ 3amaueft 8.7) Moxer OHTH 0becmeyen

. JUIIb KAKHM-TO Hey4TeHHHM HaMH MeXa-

HH3MOM, HallpUMep TpPeHHeM, H OhITh BechbMa

AauTenbHEM. [logyepkHem, dTO 3TOT Oe-

PexofiHoH Ipoilecc MMeeT XapakTep OHeHHH

Puc. 163. Jaxe NpPH HYJeBOH <«paccTporke», =0,

B OTJIMYHe OT [IEPEXORHOro Ipouecca B JH-

HeMHEIX KoJeGaHusAx (cM. 3ajauy 5.11).

11.28. Ycpennennan yskuus Tammaprona <H'(Q, P, #))>=

mo?2

h
=H(Q, P)= —‘2“(8'—'%‘) Q2+§,l;(8+—2‘) P2, Bedanunna

Y@Q2 4+ P?/m2w? npencrasiser coboii aMmanTyRy konaeGanus, IlepeMennule
P

i [
//A

Puc. 164.

Q u P ma/o uSMeHTIOTCA 3a MEPHOA 2m/Y. DTO JErKO BHACTb H3 ypaBHe-
nuil [aMBJAbTOHA, COAEPIKAIHX Manble NapaMeTpul € H A.

Ha nnockoctH Q, P Touka, HsoGpaxaiomas COCTOSIHHE CHCTEMH,
reuxerca mo auaup H'(Q, P) =C=const, Ha pue. 164,a u 6 npupese-
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HE CeMeACTBA TAKHX JMHHA /i 06/acTH NMapaMeTPHYECKOTO Pe3oHaHca
le]<<h/2 u ee okpectoctn |&]|>h/2. B nepsoM ciayuae aMOANTYAA
B KOHEUHOM CueTe HEOTDAHHYEHHO pacTeT, BO BTOPOM — HCMBITHIBAET
Guenus (cp. ¢ sajgaued 8.8).

§ 12. YpaBHeHHe I'amuabToHa — SIKOGH

12.2. OueBuAHO, 4TO TpaeKTOpHs — MJocKas Kpusas. [lepemenHble
B ypaBHeHHH ['aMuiIbTOHa — SIKOGH DasiessiioTCs, eClH BOCNOMb30BATBECH
NOJAAPHbBIMH KOODAMHATAMY, HANpaBUB MOJsSPHYIO OCb 2 BAOJb a. [TosmHbid
MHTerpas ypasHeHHs ['aMuabToHa — $SIKoGH

s=—Et¢5Vﬁ—2macosedei 5V2mE—ﬁ/r2dr. (1)

Jlnsa yTouHeHHs 3HAKOB B (1) BoCnoMB3yeMCA COOTHOLIEHHSMHU

P, =mr——— +V2m5.._-- @)
. BS ———
po =mri = =+ VB~ 2macos 0. 3)

Ha HayaJgbHOM YYacTke TPaeKTOPHH 7 < 0, 6>0 (M Mpennonaraem,
4TO TpaeKTOpHs DACNOJIOKEHA Haj OCbio 2, PHC. 165). Tlostomy nepex
nepBuM pafukasoM B (1) HyXHO

COXpaHHTb HHXHHA 3HaK, a me- P

pen BTOpHM — Bepxuuii, Papen-

CTBO o _ B — 5T0 ypaBHeHHe

3= /
TPaeKTOPHH P / X
5- - \\\\\\ﬁmtzf/ b
y VB —2macos 0 *ﬂL z
r Puc. 165.

TR DU S—Y 4
Jre V2mE — p/r?

HuHue npefefhl HHTErPajoB MOXHO BHIOpaThb MPOH3BOMBLHO, MNOKA He

onpefefiena nocrosusas B. Ipu Haulem BmGope u3 ycnosus 6 —-0 npu

r— oo cneftyer B=0.

[MocrosHHas B ecTb wWHTerpan ABHXKeHHT Haulefi 3agaun H u3 (3)
B= pg—l— 2ma cos 0. OHa BHpaxaeTcs 4epe3 nMapaMeTpel YacTHUIH NpH
r—o0o 1 00, T. e. 0 CTOJKHOBEHHs, Koraa pe==muvp (p — NpHIEIb-
wufi napamerp), p=2m(Ep*+a),
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a
= = 2 —_ -
Tlpu M3MeHeHHH r OT o0 jo/ V2mE Vp + g onpe
ZeaneMOro ycjoBHeM p,=0, O H3Medserca or Hyas 10 Om Takoro, 4ro

m
dr
0 [ L -0 ©
65‘ VB — ¢macos@ A 2V 2mE — B/r?

HManuuefiui poct © conposoxnaerca poctom r. [lpn arom p, MeHser
3HaK. YpaBHenue yuactka Tpaextopun LM

r

dr
GS VB — 2macost —5 re ]/2mE—ﬁ/r2=0' ©

Vao6uee nepenucats, crioxus (5) # (6):

ol T

S‘ - ‘S' dr . S' dr =0
VB —2macos® r2 Y 2mE — B/r? 72V 3mE —Birt
0 ™m ™m

@
[lps r-» oo TPaeKTOPHA aCHMITOTHYeCKH MpHOAHAKAeTCs K MPAMOH,
napaniensuoiit ON. ¥ron Omax MOXHG BafATH H3 paBencTBa

emax oo
S do _y 5‘ dr .
; VB —2macos® r2V2mE—pirr VB ®
m

as
Pagenctso ZF = A oflpedensier 3aBHCH-

mocth r(f). BuGupaa A Tak, urobum
r(0) =rm, nonyuaem

X —_
r= VUW +1r2 =

—_— = 24 2 4oy,
- 2 Vet <t ®
Hurerpan nor B (4) 1 (7) BuuHcaserca
Puc. 166. s/JeMeHTapHO, a no O cBoaHTCA K 34-

JIHIITHYECKOMY.

Tpu Ep?:>a MoXHo PasnoXHTb NOAHHTErpaJjbHOe BhIpaxkeHHe B (4)
H (7) no cremeHAM %ﬂlzf%’-' C TOYHOCTBIO RO MNEpPBOro TNOpAfKa
rsinB=r l—-__._-coe 10
{1 = 2t ) 4o

(puc. 166),
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B 3TOoM npHOGIHMKEHHH YroJ OTKJIOHEHHs CKOPOCTH YacTHUHW mocne
paccesHusi paBeH Hymo. OSbACHAETCH 3TO TeM, YTO AeHCTBHE CHIN Ha
Pa3HBlX Yy4YacTKax TpaeKTOpHH (B HyJeBOM MNPHOJHXEHHH 5TO nNpAMas
K’M’) wyactHuHOo, a B TepBOM NPHGAMNKEHHH MOJHOCTbIO KOMIEHCH-
pyercs.

12.3. a) JInn onpeaeneHHs Yyraa OTKJIOHEHH YacTHUM HYXHO
nposectH padioxenne no a/Ep? B (8) sagaun 12.2 no BTOpOro MOPALKA.
ITonyyaeM ypaBHeHHe

Omax - 2 7 O - 3 <’fﬂ£)2(emax +sin 2emax) = ()
Pewas ero ¢ ToOYHOCTBIO 10 Tﬁ—) HaxoAuM *) yron OTKJOHEHHSA
=0 = % n (m_;.)z= 3n (ZEa—p,)z. (2)
CeyenHe paccesiHuf .
do=nldp2|=—1%?/i’o'. )]

3aB¥cHMOCTh OT % MOJNYydYaeTcsa TaKoH e, KaK NpH paccesHH# Ha
Manble YLAH B mose y/r4, yGriBawlleM ropasio GeicTpee, YeM Uf(r).

nb do
6) do = BESH

8) Tlph ycnosun Ep?»|5(0)| ans Bcex O nmeem Bmecro (10) sa-
naqu 12.2 ¢ TOYHOCTBIO A0 BTOPOro Nopsiaka

3] 3]
_m m? —
e__B_éb(e)de TF'(Sb‘-*(e)de

arcsin Im npr 0O <A, ,
r

r
A — arcsin _r’_" npu 6, <8< B,y

*) HiteM Omax 8 BHAE Omax="00+0,+02+..., rae 6, ~ (%)99-
Vpapuenne (1) B nynesoM npubauxenny Bo=m; B nepsou NpUGAHKEHHH
6 + Ma \sin 6, == 0, oTkysa ,=0; B0 BTOPOM NPHEIHKEHHH

2
0: T "_IB‘Z- 0, cos Oy + —Z— (-’%Z.) (Bo -+ % sin 260) =0,

oTkyna caeayet (2).
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Ec jb(m 0= 5 ¢8> 0, 10 do= :E<b> do.

3n: b2
Ecan xke <b>=0, T0 dcr__ V V< 2

12.4. a) TlepeMenHsle B ypaBHemm FamunbToHa — fkoGu pasnens-
toTcd, ecad BHGpaTh cepHuecKHe KOOPAHHATH C OChIO 2, NapadadeasbHol a.
O6o6uenHble HMITYIbCH

pr= mre=— VamE —BIr®,
p= mr2§ = + Vﬁ — 2maq cos 6 — pq%/sin2 9, (1)

pp, = mr’@sin® § = const,
2

P o
TlocTosinnryio f§ = pg + sin;p() + 2macosO nerko nafiTH, 3aMeTuB, uTO
2
pe + 3 2 = M3, rpe M — noAHBIT MOMEHT QaCTHUbI, €ro YR06HO Bb-
in

UHCIHTH NpU r —> 00, 0> —a (¢—yron MeXay Vo 4 @), T. € [0
croakHoBennsa. CorjiacHo (1) najgeHHe B LeHTP BO3MOXKHO NPH YCNOBHH
p<<0, nau

p2< (a/E)cos a. @

TaxnM o6pa3oM, NafeHHe BO3MOXKHO, eClH & << /2; B 9TOM cayuae
ceuenye majeHus o= (na/E)cos & YcpeaHeHHe 110 BO3IMOKHBIM HAlPaBJe-
/2

HUAM @ jgaetr 0) = _l_ e

4n
0
nJaoLlaaKa, onpejensevas ycaoBHem (2), mnpencrasaser coboil Kpyr
C HEHTPOM Ha OCH IyuKa 4acTHL (XOoTa foje He o6aajaeT CHMMeTpHel

OTHOCHTEJILHO 9TOH OCH).

na
cos o « 2m sin o dot = YVl HurepecHo, uto

nR2 +§Eicos a, acosa>=—= ER?,
0, acos a < = ER?,

12.5. o=

rie o — yrod Mexay Ve 4 a.
12.6. a) UcnoasayeM Te Xe ofo3naueHus, 4To ¥ B 3ajaue 12.2,
YpaBHenue HauaJALHOrO y4acTka TPaekTopuu (r — o, § —m)

_ = -, {
eSVB —2macos B Srz Y 2mE — p/rt )
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pHueM
B = 2m(Ep? — a). (2)

B cayvae B> 0 yron 0 y6uiBacT mpH H3MEHEHHH r OT © 10 Im
H JaJjbHefilueM BO3pacTaHHH [o ©0. YpaBHeliHe yuacTka TpaeKTODHH
nocJie NPOXOXKJACHHS MHHHMAaJbHOrO PacCTOSIHHA A0 LEeHTpa

r

dr

do __n +S
éf]/ﬁ Smacosd 2VP K r2 Y 2mE — pir2’

®

OueBunHo, uto npu Ep?>>a ypaBHeHue TpaekTopuu (1) # (3) cos-
nagaetr ¢ ypasHenuem (11)
3afaun 12.2. A

ITpn B<<0 Bo3MOXKHO
naleHHe B UEHTpP NoJd
(3amMeTHM, YTO, COTJIACHO
(2), HNONYCTHMB! TOJbLKO
3HaYeHHs p= —2ma).
Ilpy 3TOM r MOHOTOHHO
y6biBaer 0T oo a0 0.
Yron O y6uiBaeTr oT =
no ©,, npu KoTopom po
ofpamaercs B HyJb (yda-
CTOK Tpaektopau AB; puc. 167). Ilpu 9tom B — 2macos ,=0. 3arem
yroa BospactaeT R0 3HaueHus 21 — 0, (yuactok Tpaektopun BC)

Puc. 167,

(==}

S dr _ S do n S do
Y e V2mE——ﬁr"2 8 Y B — 2macosy 5 VP — 2macos 0
4)

B Touke C HMNyJbc Pe BHOBb MeHseT 3Hax H O yGunBaer go sHaye-
uua 0, B Touke D, 3ateM BHOBb BO3pacTaerT H T. A.
VpasHense BCeil TPACKTOPHH MOMHO NPEACTABHTL B BHAG

o0

dr n do
5 2V omE — pr—2 5 VB —2macos®

x
2 —_— 5
- nbYVﬁ—Qmacosﬂ ©
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Oanomy 3Hauenuio 8 (B, << 0 < 2m—0,) cooTsercTByeT Oecko-
HEYHO MHOrO 3Ha4eHHi r (7 MOXKET NpHHHMAaTbh Jo6oe LeJoe HeOTPHHaA-
TesbiOe 3HAuYeHHe, TaK KaK MHTerpan B JeBofi uacts (5) npu r—0
HeorpaHWYeHHO Boapactaer). TakuM 06paaoM, yacTHUA cOBepuaeT Gecko-
HEYHO MHOro KoJeGammit Mexay npsMmmiMu BD u CE npexne, yeM ynactb
B LHEeHTP.

B cayuae Mannx npHUueibHMX napamerpoB Ep? « a okasmBaeTcs

n—0 < 1, Tak 9to B (5) MOXHO 3aMeHuTb c0s O wa — 1 —{-—;- (n — )2

B pesyasrare noaydaem *)
b=n—p ?_E sin {V: Arsh ( ‘/ -%.)] (6)

3akon nphxeHua r(f) onpellensteTcs Tak e, Kak B 3afaue 12.2.
Ecan B > 0, To cnpaBeliUB 3aKoH, OnpefeisieMuft dopmyJion (9) w3
sagaun 12.2. Ecmu p < 0, 10

rt)=vYE=1, v=V2Em, —oltlt=VIBI2E, ()

ipuueM NafleRHe MPOHCXONUT B MOMEHT BPeMeRH T.
6) Ecim p >0 (Ep®>a), 10

r
arcsin—2, 8 L0,
r m

13

5’ 4o _

. 2m Ty

] Vl + 278 (1 +5in0)  |n— arcsin -’r_'", Bin <0 L0,
Ecau p <0 (Ep? <a), 10

dr

n Q 0,
=)yt
. V B+ 2ma(l + sin®) r2 ViomE —pir® B/f"l

0, 6

Fae | -— 4KCJA0 NOJHHX KoJjeGauui no yray (OT 0, a0 0, n obpaTHO),
COBepIleHHLIX YacTHued, 3HaKH () ANA JABHXKeHUs NPOTHB (1O) uaco-
BO# cTpeJke (pHc. 168, a)

2 Ep?

. Ep 0
0, = —arcsin——, B, =x + arcsin ——.

Ecmm =0 (Ep?=a),

e
In ) e—_j[<e<n.

14
teg-

P
1%

r =

) Arshx=In{x+ VT + £2).
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YacTHia ABHKETCH 0 TPAeKTOpHH DHC, 168, 6, npHueM 3aKOH ABHXEHHR

r=— l/?_rf. t (t < 0, najenue mpoucxoaut mpu {="0).

12.7. TlonuwA uuterpan ypavuenna [amunotona — flko6u cm. s [1],
§ 48. OGo6meHHHe HMIYAbCH Te Xe, 4TO H B 3ajaue 124a. [Tanenne
B LEHTP BO3MOXHO, echd P=2m(Ep?—acosa}<<0 (4o saBeromo
BhinosHserca npu a?<<2Ep?fakl), ’

—

A
//})”\<<Q@ KT 2

z) )
Puc. 168.

VpaBHeHHs TPaeKTOPHH

d0
o=1 ke —, M
o
sin% 0 l/ﬁ—?macosﬂ— ﬁ%ﬁ
L
,=¢mm§ AL _
p
l/ﬁ -~ 2ma cos 0 _ﬁn%ﬁ
ré=|p/2mE (2)

B o6weM caydae He MOryT ObiTb NpPOHHTErpHPOBaHbHl B 3MEMEHTAPHLIX
dyHkuuax. Ho KauecTBeHHOe onucanHe ABHMKEHH: JIErKO AaTh, eCH 3aMe-
THTb, 4TO ypaBHenue (1), cBasniBaiomiee Mexay coGoH yrib 6 u q
¢ TOUHOCTbIO N0 06O3HAaueHHi COBMAajaeT ¢ ypaBHeHHeM TPaeKTOpHH coe-
puueckoro Masrthuka (cm. [1], § 14, sapava 1). Tlostomy uacTHLA
NBHKETCA TaK, YTO TOYKAa nepecedeHHs ee PajJHyca-BeKTOpa ¢ MOBepX-
HOCTBIO cepH paaryca [ ONHMCHBAET TaKylo Xe KPHBYIO, KaKk H cdepHue-

CKMil MAATHHK AJKHB [ ¢ 3HepTHel, paBHOR QﬁTiv H MOMEHTOM HMITYJbCA,
m

a
PaBHHIM P B MOJIE TAXKECTH g = — ”—ﬁ-é Sra KpHBas 3akK/ioueHa MEXny

LBYMS <IapajneJbHLIMH» OKDYXHOCTAMH Ha cepe 6 = 0, u 0 = b..
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Mpr ycnosun a?<<2Ep*/a< !l ypasuenns (1) m (2) merko mpoum-
TErpHPOBATh:

6=n-—l/(e 0622)cos(2} Arsh )—]—e—]—%—z,

0= 22 Ve e__Ep‘
V2 + at + 26 —af)cos2¢) @ °

©)

U3 (3) Buamo, 4To 4acTHma, nafas Ha LEHTD, ABHKeTca B o6aacTd
MexIy NBYMS KOHMUeCKHMH noBepxHocTaMH 0 << 0 <C 0, Bpamasncs
BOKDYI' OCH 2, pHYeM ONHH NOJHEf OGOPOT BOKPYr OCH Z NPHXORHTCH
Ha ABa NOJHHX KoneGauus mno yrmy 0. Ias cdeprueckoro MasTHHKA

Puc. 169, Puc. 170.

B 9TOM npHOIHKEHHH TPAaeKTOPHA 3aMKHYTa (npencrapiser cobofi

9JJIMIC).
12.8. a) YpasHeHue TpaeKTOPHH (QUHMTHOrO JBHXKEHHs (NPH KOTO-

pOM HeT NafeHHf B IEHTP)

plr=1-ecos f(8), o]
rae
p 2EB
P = ma o=V i+ y V 2ma
—-— cos 0

a goHcTauTsl E M P yroBaersopsuioT nepaBeHctBam E-<<0, B>0
Ecmu 0 << § << 2ma, T1O op6m-a «3anonusieT» obnacte ABCDEF

(puc. 169); ri<<r=<<ra, ryo= , 0,0 <0,, 0, = arcsin 2_51

’ a
0, =2n —0;, T. e. NPOXOAHT CKOJb YTOAHO OJIH3IKC K Jo6o#i Touxe
3TOi# 06JIaCTH,

’
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Ecan p = 2ma, 1o
F(0)=V?2Intg (6/4) +Cy 2

¥ TPAaeKTOpus pacnosoXkeHa BHYTPH KoJbla 7y << r <<rp (puc. 170)
Ecin § > 2ma, 1o TpaekTOpHs 3aNofHAET KOJABUO ry << 7 << Fy.
B uacThocTH, ecan P > 2ma, To

3 3
[(0) =0+ Csin 04 7120 + — L2+ C,, 3

rae L=ma/p. D10 — caabo AepopMHPOBAHHLIA NpeHeCCHPYIOWUA 3/MHIC,
xapakTep nedopMalH# KOTOpPOro CBfi3aH C €ro OpHeHTauuedl. YpapHe-
wue (3)npumennmo K npH 0=L2 HHTepecHO CPaBHHTH €ro ¢ pesyJbra-
TaMu 3ajaun 2.24.

12.10. [lepemennnie B ypanHenmn I amMmuibTOHa — §IKOGM pasjens-
10Tcsl, ecau BHOpaTh ock 2z BAOAL BekTopa a {cM. [1], §48 tdopmy-

a (48.9)). Ierxkenue no panuycy £= ]/- X l/
E—

T 2mr2
npu B=0 Taxoe *e, Kak H ABHJKeHHe YaCTHIIB B KYJOHOBOM noje — a/r

¢ MomentoM P 4 sxepruelt E. lpu B <C 0 npoucXoauT najeHHe 4acTHUEL

0S
Ha [eHTP. YPaBHeRHA TPaEKTOPHH = const, B = const. [lepsoe

95
0pg
H3 HHX

p (pde

\tp:ij / 2

. Po

smﬂel/ B — 2ma cos G'_s_iﬁTB_
COBMNajaeT ¢ ypaBHEHHEM TPAeKTOPHH c(hepHYECKOro MasTHHKA C 3Hep-
ruelt B/2mi2 n momentoM M; = p, B none TaxecTH g= —a/mi® {cm [1],
§ 14, sapaua 1). Bropoe ypaBmenne csasmiBaer r H 0. Ilpn ananuse
3TOrO YDAaBHEeHHS MOXKHO TaKXKe BOCNOJIb30BAThCH aHaJOTHeHl co cdepH-
4eCKHM MasTHHKOM,

12.11. a) | M, | < VmbJ2.

6) QUHUTHOE IBHXKEHHE BO3MOXKHO NMPH Jobom M.

12.12. 6) [Noannilt vHTerpan ypasHeHHs [amusbToHa — fAKO6H (CM.
[1], § 48, sanaua 1)

8= Et + po0 + [ py (B) 48 + [ p, () dn,

m 2
e =tV 5 (E-U @) Vgt =gy — 2R T

P 2
n
Pnzi']/'?(E UgM), U (n)=m~—ﬁ—+-2—n.
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TpaeKTOpHﬂ H 3aKOH JBHXE€HHs ONpeAessloTCs YPaBHEHHIAMH

as aS as
ﬁ_B E=C, 0E=A’

T. €.
S,d’év_j_d_n__B _’iqu 3 _”—“’S——d“——=c
@ I, TR TE)E,® T 2 ) i)

=iy jlp & T Sp m =4 M

Jlns HccheNOBaHWS XapakTepa ABHXKEHHs HyMKHO ONpefeaHTh 06.a-
CTH JONYCTHMBIX NpH AaHHLIX E, pg, B anauennit § u 1). Tpadury sdpdek-

)

K : % /

W& geﬂz ¢ w7 % 7

z
”5”’”_\\ ——————— 77 P
\_/ ”70;1/1 -
a) 5)
Puc. 171.

THBHHIX NOTeHUHManbHuX 3Hepruil Ug(§) u Uq(n) H3o6paxens Ha puc. 171,

Ecin F=0, 1o npy — ma<<f<ma (cMm. kpuBnle @) u E<0 gsu-
XeHHe XaK no &, Tak W mo 1 ¢HHHTHO, npH £ > 0 — uubHuuTHO. C nO-
ABJeHHeM MaJol cuan F>0
Ha rpaduke Ug(E) mosiBaser-
CA MakCHMYM (cM. KpuBhe b);
opH Unmin<E<<Ugmax ABH-
JKeHHe  To-MpexHeMy  (H-
HHTHO. B «miockoctu pz» aBu-
JKEHHe OrpaHHu4eHo 06/1acTbio
Ei<E<E, M<N<ne
(puc. 172); cama  =Xe
IJIOCKOCTh P2 BpAallaeTcs
BOKPYTI' OCH 2 C YIVIOBOH CKO-

N\ -
\‘é/’

poctbio ¢. TpaekTopus 3anoJ-

Puc. 172. HAeT 06/acTh NPOCTPAHCTBA,

’ o6pasyeMyio BpauleHHeM ¢H-

ryput ABCD Bokpyr ocu z (cM. Takxke 3apauy 2.36). Ipn Upmax<<E
LBHXKeHHe HHPHHHTHO,
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C pocroM F BeqnunHa Urmax yMenbllaercs, a Unmin pacrer. Koraa
okaxercs Urmax << Unmin, QuHHTHOE NBHXKEHHE CTAHET HEBO3MOXHHIM

(npr B < —ma + .g- (Fmpf;)l/’ skeTpemyms  Up(E) BooOue oTeyT-
CTBYIOT).

12.13, B saamnTHyecknx KoopamHatax, p=o0y(E2—1) (1 —mn?),
z= 0k, o=}b?—a?, noremuuan

y—le wpn E>E=bo,
0 opr E<E

3aBHCHT TOMLKO OT £, H TepeMenHble B ypaBienun 'amuaprona — SlxoGu
pasgenstores (cm. [1], § 48).
O6nactb HeJOCTHXHMBIX 3HaUeHHH 1) onpele/AeTCs YC/JI0BHEM

oma?E — B/(1 —n?) < 0 nan |n|>]cos al.

Wtax, nukenne npoucxoaut 8 obnacta |n]| < |cosa], 1 < E<b
(samTpuxoBanHas Ha pHC. 173 obaacTb).

12.14. Tepemenkuie B ypasuenun [amuabrona — SIkoGu paspensn-
oTes B SJMMNTHYecKHX Koopannarax (cm. [1], § 48, sajmava 2 npu
o, = — ty =a). Jlaa uacTuusl, Netsiliedt u3 GeCKOHEUHOCTH BAOJbL OCH 2,
noctoaunas p = — 2mEp?+ 4mao, rie p-— OpHUEbHEIA napaMmerp.

Tpu p << 0 TpaeKTOPHs KauyeCTBEHHO He OTMHYAETCA OT TPAEKTOPHH
QACTHILI, paccenBaeMoll B MOJle TOYEMHOTQ AWMOJAA (CM. 3ajady 12.66).

Mpu P > 0 wacTHua «najaeT» Ha AHNOAL (T. €. NPOXOLHT B CBOEM
ABHKennn uepes o1pesok 0,0,) u BHOBL yxoauT Ha GecKoneunocTs. Ecin

—_—
-

Puc. 173. Puc. 174.

JIONOIHTENbHO Py(1) =0 npn 1;<<0, To uacTHUA ABHXETCA B 00-
JacTH, OTpaHHYeHHOR THRepGonoh M = M, (PHC. 174),
12.15. B ypasHenun [amuabtona — §ikoGn

as 1 [f{as\* (oS 1988 e )2]
Sl + () + FRemmer )]0 0
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OTAGASIOTCA BPeMs H yroa ¢:
} = — El + pop + SU, 2). (2)

PaccmaTtpuBas nafee TOMLKO TPaeKTOPHH, NepeceKalompe ocbh 2, MOJO-
KHM pp = 0. Paspenurts nepeMeHunie r H 2 B yPaBHEHHH He yhaercd,
M Mbl OyfeM HCKAaTb HHTErpaJ ero NpHEAMIKEHHO, B BHE PA3JIOKeHH: N0 r:

- 2
3, )=S, D+ @+ Fo@+ ... (3)
Tak Kak pajua/bHBIl HMIYJLC
oS
Pr=g =@+ 0@+ ... )

ANS YaCTHUH, JeTsuweld BRoMb ocH 2 (npH 7 = 0), paBeH HyJI0, TO AJf
paccMatpuBaeMoro nyuka gactun P(z) == 0. [loacrasaaa (3) 8 (1)
¥ npupaBenBas Ko3$GHIHEHTH NPH OAHMHAKOBLIX CTeNeHSAX 7, NoJyuaeM
(cp. [2], § 56, sanaua 2)

So(2) =p2, )
P’ () + 0+ 5 7 () —o. ©
Bue qunsu (npu |2 >a, #(2)= 0) us (6) caenyer, uto
c@ =g wH z<—g ”
<7(z)=2_’_’;c—2 npy 2> a. 8

YpaBHeHNs TPaeKTOpHi

oS _ pr?
9Cy,9 2(z2+Cy,5)*

— ypaBHeHHs NpSIMBIX, MepeceKalomHX och 2 B TouKax — Cp2*), T. e,
2y =—C,, 2y = — Cy U3 (6) nonyuaem

=B, 9)

po (@) = po (—a) + y o%dz + 45;—, y H2(2)dz=0.  (10)

*) Ilpu 2, 6auskux K C3 O— 00, TaK 4TO pasjoxkeHHe (3) HemnpH-
mennMo. OpHaKoO ypaBHeHus TpaekTOpuit (9) OCTAlOTCA CNpaBeAJUBHIMH
u B 3TOH 06aacTy,
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Mocroabky |2o:1] > @, H3 (7), (8) monyyaem

o a>=—z—f—0. (1

a
Ouennm | 02dz. Cornacho (6) 0(z)— MoHOTOHHas ¢ymkums. [TosTomy
—a

; 2ap?
j‘ czdz\_<\7‘2- < po (£ 4.
a 71,0

Tagum oGpaszom, n3 (10)
, @
I‘lo—l+;ll‘=4;?5%z(z)dz=%. (12)
—a
Yeaoene |2o,1] 3> a neficteuTensio cobmonaetcs, ecan g <€ %

[

12.16. Touxn poxycHpOBKH
nmn
uz, =tg (arctg %z, -+ T)

B aaucumoctH oT BeqmuMHH A?=1 - (e J{/2cxp)? umeercs ogna uam
HECKOJIbKO TOYeK (DPOKYCHPOBKH,
12,17,

S(q. 90, 1, L) =[(q, a(q, g0, L, L), ) —[(q0, g, qu. ¢, 1), L),

rie f(q, @, f)—nomuethi uHrerpan ypasHendst [amuanTona — SIkoGH,
a 3aBHCHMOCTb (4, qq, £, fy) ONpelessieTcss ypaBHeHHEM (CHCTeMOH ypas-
HeHHH /s cAydas MHOTHX crenenel cBoG6oal)

af (q: a, t) — af (qO) a, to)
do do ‘

§ 13. AnnadaTHuecKue WHBAPHAHTHI

13.1. E% = const.
13.2. I'padux [ = vl npeacraBaeH Ha puc. 175, 8. Benuuuna vl
KoJeGercsi OKOO MPHO/IH3UTELHO MOCTOAHHOrO 3Hadenus {vl), mpuuem

. Al
aMIUIHTY /2 KoJIeOaHHA HMeeT OTHOCHTEJNLHYIO BEJUYHHY - l_
v
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Otknouende {vl) OT NOCTOSAHHOR HMeeT BHCILMA MOPHAOK MaJOCTH
4 oty ~ i,
dt

13.3. hoog=".
134, a) E=—A (1 — ..Oi_’____)z; 6 E——1U, (1 —__°‘_’__);
VomA VamU,
V 20, al®
) E=al - + o
2n

! { 3 {
o r=[V o gamr(f+ $)e(F

13.5. kb oosin®ia.

136. g oosin—a.

smlVgl
13.7.1 =—m—:l—/£— [E(s n-qio—)—-cm 2 K( in -qi)]

13.8. OGosHauum yepe3 ¥ B X KOODAMHATH 4acTHU m K M, OTCYHTHI-
BaeMple OT TouykH O. JlBu)KeHHe NEerKOH YacTHUbl MOMXKHO NPHOAHMKEHHO
paccMaTpHBATbL Kak ABHKEHHE Mex-
LY JABYMsl CTEHKaMH, 0[Ha M3 KOTO-

\ pHX nepemewaercs. [TocKoJbKY BH-
a) NOJIHAETCS YCJIOBHE

¢ lx} > |X], (1)

v COXpaHseTcqd ycCpeiHeHHOe MO MepHo-

=i Ny npousBejenye ]xlX = C (cm. 3a-

N ke g7 xauy 13.2). Uckmouas % n3 axona
- ¢ COXpaHeHHsl 3HepTHH
vl me | MX* _ g
7 T3

HaxoAuM, YTO BJAHSHHE NErkKoA yacTH-
s Ha ABHXKEHHe TAMKEJOH pasHoO-
I cubHo NOABJIEHHIO NOTeHUH-

Puc 175.
. a/bHOR  SHEPTHH  [J (X) = ;nXCza

YpasHeHue +U(X)=E  npuBogHT K 3aKOHy [BHXKEHH:

mC* 2F
X= SE + 37 (¢— D2 Mocrosnnwe E, C B T MOTyT OuTh

onmpejesieHH N0 HaYaNbHHM 3Ha4eHHAM X, Xunx (ne sasucart o1 x(0)).
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IMocne rtoro kak ycaoBue (1) Gymer HapyileHo, MpelsaraeMmfi crnoco6
pellleHHs: 3a1auyd GyfeT HENPHMEHHM.

IMopo6Hoe npuGauKeHHe (Ha3biBaeMoe aAHaBaTHUECKHM) HAXOMUT
IIHPOKOE OPHMEHEHHE, HAPUMep, B TEOPHH MOJEKYJ.

13.9. O6Go3HayHM KOOpPAMHATH THKEJBX YaCTHI X!,z, a JIerKol X.
Ipu X; << x <C X, noTeHuHanbHas 3Heprus

U= (x—X)f+(Xa—x)f = (X2 — X)f.
[losToMy Jferkas uyacThia CBOGOJHO MBHMKETCH MKy TsIKEAHIMH, H

|%] (X — X)) = C = const (cM. npeanaymyto safauy). C yueToM 3Toro
B3 34KOHA COXPAHEHUS IHEPrHH AJs1 OTHOCHTEJBHOTO JBHKEHHS THXKeJnX
yactun (X = Xp— X)) noayyaeM

M . mC?

T Xt oy TIX=E.
mC? 2/£Y1/3
2X? +fX B6au3u MuaamMyMa Xo= (mC*[)'7?,

HAXo0aUM 4aCTOTY MaJbiX KoNe6GaHHA «HOHa»

20" (Xy) _6f
="M = MX,"

Pasnaras Uad:(b X)y=

w?

13.10. B ypaBHennax aasa P u Q

Q=0+ 2 sin2Q, P=—P 2cos2Q
20 ®

pasnoxuM yactoty B psal no f. OrpaHuHuMBasch NONpaBKaMH nepBOro
nopsAKa, NoJydHM

1

1, .
Q= (gt + @) + T 0pf? + -2 fsin 2Q (1) dt, (1
2w, 3
. t
P=pP,|1 =20 §c052th , 2

(Doo

rle W ¥ Wo— 3HAYEHHs 4acTOTHl H ¢e MPOU3BOJAHOA B MOMEHT BpPeMEHH
to = 0, npHueM Wy = sﬂm% Hekl.

2P
®dasa Q H aMIOJaHTyaa A= l/-m(n BO3MYILIEHHOTO IABHXEHHS OT-
0

HOCHTEJbHO MAaJ0 OT/JAKYAITCA OT CBOHX HEBO3MYIICHHBIX SHayeHHH
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Q=0+ u A0=]/-”21—§°— Jaxe a8 TPOMEXKYTKOB BDEMEHY,
MHOTO GOJLINKX mepHoaa KoJdebaHuil 21/0 (pue. 176).

Tax, A1 MOMGHTOB BpeMeHH f~ 1/ew, BTopol unen B (1) mopsiaxa
e[MHHIBl, a TPeTHH — MOpSKa €, H MO3TOMY

Q=0+ @+ 0%, P =P

Ho Takoe MaMeHeHue (a3nl NPHBEAECT K TOMY, YTO B TEPeMeHHBIX P, §
BO3MYVIIEHHOE JABHXKEHHE

a »
- qg '‘H=4, cos(mot + o+ 1 motz)
a) |= 2
, 4 6yeT CYLIECTBEHHO OTJIHYATLCH
OT HEBO3MYILEHHOIO
P go(t) = Aq cos (0of + @),
W
6) TaK YTO pa3nlina
¢ ; g(t) —qo(t) ~ go(?).
INpy DonHTKE CTPOHTb TeO-
7 pHIO BO3MYIUEHHH A4 TepeMeH-

HLX ¢ U p Mbl TIOAYYHM s
nonpaBKW  TEpBOTO  MOpAAKA
q1() ypasuenue

(Y} 2
g1 + ©ogy =

=— 2m0;;)0tA0 cos (0yf + §)

¢ pacTyiueil BO BpEMEHH Pe30HaHC-

Ho#i cusofi. [ToaToMy nonydenHoe
B TAKON TEODHH DellleHHe CIPaBeIUBO JHIIb JUIl MalblX MPOMEXKYTKOB
BpeMeHH TOPANKA HECKOAbKHX NEPHOJOB KoseGanui

1
w0<< ew, *

13.12.1 () =1(0)+%:l

1 F(0
b?[x(°>=m—(m—z]

F (t)sin ot dt ==

$ 2
F () cos ot df + .2_;1_0) j' F () ¢! at
0
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TaxkuM o6pa3oM, ec/H cHIA H3MeHseTCs Melnenso, To 1(f) ocuma-
aupyet B6ausu [(0). Ecim F(f)—const npa ¢ o0, TO MO/HOE HU3MeHE-
HHe afnHabaTHueckoro WHsapuanra /(oo)—/(0) MoxeT 6HTbL OueHb MaJ/ILIM
(cM. 3anauy 5.18),

13.13, PV*/s = const,

12 12 2
13.14, a) E-Q—m( + = 5 + rme a, b, ¢~ naunn peGep

napaanenenunena, a /p=const. Coxpausiorcs a6co/IIOTHLIE  BEJHYHHH
mpoekun CKOPOCTH Ha Kaxjoe H3 pebep.

13.15. [TepeMenHule pasgensorcss B cepHIeCKHX KoopauHaTtax. Mo-
MeHT uMnyisca M coxpausiercs crporo (M, sBasercs, Kpome TOro,
anuaGaTHIeCKUM HHBaPHAHTOM, COOTBETCTBYIOLMM YIIy @). Anuabathue-
CKAll HHBAPHAHT A1 PaAUaJbLHOIO JIBHXKEHHSA

2
l/ 2mEa——err. (H

3apucumocTs E(R) MOXHO BLIACHHTb, He BbiuHc/Ass HuTerpana (1).
3amena r = Rx naer

1
1"=—n—

ey

Tmin

=)

r

1
1 m2
=t | Vomere - =00, @
min

otkyna ER? = const. [TosToMmy mis yrsia majeHHs o

13.16. 8) Eoo 2™ 6) Ecop~l.
Tmax
2 SU dr
17, 8E = (SUy = 2 S
13.17 OUy = = - —
Tmin ) (E —Smrt " U)
13.18. E=1,Q,+1.Q; (o6oauauenus 3anaun 65a). Tpaekropusa
sanoanser npamMoyronsHuK Q] < Vllgi_i' 1< 1/1292_1
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Ve0BHR TPUMEHAMOCTH TeOpHH aAnaGaTHieCKHX HHBAPHAHTOB!

2 O 3 i ==
h,«0?, Q<«ed (=12

Bie 06/1acTH BHPOX/EHUR 3TH YCJAOBHR CBONSTCHA K TAKHM JKe YCJOBHAM,
HaJOXMeHHNM Ha ;(f). B o6nacTH BHpPOXIHHSA (lm%—-m§]~a)

BTOpOEe YCJIOBHe OKa3biBaeTcs Gosiee XKeCTKHM H Jlaetr ©; L & (0o6aacTb
BLDOK/ICHHA MPOXOIHTCH 33 BPeMs, ropasio Gofibluee neprona GrenHit).

13.19. B oTcyTcTBHe cBSI3W @xy CHCTeMa pacrnalaeTca Ha 1Ba He3a-
BUCHMBIX OCLHJIATOPA ¢ koopauHatam# x H y. COOTBETCTBYIOUIHE ajqHa-

E
x ¥y
S —=—~2 rne Ex u E,— 3sneprun
GaTuueckme MHBapHauTH/, = G-, I, By * v P

3THX OCUUANATOPOB.

[Tpu yyere cBA3H cHCTEMa COCTOMT H3 ABYX HE32aBHCHMBIX OCUH/LIATO-
poB ¢ KoopauHaTaMu @, ¥ Q. Ecam uyactoTa H3MeHseTCs [OCTAaTOYHO
MeJJIeHHO, TO COXPAaHAITCA

1 )

BHe o6facTH BLIPOXKIEHHS HOPMaJjibHhle KoJeGaHUA CHUJILHO JIOKAJH-
30BaHH, a HMeHHO npu ©<®; OKasbiBaerca Q,=x, Qz=y, a npy
©; >0y Q =4y, Q= —x Taxum oGpasoM, npn o, << ®y 0Ka3bl-
paetca Ix =1, Iy = I, npn 02 << @,— naobopor, [z =15, I, =1,
(pHuc. 177},

Puc. 177, Puc. 178.

TIpOHAMIOCTPHPYEM 5TO CJAENYIOLULMM upuMepoM. [lBa MaATHHKa,
JIHHA OZHOTO H3 KOTODHX MOXET MEeNJEeHHO H3MeHATbCS, CBA3AHH Npy-
KHHKOM MaJoit xecTkocTd (puc. 178). [IpH 3HauHTeNLHOR pasHHie AJHH
MasTHHKOB | W L HOpMasibHble KoMeGaHHSl NOYTH COBMAZalOT C KoJaela-
HHAMH OJHOTO HJH APYyroro MasTHHKA.

[Iyctb BHauane MasTHHK AB KosneGeTca ¢ aMIAUTYAOR Qo, @ MAsAT-
nak CD — ¢ ouenp Manof. Ilpd ymenbulennd L aMniutyaa KonmeGauHit



13.21] § 13. AIMABATHUECKUE HWHBAPHAHTBHI 311

manTHrka CD ocTaeTcsh Maof, NIOKA JJNMHA €ro He CTaHeT MOYTH pasHa L.
[pu L =~ | amnautypa ero sospacTaeT (a MpH I =L o6a MasiTHHKA

Po
6yayT KoneGaThcsl ¢ AMMAHTYI4aMH, PaBHBIMH % B npoTHBOQase).

C naabHefwuM yGuiBaHHeM L mouTH BCs SHEPrHs nepefiieT K MasTHH-
1\
Ky CD, v amnantyaa ero craHeT paBHoil @1 = P (T , KaK /14 0TAe/b-
HOrO MasTHHKA.
[Ip# cpaBHHTe/bHO OHICTPOM NPOXOXKIEHHH O06JACTH BHIPOXKIEHHA

®; > & NoAo6HOM NMepeKaukH 3HEPTHH MeXAY OCUMJIATOpPaMH He MpPOHC-

xoaut. Ecan, kpoMe Toro,®; € m?, 0, € 004,710 coxpaHsiores [ u [y,
13.20. M3 ypaBHeHull ABHXeHHUS

¥4 o3x 4 2Bxy =0, )

y+ofy+Ba® =0 @

Nerko OGHapYKHTh, YTO CBA3b OCUMNATOPOB NPHBOAHT K G0/1bUIOH Mepe-
Aaue HEPTHH NMpPH 201 & Os.

Mycrs x = a(f)cos(wil + @), y = b{l)cos(w.d + ¥). Eciu a > b,

10 unex Px?= ‘%—Baz + -é—-ﬂa2 cos (20, + 2¢) B (2) Hrpaer poab BeIHYX-
Jalouedl CHABL, MpUBOAAWed K pesoHaHCHOMY pocTy y. Ecan xe a < b,
10 unen 2Pxy = 2Bbx cos(wy! +P) B (1) NpHBOLHT K napaMeTpH4ecKon
packauke KosneGanu#i x. [logpoGHoe HccllelloBaHHE CHCTEMb (1) u (2)
MOXHO HaiTH B 3anaue 8.10.

06:1acTh Pe30HAHCHOTO B3AHMOLEHCTBHA: |20 — @y | < Bbm'{‘i.

CHbHOEe Pe30HaHCHOe B3aHMOoJefcTBHe OCUMJIISATOPOB HMEET MECTO,
Boofuie roBopsl, NPH YCJOBHAX N®) == M@z, TAe N H M — LeJsle 4YHCaa.
OnHaKo WHPHHM 06aacTefl YacTOT, B KOTOPHIX OCYWECTBJAIOTCA 3TH pe-
30HAHCHL, MPH He OYeHb MaJbiX 1 H M 4Pe3BHIYAAHO Manb (CM. [1].§ 29).
TlosToMy HX BAHSIHMEM HA ABHXKEHHe OCLMJIATOPOB MOXHO npeHe6peun

NpH @) He CJAMUIKOM MajbiX (XOTA H AOCTAaTOYHO MaJbIX AJf TOTO, 4TOGH
MOKHO OLLIO HCTOJAB30BaTh TEOPHIO afHA6aTHUECKHX WHBAPHAHTOB).
13.21. TlycTs vacTHUA, ABMXYWasAci B MJIOCKOCTH Xy MOL MaJbiM

yraoM K ocH y (x| < |y|), oTpaxkaeTcs OT OCH X H OT KPHBOH Yo(x)
(puc. 179).

Ecad cuMTaTh 3aKOH ABHXKeHHs B HanpaBJeHHH OCH X H3BECTHBIM,
TO MOMHO HCCIeJoBaTh [ABHXKEHHe B HanpaBjieHHH OCH Y, paccMaTpHuBas
x({) Kak MeaneHno usMeHsiomufics napamerp. CoxpaHsercs agHabaTHue-
CKHl HHBApHAHT @p,,dy=2]p,,|yo(x)=2nl, H 310 paBeHCTBO OMNpele-
AsleT 3aBHCHMOCTb Py (X).
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Jlna onpegenenns ke x(f) MOXHO HCHO.Ib30BAaThb 3aKOH COXpaHEHH:

sHepruun m2x? -}-pg (x* =2mE. Muuumanbhoe paccTOsIHHE Xpip OTpes
2 =

feaseTcs  ycnoBHeM py (¥min) =2mE. loacrasasga yo(x) = xtga,

2/ =2V 2mE!l tg o cos @y, noayuaeM xmim == I c0s @o.
Peutenne 324a4d MeTONOM OTpaeHuil oueBHAHO 3 pue. 180. DTot
MeTod AdeT TOYHOe pelleHde, NpHMenumoe Npu JwOLIX yraax o H (o,

Puc, 179, Puc. 180.

HO He MoeT OwTb 060OuleH Ha cayuall, Korfa Yo(X) He dBIAETCA
npsMOH.

2n
av Vcos 2¢

13.23. a) 3anaua o ABHKEHHH UYaCTHUL B MaruHTHOM noJje 0pH
YKa3aHHOM BbIGODe BEKTOPHOTO MOTEHINAJA CBOAHTCA K 3aidde O ABH-
JeHHH [apMOHHYECKOrO oclmansTopa (cM. 3apauy 10.7). AnnaGaTHyeckuit
HHBapHUaHT

13.22, tgaox, = tep, T=

E=p2om o
I=——"—0c0— oo na%k,

0] 76

cemy
Tie a= —~~ — pamuyc opGuts uactuum (cM. [2], § 21).
Coortuomenne I co ma’# ponyckaeT NPOCTYIO HHTepIpeTanHlo: pa-
nHyc opGHTH H3MEHSeTcs Tak, YTO MOTOK MAarHMTHOTO 1048 Yepes mJjio-
1aAKy, OXBaTbiBAeMYIO €I0, OCTAaeTCA NOCTOSHHBIM. Paccrosnue uedTpa
cpy,
OpGHTH OT INIOCKOCTH y2, PaBloe Y5 = ;=2 C POCTOM 3 ymenbwaerca,
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Bosuuknosenue apefida OpOMT CB33aHO C MOSIBJICHHEM 3JIEKTpHuUe-
1 0A r .
CKOTO no.ast g=—7—a—,— =10, — g X4, 0) 0pl U3MeHeHHH MarHuT-
noro moas (cp. [2], § 22).
BekTopbl 3a€KTPHYECKOTO MOJS § W CKOPOCTH Vpp Asl PA3NHUHEIX
10J10XKeHn# OpOHTHl 9acrHlbl MOKa3a-
Hnl Ha pHc. 181. g g

6) ©Oyuxkuus [amuabToHa B NH-
U'“'F
JHUHAPUUECKHX KOOpAHHATAX
v
gl B +
=%mtom t
! e §
(2
+2m,2(p®h2—r2) . &z
HurerpanaMu ABHIKeHHS ABJSIOTCS Puc. 181,
Pz U Py
AnnabaTiyeckiii HHBAPHAHT A/ PajHaJbHOTO JABHXXEHHA
Tmin
- 1 et \?
af, = S V‘QmE_L—-sr—z(p(p— ‘22;72) dr
Tmax
nocne 3aMeHbl 7 = 76—/l npusuMaer BuA
cmax E
— 1 e .\ L)%
J Vne o= pe— 5 0] @ =1, (50, 5) -
Emin

IMostomy E,/#6 = const, T. e. 3Heprus MONMEPEYHOTO [BHIKEHHs H3Me-
HsleTcs TaK e, KaK B MyHKTe a). Paccrosnne ueHTpa opOHTHL OT HayaJa

hOOpAHHAT ;

; Tmax T 7min  fmax T Emin 1

= 5 — oo —,

0 2 2V V#

C poctoM J4 ueHTp OpOMTH MNPHOJHIKAETCH K Haualy KOOpAHHAT
(puc. 182).

*) Hnurepecho, uTo I, dhaKTHUeCKH He 3aBHCHT OT Py IpH pp > 0.

. al "

JeficTBHTENBHO, T npeacTtaBaseT coGoil H3MeHeHHe yraa AQ 3a Bpe-
apq,

Ms OJLHOFO PafMa’sbHOro KodeGaHHd, a NP pp > 0 Hauajso KOOPAMHAT

JIe’XHT BHe TpaeKTopuH (cM. puc. 98, 6), u notomy Ap = 0.
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Ipu usMeHeHHH J6 NOAB/AETCH NIEKTPUUECKOe NOJe

r 3
Eo=—17 %, &,~&,=0,

CHJIOBHIE JHHHA KOTOPOrO NPeICTaBJsioT cO60fi 3aMKHYThle OKPYXKHOCTH,

B pea/bHBIX YCJAOBHAX OLHODOLHOE MarHMTHOE MOJie MOXKeT CyuiecT-

BOBATb TO/IBKO B OrpaHHYeHHON 08/1aCTH npo-

CTPaHCTBA. JJIeKTpHUYeCKOoe moJje, NOABMA-

1ollleecst PY H3MEHEHUH MArHHTHOrO, OYeHb

CH/JbHO 3aBUCHT OT ¢GopMbl 3To# obnactu

g v M yciosui Ha ee rpanuue (cM. [2], § 21).

Ap Usp Hanpumep, nose, paccMOTpeHHOe B cJydae

: a), ocymecrteafercd BOJM3M MNPOBOASIMLER

Puc. 182. TVIOCKOCTH € TOKOM, B cllydae ) — B cO-
JNeHoume *).

CuabHas 3aBHCHMOCTb XapaxTepa ABH-

KeHHus YacTHlEl 0T caadoro nojs § Aaxe B ciaydae nMpefieqbHo Masbix J{
06BbsACHAETCA HaAHYMEM BLIpoxIAeHHA (npu J{ = const meproan ABuXKe-
HHS IO ABYM KOODAMHATaM X, § KM 7, ¢ COBMAKAIOT).

3ametuM, uTo BeauunHa E /¥ okasanace asuabaTHuecKHM HHBapH-
aHToM B o6oHX cayyaax. MoxHO nokasaTb, 4TO 3TOT pe3yabTaT He 3aBU-
cHT oT rcifiopa A (cM. [2], § 21; [8], § 25).

13.24. Buifpas BekTOpPHHI NOTEHIHAN B BHIE

Ag=— (), A=A =0, )
noayyaeMm aﬂﬂadaTquCKHe HHBAPHAHTH
1= %' lg =g
Cmgx
=g | V@=g—mtE=1,000.  ©
tmin

rae
2mE, + e#p,/c

Vo2 ¥ (4] me)?’

*) H3meHeHHs 3JEeKTPHUECKOTrO MOJSA, CBA3AHHOIO ¢ H3MEHEHHEM BH-
G6opa A, pe 6uao 6bl, eciu GH OJHOBPEMEHHO Gbli H3MEHEH CKaJIsPHbLA

1 .
NOTEHUUAN HA BeNHYHHY %%xy(rpanﬂeﬂmoe npeobpasoBanie),
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Takum o6pazom,

ew e \?
E, 0, Eﬁm%”]/‘””(m)- @

Bekrtopuumf notexHuuan (1) 3agaeT MarHuTHOe MOJe, CHMMETPHYHOE
OTHOCHTeJIbHO OCH 2, NPOXOAAllell yepe3 LEHTP OCLHMIATOpPA.
ITpu apyroM BuGope A

Ae=A, =0, A, = x4() (4)

nonyuaeM (akTHueCKH APYyryio ¢usnyeckyio 3agauy. Pyuxumn Jlarpas-
Ka B 3THX ABYX 3ajayax OTJIHYAlOTCA Ha

dfe e ¢
6L = i ("2-5 %xy) -3 Hxy, (5)

T. e. OTJHYHE HX, €CIH OT6pocHTh B (5) HecCYIleCTBEHHYIO MOJIHYIO
NPOM3BOAHYIO 1O BPeMeHH, odyeHb Mand.

B npeamAaywei 3ajave, rie ABHXKeHHe OHLTO BLIPOXKAEHO, HMEHHO
nosiBJieHHe 3TOH N064BKH MPHBOAHJIO K TMOJHOMY H3IMEHEHHI0 HampasJe-
HASl H CKOPOCTH Apeiipa opOHTH. B HamieM XKe ciyuae ABHXeHHe OCLHJ-
asatopa npH J{ = const HeBLIDOMJeHHOe, H RoGaBKAa MOXeT OHITb
ot6pomena (cp. ¢ 3agauet 13.19). lostomy cooTHouwenus (3) cmpaBsea-
JHBH H TNpH Apyrom Bui6ope A. [IpH npoxoxkKaeHHH 06NacTH BLIPOKAEHHS
(H = 0) coorHourenna (3) COXPaHAIOTCH TONBKO AN AKCHAJLHO-CHM-
MeTpuuHoro noas (1). [TopefeHHe Xe OCUHAIATOPA, HaNpuMep, B ToJe (4)
npn npoxoxiaeHnH J{ 4epes Hyab TpeOyeT LOMOJHHTEJBHOro HccJe-
JOBaHHUA.

13.25. a) C momollbl0 KAHOHHYECKOTO MNPeoGpa3oBaHHA MOXHO MpH-
BecTH (yHKUMI0 [aMHALTOHA K CyMMe ABYX HE3aBHCHMHEIX OCLH/IIATOPOB
(nas X, Y; oM. 3nauy 11.9). AauaGaTuyeCKUMH HHBapHaHTaMH SBJAIOT-
C OTHOIIEHHS 3HEPrHH KaX[Ooro H3 3THX OCUM/AIATOPOB K €ro
yacToTe.

HanoMHHM, 9TO KoneGaHHs KaXJOr0 H3 HHX IpeiCTaBJAAOT coboi
NBHXKEHHe Mo 3auncy (cM. 3afauy 6.36). BuipaxkenHbie, Hanpumep, Yepes
aMILTMTYAY an KoJeGaHHA BAOJb OCH X, afHaGaTHueCKHe HHBapHAaHTHI

paBH
ma? Q) — ool + 92032

=%
& 2Qh S(h—'ﬁ)g

(k=1,2).
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TIpy u3MeHeHHH MapaMeTPOB CHCTeMH K HOBofl Gyuknuu aMH/ILTOHA
nobapasieTcsl TaKXKe YacTHasi NPOM3BOAHAs NpPOL3BOAsALIed (yHKUMM IO

BpeMeHH, paBHas *) A',(m(ozXY-l- PxPy[mwy). Drta poGaska Mana

(A <€ Qi), H ee MOXHO He YYHTHIBATb, €C/IH TOJIDKO COOCTBEHHHIE 4acTO-
TH He coBnapalT (cp. ¢ 3agadefi 13.19). Cnydah BBIpOXIAEHHA NpH
@] = ©y W MarHHTHOM IOJIe, MPOXOASLIEM Yepe3 HyJb, TpebyeT OTAe/b-
HOTO paccMOTpeHHS.

[Tpi apyrom BrGOpe BEeKTOPHOrO NOTEHUWAJa, NPUBOASIIETO K TOMY
e MarHuTHOMY [O0JIIO, HO JAPYroMy 3JIeKTpHUECKOMY, 8——-—-—10—%%’
afnabaTHieCKHe HHBADHAHTH OKAa3LIBAIOTCS NPEXHHMH (ONATH 33 HCKJIO-
yeHneM clydas 0 = g3, = 0).

Ecin @) == 0y, TO BO3MOMeH H JApyrofi Bui6op aauaGaTHUeCKHX
HHBAPUAHTOR (CM. NpeAbILYIUIY 3anady).

6) Ilycts Ons ONpeleleHHOCTH ®; > g JIBHXKeHHe NPOHCXOAHT

—

Wy
110 OKPYHOCTH pajnyca al/Qm% ¢ 4acToTol m% , LEHTp e OKpYHK-

HOCTH InepeMellaercs no 3J/IHICY € IOJYOCAMH, NapajlleJIbHEIMH OCAM

X U Y H PABHEIMHU
LN b VE)_IT%
H page
Voi(oi+a) IV oi+of

C 4aCTOTOH @ 0,/Q 4,

B) KoneGanne GyneT NPOHCXOAMTH NOYTH BAOJb OCH Y; aMIJIHTYIa
ero yBe/MuHTcs B ) @,/0, Pa3 (cp. ¢ 3anavei 13.19).

13.27. a) JiBuiKeHHWe YacCTHHH B IJIOCKOCTH Xy NMPOHCXOAHT Nop Aefi-
CTBUEM MeJJIeHHO M3MeHsIollerocs {H3-3a CMelleHHA BJOJb OCH 2) Mar-
uuTHoro mojsi. Ilpu sToM coxpansiercs anuMabaTHYeCKHA HKHBapHaHT

I = /e_%__(z) (cM. 3amauy 13.23). Mls sakoma coxpaHeHMA 3SHeprHH
1) me

*) BriuucaeHHe gacTHOH NpPOH3BOJHOA NPOHM3BOASIEH QYHKUHN MOXK-
HO YNpPOCTHTb, HCMOMB3Ys c/elyloliHe COOOpaXKeHHA.

Ipu nepexofe o1 MomeHTa ¢ k - Of HeoOxonHMO cOBepmHTH J0-
NOJIHHTebHO KaHOHHUECKoe Npeo0pa3oBaHHe, COOTBETCTBYIOllee NMEPeXOny
or A kK A+ O8A. Takoe npeobpasoBanue 3ajaeTcs NPOU3BOAsLIEll QyHK-
welt @ (X, Y, Py, Py) = XPy + YPy+ 8h (mo, XY + PyPy[mo,)

(cM. sagauy 11.17). Tlostomy B lno = i (mo, XY 4-P Py (ma,).
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HMeeM
m__z'2 €3 (2)_E
2 L me T

YacTHIA ABHAKETCA B HANpaBJeHHH OCH Z TaK, KaK ABHrajach Gwl B mO-
e (2 .
tennnanpHoM noaelU (2) =1 _7,5—() Ilepuoa koneGanuit (cp. ¢ 3ana-
¢
ue 26 us [1], § 11)
i 2na
T = O VN,
v V' Asin?a —cost a

Ifle oL — YroJ MeXAY CKODOCThIO YACTHUH V M OCBIO 2 B Hauaje KOOPAH-
nar. YacTHisl, AJs KOTOPhIX ctg? o => A, He yaepKHBAIOTCA B JIOBYIIKE.
YcioBHe TPHMEHHMOCTH TEODHH aaualaTHYeCKUX HHBAPHAHTOB 3aKJI0Yd-
eTcs B TOM, YTOOB M3MeHeHHe MarHHTHOTO MOJIS 3a OJHH 060POT YaCTHILH
GLIIO MaJo. DTo aaeT mcAv, K aedbo.
[TpuMepOM MAaTHHTHOH JIOBYINKH MOTYT CIYXHTb PajHalHOHHBbIE TO-

aca 3eman (moApo6Hee o JOBYIIKax cM. [29]).

6) T = 2na/vsina.

13.28. a) (AE, — E,)a® = const, E,/#y=const, E=E, + E;

6) EL/#,= const, E,} F64/a= const.
13.29. HpeHe6peraﬂ B q)yHKmm TaMuabToHA
He P2 pe pcp e%pcp et sin® 0
= om + omre +omTsint 0 Zom 8mc?
IOCAeNHHM UJeHOM, KBAJPATHUHEAM MO 56, MOXKeM Pas/le/uTh nepeMeHHbe
B ypasnenun TamuabToHa — SlkoOn.

e
[Ipn MenneHHOM H3MeHeHHH 6 BelMUMHE P, B H E - #Py
@ 2me
OCTAI0TCA MOCTOSIHHEIMH,
PE  motk P§ as
13.30. 2m+ g = Ey, 2—m—-|—2ma)y = E,,

(m202x? — p2)y + xp, Py = A,

1
(m”uﬂ,wc"‘l — pg) Py~ 2moxp y = — {E,, A}.
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